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Statistics for Engineers
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w.r.t.  with respect to XF (ENETE)

Course Information

https://www.cse.cuhk.edu.hk/~sinnopan/engg2780.html

Recent Updates

e Tutorials start from Jan 15 (Week 2, Wed) and quizzes start from Jan 22 (Week 3, Wed)

e An ENGG 2780A/ESTR 2020 discussion board on piazza was set up here. Please register and sign
in using your CUHK email address.

Course Description

St FEMNEEPE I EREE A G TIGIERRIE. (I8 WM E IS8T EESHbT. &
EXE. RIERARKT (JF) IRZMERGHEERIN A
Statistics is the science of creating probabilistic models from data and validating them. We will

learn about the Bayesian and classical approaches to parameter estimation, confidence
intervals, hypothesis testing,and reasoning about (in)dependence.

Textbooks

The references for this course are [BT] Introduction to Probability (2nd edition) by Bertsekas and
Tsitsiklis (Chapters 8-9) and [DS] Probability and Statistics (4th edition) by Morris Degroot and Mark
Schervish (Chapters 7-12)

BAT zlibrary TAZ, EREBIERHETEFIREE:

https://julac-cuhk.primo.exlibrisgroup.com/permalink/852JULAC CUHK/17kiu0g/alma9910401887505
03407

Grading

Your grade will be based on 4 components:
e afinal exam (40%)

allowed to bring two double-sided A4 cheat sheets.
e amidterm (30%)

allowed to bring two double-sided A4 cheat sheets. The midterm exam is scheduled on Feb 24 (Week
8, Mon) during the lecture.
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e exercises & quizzes (15%)
HBREGS). BHIFWTD. HIBEBRA—AH, HEBR=NHESE LITE. #EESE L THERE.

there are 9 sets of exercises. Exercises won't be graded. They will be issued on Mondays and
discussed in tutorial on Wednesdays. Refer to the schedule below for details.

HETRNE. WKE TE=AMSR LHT, A—IEHIBRMEE 16 DFFENe (BRitE,
FATHERBFIRE) - SR EEREIFIRNIE S 2. FRAN.

there are 7 quizzes. A 15-minute open-book (electronic devices except calculators are NOT allowed
to use) quiz with a single question related to the exercise will be given in tutorial the next
Wednesdays (refer to the schedule below for details). The lowest two quiz grades will be
dropped from the count. No make-up quizzes will be offered.

Week2 Janis T _Solution of Exercise 1 _Exercise 1; Solution 1
Week 3 Jan 22 T2 Solution of Exercise 2, quiz 1 Exercise 2; Solution 2
Week 4 Jan 29 Lunar New Year Vacation (no tutorial)

Weeks5 Febs T3 Solution of Exercise 2 Exercise 2; Solution 2
Week 6 Feb 12 T4 Solution of Exercise 3, quiz 2 Exercise 3; Solution 3
Week7 Febig Ts Solution of Exercise 4, quiz 3 Exercise 4; Solution 4
Week 8 Feb 26 Middterm Exam on Feb 24 (no tutorial)

Weekg Mars Reading Week (no tutorial)

Week10 Mar12 Té6 Solution of Exercise 5 Exercise 5; Solution 5
Week11 Mar1g T7 Solution of Exercise 6, quiz 4 Exercise 6; Solution 6
Week12 Mar26 T8 Solution of Exercise 7, quiz 5 Exercise 7; Solution 7
Week 13 Apra2 Tog Solution of Exercise 8, quiz 6 Exercise 8; Solution 8
Week 14 Aprog Tio Solution of Exercise 9, quiz 7 Exercise 9; Solution 9
Week 15 Apr 16 T11 Solution of final exam exercise  Pratice Final; Solution

e attendance (15%)
Lecture A~if Attendance

the marks you can get regarding attendance = (#quizzes you have taken / 7)* 15. In practice, to avoid
introducing infinite decimal, we will the following equation to compute your attendance mark:
(#quizzes you have taken / 7)* 14 + 1. E.g., if you take 5 quizzes out of 7 (miss 2 without providing a
Medical Certificate (MC)), then you get 11 marks for attendance no matter your quizzes answers are
correct or not.

For ESTR 2020 students

ESTR 2020 A9#&305 ENGG 2780A 1HE, {BIGINT EWMISEEMEIFI— N EFHARERRY Project. Fiz{
FIMEE5 ENGG 2780A 1E[E.

BTN AZSRESEEEF. B SE— 0K report (10%) M—X pre (5%) , BTHAE ENGG
2780A SPRILENERSY. BRI B RFHRERISHEEITIC.
AEEF Al

ESTR 2020 follows the same format as ENGG 2780A, but with additional readings, and a project
to be presented at the end of the semester. The exams and quizzes will be the same as in ENGG
2780A.



Projects can be done individually or with a partner. They will involve a short report (10%) and a
presentation (5%), which replace the attendance component as in ENGG 2780A. The details

about the project will be discussed later.

Schedule

Week 1 Jan6 L1 Probability vs Statistics pplx
Week 2 Jan13 L2 Bayesian statistics ppix
Week 3 Jan20 L3 Prediction, estimation, and testing
Week 4 Jan27 L3 Prediction, estimation, and testing ppIx
Week 5 Feb 3 Lunar New Year Vacation (no class)
Week 6 Feb1o 14 Sampling statistics ppix
Week 7 Feb17 Ls Classical point estimation pPptx
Week 8 Feb 24 Midterm Exam (during lecture)
Week 9 Mar 3 Reading Week (no class)
Week1io Mario L6 Confidence interval T pPptx
Week11  Mari17 Ly Confidence interval 1T pptx
Week12  Mar24 L8 Hypothesis test ppix
Week13 Mar31 Lg Composite hypothesis test pPptx
Week14 Apr7 Lio Comparing populations pptx
Week15 Apri4 Lii Review pptx
Optional Inference about variance ppix

Lec 1 iRt

(Probability and) Statistics

1.1 BERS5HT

Probability v.s. statistics

Probability is a mathematical language for quantifying uncertainty.

FFEZRICHNR, W K= term 1 ESTR 2018 #Xit .

In probability, we assume probability distribution is known

e A family of distributions

e The parameter(s) of the distribution
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HRICECARE, FREEERETE.

ANEEARAEEICHIR: M, KA. M, EARRE
Independence
P(z1, . =[[P@=:), P(ailz;) = P(:)
i=1

Conditional Independence

n

P(xla ey wn|y HP wl‘y P("Ez|y’$]) - P(mz’y)
i=1
Bayes' Rule
P(z)P(y|x)
P(xly) = ——F——F——
(aly) = =505
FEtRICIET

The Central Dogma of Statistics
data = independent samples
We have samples of observed data, but don't know the underlining distribution
SIFREMEE, KoM, BFETHEMATRF I RERRIRE.

R FREEREZRIARAEIE (RIZHEERIL) .

HRSFIHEMPIRIATAIR, BRRIXEZRORIRERE.

1.2 iR

Descriptive statistics v.s. Inferential statistics
Descriptive statistics: use numbers to summarize and describe data
fi#s1: Do not involve generalization beyond the data at hand

FERAREREIRES.

ARRIEGEHERT.

1.2.1 S BRHEHR

Classical statistics
Parameters are considered as deterministic quantities that happen to unknown

Point estimation éwith observed data x
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1.2.2 DA ERiEER

Bayesian statistics

Parameters are considered as random variables with prior distributions

0 ~ fo orpe(0)

Bayes' rule

z|0)P
P(o]e) = 252

XERSMREENNMET, T ESTR 2018 #&ie 13.3 EL i N .
RS, EERTRERIIAMES, XIMPORR A

B EANRE, E8LTER POF. RS RY T RETEHEIIESNER, E— 1 Br—MNELR
BRI LAS IR

PEH—ICH Z(x), FTICRMEE Px(v) X2 POF fx(z), BMEREH XNELCRETWULIE =

@ O discrete, X discrete
Pg(0) Pxje(z|0)

P = S pe @ Protel)
XEB 0 BATH O XS,
@ O discrete, X continuous
Poyx(6l2) — Po(0) fxje(x|0)
ZP@(H’)fX|e(w|9’)
® O continuous, X discrete
fox(6lz) — fo(0)Pxjo(z|0)
[ fo(0") Pxje(z|0")d6’
UEEH?
@ O continuous, X continuous
fe(8) fx|e(x|6)

foix(0|z) =

[ fo(0") fxjo(x|0)do’
Hypothesis testing

Confidence interval estimation

(2025.2.9) @ iEBR:
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fox(blz) = +P(O < 61X =2)
_d P(X=1,0<0)
~dd  P(X=n2)
d [ P(X =2|® =0)fo(0)do
do P(X =1x)
_ fe(0)Pxje(x[0)
[ fo(0")Pxje(x]0")dd’

@ ERE:
ESTR 2018 #i%it HLGH TINELLZTERM PDF HIEN

fxiy(zly) = —f);};((xy’ )y)
IZEX NSRRI T :
B, NFRHmS,

Y=yoy<Y<y+Ay

FRRSXAANEIHERIEE, MRECIWENSY, NTEGSHMESES—HN (BXREZA
#, RENEEARTCISHER) |

INEDHT:
Plx<X<z+Az, y<Y <y+Ay) = fxyv(z,y)AzAy
P(y <Y <y+ Ay) = fr(y)Ay
SRR
Pz<X<z+Az|]Y =y)=Plza< X <z+Azly<Y <y+ Ay)
- fxv(z,y)AzAy
fy(y)Ay
_ fXY(may) Az
fr(v)
FKIRERE
L. Pz < X <z+ Az|Y =vy)
Fxyy(zly) = lim AL
_ fXY(xay)
fr(y)

SHEHREENRMER
fxe(z,0) = fxjo(x]0)fo(0) = foix(0z)fx(z)
=IEEE|

__ fe(O)fxe(lf)
[ fe(8) fxo(x|0)do’

foix(0|z)

S [, fox(6|z)do — 1153,



1.2.3 IUIHRHEERSEHY

Example 1: B@HESLY?
BIEE—HED, BNETCEANY (RMiHeTEmel AR 0 2579 0.5) .
BATEIHHEETD N = 1008, 1CRIEEE LAUREL ¢, FHERRHERER LT 6.

F—F: EXERDT (Prior)

HAIEHRIATFHESERESINEMR (0 7T8ER [0, 1) ZIaER(E) | RIGEMEmHTER 0 7£ [0, 1]
ZEISSm. B, EE—MISDHIERRR D!

PO =1, for0<6<1
XER P Z2EE, ~EM=R(E.
FRSHAETIRAIR, SERAIMEELE (W85 %) .
FH D HRZRRIR

B EXLIAFREL (Likelihood)

RiRERIEDEMIZAY, BIEE RIS 0. IFE"MomrIRIR. T2, L0, WNE = RIEm
FA LRI

P(z|6) = <N> 6°(1 — )N
X
XEM P ZiRRE, FEZE
F=%: TEFREHM (Posterior)
RIE N EREE
P(z|6)P(6)

POl) = =3

XEH P(0|z), P(0) B%E, P(z|0), P(x) 2MZE.
o P(0): &85, BEIgHISST, B P(0) = 1.
P(z|0): AZE, EREA"TSTE, B P(z|0) = (¥ )m‘( — )Nz,
o P(z): A XE—NE—KER, TEIRSUE: P(e) = [, P(z|0)P(0)do
% P(0) = 170 P(x|0) ’N\, TERIERS IR
P(f|z) < 67(1 — )"

XSLPR E2— Beta 30 A
P(f|z) ~ Beta(x +1,N —z + 1)
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W 1.2.5 Beta 71 .

IR, FIENAY Beta-Bernoulli RE, XEWLUEWHEIRM Binomial.
I BEEEHRRRS N
fRightsEm N = 1008, MNZ ¢ = 7)REHEAL. KNERSHAN:

Pz ="7) x67(1—6)3
X3S F Beta(8,4) 575.
RIS mAYEAEE R LAt & :
8 2

a J— J—
a+B 8+4 3
Att, RIESIREERE, AT 0 RiEITE % BIA SR E R FIEmER L.

Ef|z] =

BhE: MHHTHERARRRE

o SEIusTh: FENMEENERT, F(IMBEEMAERESR 0 2I995MH.

o BUSEEHERS, FITEE: MR 7 RERN 3 ARERE, HIMISSERN 0 EarsE
I 2, FEILAF Beta(8, 4) SkifiA 6 (AR

o L BT P(0]x) BIFARSTLAURBREERERS 6 B9S2, flan:
o MRz =5, FESHREPE 0 = 0.5 ik
o Rz =10, FRHHLERR 0 = 1.
o IR N =2, HERYD, FEROMEERLLTINSH, RRHAEEMRK.

1.2.4 SILMERE

Bayes' Rule for Multiple Random Variables
For Example 2, SNSLBEZXRFAMN, BRI ERERE, TUBSZENHHIANITE:
fx., .. xe(®1,...,2,]0) fo(0)
Z(xla' . '7xn)

« fx,,... x,0(T1,...,24]0) fo(0)
= le\e(e’I?1|9) T an\(a(wnW)f@(e)

f@\Xl,...,Xn(9|-731, <. ,wn) =

BRI NEIE R S IRIZAY.

EEFMIRS A Y. XTFIATAEMTIE, W 2.2.2 @HLEAT? .
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1.2.5 Beta 97

Beta DR —FIENTE [0, 1] LABEEHERS . EUMHEFITRERIEASE (EER) M5%8ES7.
Beta D7AEHENES S o 71 B #=l. X BRI Beta 570, iCfE:

X ~ Beta(a, ), x€][0,1], a>0,8>0

MR, BEA O KRTIRM Beta DAYEIERSE, A X FARM Bernoulli SRAIRLIIR
£ (WNIEEEALRED) .

g

W2’ g0 <<l
() = or 'ac
otherwise

SCPREEL, Beta DMERTERTSHIRMEIS T, B

6°1(1-6)%1
fo(6) = —Blap) for0<0<1
0 otherwise

{rp

B(a, f) 2 Beta % (I3—L&%L, Normalization Term) :

p-14, _ L(@L(B)
I'(a+B)

\}

B(a,m:/Olcc Y(1-a)
S
B(a,ﬁ):/l (1 —z)" d
:—/ (1—z)? td(z*)
= Lt -2+ [ 8- 1 - )
:—/ (B-1)(1—z)" 2dz

( _1)ﬂ 2 a+,82
ala+1)-- (a—l-ﬁ—l)/ o

G,
T(a+p)

['(-) 2M3EE (Gamma Function) , 2MIRATHE
I'(n)=(n—1)! %n NERK

W1.2.7 5kt

X ~ Beta(a, f) {98
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E[X] :/0 zfx(z)dx

B 1 :Bafl(l _ m)ﬁfl
_/0 T T B

1 /‘1 B
= 2%(1 — z)% tdx
B(a7 5) 0 ( )
B B(a+1,p)
B(a, B)
T(a+1)T'(B)
_ T(atl+p)
~ I(a)T(B)
T(a+pB)
«a

oa+p

XEBIERESH Beta BERI—MER: B(a+1,06) =

a+ﬂ (O[,B)-
BE

_ ap
Var[X] = CEGECEY I
fHIEER.

REL

a—1
mode[X] = m when Oé,ﬁ >1

FEBRT X 555 %h, XENASIEHRZERMES SN ¢ &
S

AT E R
B z@ (1 — z)p!
2= 5
SS8EN0, B

(a—1)z 21 —2) - (B-1z* 11 -2)"2=0
(-1 -2z)=(B-1)z
(@=1)—(a-1)z=(8-1)z

a—1 B
a—-1+p-1 “
EllE o N =

Voo (0—1)1'072(1—90)571—(»3—1)930‘71(1—37)&2
e (0, o=55) B, fx(z) >0; ‘——Llﬂ«"e(m, 18, fx(z) <0.2 = S5 i
fx(z) BURKIE.

FLE, &




a—1
X|= ———— wh 1
mode| X] o 115 1 when «, 8 >

R, FBT—NESENZE X 755 Beta 5, ezl EERY PDF

(1 —z)f !
B(e, B)

fx(z) =

REEEMKEH

Elp

fx(z) m"“l(l — 213)671
HAEE B(a, ) JLHEMXREGMEARE (I3—b) K.

WAIER, REFSEXERTLGEIES M B(o, ) £2BXELR, FILMRAREEE, B
BNEEXRNERTHITUEHESR (BiRE) .

1.2.5.1 B&#

Beta DHFEIR NS o 7 B AHEBRFIWHFRAESEL (Hyper-parameter) , IEEEEIGRITEA
PEENSH, BETERIEER)IHIERFIEE

FETBESHBERME, T 2.3.2 % WitHE44i o Beta-Bernoulli .

1.2.6 Gamma 316

MSomE—INEEMEsh, FRTEELERNXE, THESRFSHE. 2HhiRMRERSDS.
BIrEo0m (WMRADHh. 8850 %H) B

Gamma BB NESE o 10 S 1=#). X lRM Gamma 57, iEfE:
X ~ Gamma(a,B), >0,a>0,5>0

HEREERE (PDF) :

B . a—1,—Bz >0
2) —  T@) T e x
fx(z) {0 <0

z > 0: FEtZEREEEINIEL
a > 0: F2KESE (Shape Parameter) .
B> 0: RES# (Scale Parameter) , BRthSH +, He 0 2iE%sH.
T(a): MDE,
SCfRER, Gamma DHEZRATRASHBMNNS T, B

B pa-1,-p6
fol6) = F(a)0 e 0>0
0 <0
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HREE:

_ - Ba a _—p0 B (Oé + 1) g
0= | Tyt = g e -
hE:
Var[®] = E[0?] — B2[0] — (O‘Bj 1 % _ %
1.2.7 NS

Gamma Function

@ EX
IS EREEMSRREAIHE, LSS ETEERENX.

I'(z) :/ t*le tdt
0
% Re(z) > 0 R3eq.

Hep, 2 ZSHTE, BHELES Re(2) > 0.

I'(n) =(n—1)!
UERE: 3 n 2IFEEEET,

I'(n) :/ " e Tdx
0

(n—1)I'(n—1)

= (n-1)T(1)

=(n—1)!
Hep,

1) = / e fde =—e" go =1
0

OF 353
EEHER R

I'(z+1) = 2I'(2)

RESAT


af://n339
af://n343
af://n356

™

()1 —2) =

sin(mz)
AT
D(z)T(z + %) = 21722 /71 (22)
ST VA=Y

L |2| — oo B, MEEREATEHNEATI
I'(z) ~ Vo e

T AFBERIIES 2, (MDRERA 7RISR

1
I(3)=vm
ZETRSMAETE:
@ Itk
gz =t2, Wde = 2tdt
I‘(%) = x 2e “dx

Heh, SERD

UERAND Pt 1. mAs

@ RPN

D)0~ 3) = T =T r(3) =V

@ TEAT

P0G +3) = VAT x 2) = T(3)

Nz



Lec 2 DU NHAHERR

Bayesian Statistical Inference

£ 1.1.3 IR s TMERR.

2.1 [FIE

WHEMEN, Bayes' Rule, RMRHHERTATZL.
HEEEE B NHEREN, a8
foix(8lz) o< fo(0) fxje([6)

foix(0|z): Posterior, [Z357H

fo(0): Prior, %357

fxje(z|0): Likelihood, {LIFARREL

IR RRAESCER/NTEFTAN. BT WMHTRFEASLI, SiekEX (PDF{EN 0) BIED, &
¥ PDF 79 0; 554 PDF 78 0 9385y, f55%% PDF RJREE FALNEHRROSIBEE] 0, FrAEKR S
HRIE X ERR IR FE.

Assumption
Prior fg STV pet p’
— > Observation | X =x Posterior | fex(61x) ! Estm.lat}on, !
> . > Prediction, ,
— 5| Process Calculation ! |
Likelthood R _etc__
le o Updated posterior

e based on x
Data distribution

given 0

XFEEOFHNAR, W 2.2.1 A&k {ER!  (2025.2.9 8% .

2.2 flF
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2.2.1 9KIELE!
XMEEAI ISR BT R A R
John is waiting for Apple on their first date.

John 783 Apple AUIRZIRS AR, HRIZLAESLYE, John AUBIZ AR NRZREEBIRMIISE 50

Sofia Lily

Emma 6 =0.3 6 = 0.8 8 =0.6

X~ Uniform(0,0.3) Uniform(0,0.8) Uniform(0,0.6)
BERIZ Apple AHRZIREHEIRMISE ST
X|© ~ Uniform(0,0)

f is a value of the random variable ©. fRIELAFEL, © AFUE (0,1) ZESSTEE, EBRIRTRS
e

© ~ Uniform(0,1)

PDF EI&INT:

A
1/6

1

L o—o >

0 6 1

TG REIRNE fxio(2]0), AERSE5R fo(6).

S—RWMEZ: On her first date, Apple arrives % hour late.
DRI Hr e -

1
0

TR, NHEESE, SBRE0 FR—EN 0, A 0 SEERSMENSHEARE. SECCEME/ N \WERE
AR, GNERIUPARS O EHERIMIRRE, /FIRATEEM ST,

BN, X2 fxie(z|0) 0 < z < OWABIEDE, 1BHTH O FMTEIMNRS 0 > =, FBEEWER
$IERM, 0 TIRARGHEMS.

NEERIER, 02 X999/ ER, MRWUNEIED z, B2 0 FEEERTZ ¢, BUZWNEE
e, ARTREINE].

fo(0l3) o fo(6)fxe(510) = 5 i+ <0<1
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(2025.2.9 B*) B2, ERAMNEIERITNZEHFEERDEE, BEHE fIUXESE XN

WA 3, SB/E O KEMAZ 5 T (MARSRESEEGE)) | XEEELREE. REENHEE
AR ITRD S, LA DA O DR, TBA1ER

EXNEFENDHETUN/AMEREYE, SR ERRIGTEENS S hiNEIENER S —F,
MXMRIRA—EMIL, TTERUARAHHELREN, X—mTSiEREIRERIESEER
DIRERZIZN (FINXE = < 0 BIPRFIFTRESARIZURS 0 RITIR) |, LRIROZ R EEEHT
SR, MAREXNFETRNUBRENERBTH—PFY. XIIiaiEstkiniE S sURaT
1779 — LSRR /9 I M HirHERTRY [BES51E (Brittleness)] .

LUZAIREERE, MRFEBRS—ROLENELBINRRITRA (210.9 hour) , BEMS=
RFHERZIEREIISTAE 0 ~ 0.1 hour, SEHTEEATIAAT 0.9, BEETHEIEY POF
SHRHE 0.9, BERBTER, ENEXNEEIRIARAEESGE TS,

EENEAERR, XBURRHAMNIEZITESHNS M, FERETETEBEREESHER,
EEAMELSIREIAHIR 1 /NeT, EIAJTREIRIER 0 ~ 1395957, MR AEEIENirs 5T
EMERRIMA (198957%) , FREHTENFES, —BEMNEIELI T ARFSIUARNDHIER,
FIFRKBRBNT . X7 TSR IARENRN . ——F S, BRI SHEE,
BEEURIRATBER ALY, REGREEERERES (heavy-tailed) BI5 (W0t H57%) FAENUKE
£, LUSRHERTRISHE. B LEERN, SENNERKEMESNEIRRIFMIE, EEAET
eSS

IF—{LEZL:
|
Z(z) = / 1o =12
BT
1 1
foix(0]5) = g5 5 =01
PDF EH&AIT:
A
2 1
—Q -
In2 6Iln2
1
— @
In 2

EE_RWZZ: On her next date, Apple arrives % hour late.

Tt

11 1 1
forxix, (015 1) < fxjo(710) forx, (6]5)



FE—ANELLE, £ 2.2.2 BEHREGAT? PE—PTEERNES.

JF—LEEL:
331,332 / _d0 =1

XERP—HEY, 2EERAFEEAMOBESEEEE. XHEETROUE, RR™EENX, M
ZRFAREHA In 2 (3.

ISEveayih

PDF EIf&A0T:

@ *—>
1/2 1

BI=/XWZZ: On her first 3 dates, Apple is late by %, %, % hours.

TR EfHERT
111 1
forxixx (05, 7> 7) « fxije(510 )szI@( |0 )fXg\G( 10) fo(6)
1
= — if — <0<
03 1f 5 = <1
F—IELLS, P 2.2.2 EHAAEAT? $H [FNEHF] .
A—{EE:
Z(x1, o, 23) = / —de_
3
I=Lopaxish
1 11 2 1
—_— — — _ o < <
fe‘Xl,Xz,X3(9|2a4a4) 393 lf2 <f<1



222 EHREAF?

@ =HEHRE
FAL 1.2.3 ULl B9 Example 1.
IR ASFIRERS M, TRXOBESRIESINAS.

A coin might be of the following type:

®O O OO

Prior 90% 5% 5%
SR,

You flipa H (Head) . How do you adjust your beliefs (priors)?

P(H|§=1)P(6=1) 05x09 045

P(6=1H)) = Z(H)) T Z(Hy)  Z(H)
- _ P(H,[0=2)P(0=2) 1x0.05  0.05

P(0 =2|H,) = Z(Hy)  Z(Hy)  Z(Hy)
- _ P(H1/0=3)P(0=3) 0x0.05 0

P(0=3|H) = Z(Hy) - Z(Hy)  Z(H)

Z(H;) = 0.45 4 0.05 + 0 = 0.5

3575
P(O=1|H) =09 PO=2H)=01 P6=3H)—
Prior 90% 10% 0%
6 = 1|H, 0 = 2|H, 0 = 3|H,

You flip another H. How do you readjust?
7Sk

2025.1.29 2526k,
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P(Ho|9 =1, B{)P(0=1|H:) 045

P(0 = 1|HyH;) =

Z(Hy, Hy) ~ Z(H,, Hy)

PO — 2|y - PO =2 FOPO=2) o
Z(Hy, Hy) Z(Hy, Hy)

P(H,|0 = 3, J{)P(0 = 3|H)) 0
P(0 = 3|HoHy) = Z(Hy, Hy) " Z(Hy, Hy)

Z(H,, Hy) = 0.45 + 0.1 4 0 = 0.55
s Hy, BA Hy, Hy 7E0 = 1 94T
IR, SRR E2ARAREES. IXE Hy f1 Hy REFMMS, (B4
FFEMIST, T ESTR 2018 EiE 4.8 KMo .

ETENFERT4ERF, DTTHES.

045 _
1
P(6 = 1|HyHy) — 0—55 ~0.18
0
SEIREAES,
P(H,|0 =1, F{)P(0 = 1|H,) 0.45
P(0 = 1|H,H,) =
Z(H,, Hy) Z(H27H1)
F—NESHESUT:
P(0=1,H,,H
PO = 1/H,H,) — 2O =L )
P(H,H,)
 P(H,|0=1, #{)P(6 = 1|H\)P(H)
B P(H,H,)
P(H,|0 =1, B )P(0 = 1|H1)
- P(H,H))
P(H,)
P(H,|0 =1, J{)P(0 = 1|H))
P(HyH;)
P(H,)
P(H,|0 =1)P(0 = 1|H,)
Z(H27H1)
/\¢l
P(H,H
Z(H,, Hy) = PUHLHY) P(H,|H,) # P(H>)

P(H,)

MrHFETE MR, —FRFSEH, SH—EER, T TEREHWINER, RSRISER,
A LNE AR RIS HD Th. I IMEZE2FY, 7JH'/A?

T n ORISR,
BB



PO=1La1,...,z
P(ez]"wl?’wn): ( 1 1 ) T )

P(zq,...,z,)
P(zn|0 =1, 1,771 )P(6 = 1[z1,...,20-1)P(21,. .., Tn1)
- P(zy,...,z,)
P(zn|0 =1, x1,. 52771 )P(6 = 1[z1,...,Tn-1)
- P(a1y. - 2n)
Plon, en 1)

[EIRS S HT
P(zq,...,z,/0 =1)P(6 =1)
P(zq,...,z,)
P(z1/60 =1)---P(z,|0 =1)P( =1)
P(w17""$n)

PO =1lz1,...,2,) =

PR ERBIRNUEE RAE 0 544 THRaL.
SAHIRNT £ sz, BDOUHERERTR, SRR, 1R EIRIR T EB R SN
MZESEmBESRTTE, REAUVSEFRRENR—HNER, FUAZESN.
2025.1.29 fE18: IELBENETITE, ERRIENETRRRI4kER)I1%, LUKSCRIEHT.

@ EEHEHIRE
Beta-Bernoulli 1&#Y,
A coin of unknown bias flips H, T', T'. What is the bias?
HomEARMIBSS D
X|© ~ Bernoulli(0)
6 is a value of the random variable ©. {Rig5c¥ 5% :
© ~ Uniform(0,1)

B0 Beta(1,1).

D HreEd
feorx,x,x,(01H, T, T) o Px,je(H|0) Px;je (T10)Px;je (T'0) fo (6)
=6(1-6)° ifo0<0<1
IA—CEE:
! 1
Z(IB1,$2,:E3):/ 0(1—9)2(10: N
0 12
IEETRaKisR

foixixox, (O|H, T, T) = 120(1 — 0)2 if0<9<1

Bl Beta(2, 3).
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2.2.3 iPhone §&tElSR

At an Apple store, the number of iPhones sold per day is modeled as a Poisson distribution with
mean 0. @ is a value of the random variable ©. Suppose the prior distribution of © is Gamma(3, 2).
Let X be the number of iPhones sold in a specific day. If X = 3 is observed, what is the updated
distribution of @?

IR X|© ~ Poisson()

<0 forz=0,1,2,...

0 otherwise

Pxe(z|0) = {

Fe5: © ~ Gamma(3,2)

3 1 —
fo(e) = [ e 00
0 6<0

FTROMESHAIZN: 2 KFHIEI &,
DAL el 50T

fox(0]3) < Px|e(3]0) fo(8)
ox §%e if0 >0

Bl Gamma(6, 3).
IA— R

b I'(6
Z(x) :/ 9% 1e 3049 — (6)
0 36

ﬁﬂ
o

295 1e 3 9> 0
913) = ¢ T(6)
foix(9/3) {0 69<0

£516 Gamma £ Poisson B9tEELIE.

If the number of iPhones sold per hour follows a Poisson distribution with unknown mean 6, then the
time between two successive iPhones sold follow an exponential distribution with parameter 6.

0 BEIER, B/ RO RHHEES RS

Suppose the prior distribution of © is Gamma(1, 2). Let X be the time interval (in hour) between
successive iPhones sold.
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1Phone 14 9:00 am
X]_ — 15
1Phone 14 10:30 am
. X2 — 2
iPhone 14 Plus  12:30 pm
iPhone 14 Pro  3:00 pm X3 = 2.5
What is the updated distribution of ©?
WA X|0© ~ Exp()
fe 9% for
fxio(@lf) = {oe for o i 8
%% © ~ Gamma(l,2)
2 g w g
= (1)
fe(6) {O“ 6<0

AL =i 20

foix,,x,,x,(0]1.5,2,2.5) o< fx,10(1.5|0) fx,j0(2]6) fx,0(2.50) fo (0)

x 036789

B Gamma(4, 8).
I3A—EE:

Z(Jil, L9, J,‘3) =

55

foix1,x,,x,(0]1.5,2,2.5) = {0

#5156 Gamma 22 Exponential F93t4e5ELE.

2.3 HiEHH

Conjugate Distributions

[ElpuZELL3E BRI IUHHHR AR

fox(0]z

Heh, F—EH Z(z) BE

if6 >0

/'00 04716789d0 _ P(4)
0 84

84

ey 6+ le ¥ >0
0<0
) fo(0) fxje(z|0)
B Z(z)

2(a) = [ fo(6")xi0(al0")d8
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BORD, BEIEMXR
foix(8lz) o< fo(0)fxe(x|6)

HARNE; B2, BRBTEERSH fox(0lz), MEESRERMMIHRRIHERS
[ fo(0) fxio(|0")d0’, THRANRS RARNERA.

AR N BRSO IRELBNRBEIERS T fo x(0z) WERBAT, BAREHEI—5E, meBsd
ROTTE, BEESUA (SRIN) skl (KIMER. STRil) , EEERIRR?

BERE, AR
ST Lo FRERY, BIN [HIENTE] B, SURIFAERX N

2.3.1 EX

foix(8lz) o< fo(0)fxio(x|6)

HEREIADTE foix(0|z) SHERD fo(6) AR (BTFE—DTHE) |, NAR—Z IS, L
SEIATE fo(0) FROMIAREL £x 1o (z]6) HOFHESEIE.

If the posterior distribution f@‘X(H\m) is in the same probability distribution family as the prior

distribution f@(9), the prior and posterior are then called conjugate distributions, and the prior is
called a conjugate prior for the likelihood function fx|e(|6).

2.3.2 ERHEST

USRS (BiESTH) s =L

BEFSTH / ZIHDHh Beta 57 Beta 1
HIA T Gamma 7378 Gamma 73%5

IESHh (BRAE) EEHTh IEEHT

IESotm (RAMEE) IS5 5% S-S5
ZMnTh Dirichlet %5 Dirichlet 5%
Ei=E'baxic] Gamma 7378 Gamma 7%

@ Beta-Bernoulli

D ESTR HHMETE Lec 2 #HAMEE /A 2.1 Beta-Bernoulli | 2.2.2 WMEBAF? o HLLM M
A

Suppose X, ..., X, form arandom sample from Bernoulli distribution with an unknown
parameter 6 (0 < 6 < 1) . If the prior distribution fg(8) is the Beta distribution Beta(a, ) (
a, 8> 0) , then the posterior distribution fg|x,, ... x,(f|Z1,...,2y) given observed data

n
{z;}i—1, > x; = kis also the Beta distribution Beta(a + k, B +n — k).
i=1

%F Beta-Binomial, Ul 1.2.3 UInf-#rEkrsefi] Example 1 .
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F*F Betaofp, W 1.2.5 Beta 477 .

JEAR:
EEE X1, ..., Xn BB Dz =k (fnik, kXAIE)
i=1

EERENCIRE, EARERRSENS (SRR TR |
5305575 © ~ Beta(a, ), HEERERS fo(0) = L0

iR X ~ Bernoulli(0), WEREERE (LRARE) fxo(z]d) =051 —0)F

BRSO\ X1, ..., X, ~ KA, GRBERE
fx.,.. x e, ..,2,]0) fo(0)
f@\Xl,...,Xn(9|w1a'"7$n): ‘

Z(x1y...,2p)

< fx,,.., x,0(T1,...,24]0) fo(0)
= fX1\®($1|0) T an‘@(a;n|0)f@(0)
x 0a—1+k(1 - 9),6’—1+n—k

W1.1.4 ZWMEE .

5 Beta 9% PDF FEXN—51, RERSERETEMN:
0(a+k)71(1 _ 9) (B+n—k)—1

foix,, . x,(0lz1,. .. 20) = const

=

1
const = gleth)=1(1 _ g)(B+n-h-1gg
0
:B(a—|—k,,8—{—n_k)
F(a+ k) (B+n—k)

I'(a+B+n)

BE—ESRES, W 1.2.5 Beta 44 .
=k, BRHSHO|X,, ..., X, ~ Beta(a+ k,B+n — k).
LR DIETE—1 91k, FELt Beta 5702 Bernoulli FIFEERSCIR.

5



Observation: H, T, T

Prior @~Uniform(0,1) Posterior | X~Beta(2,3)
1.5 2.0
1.0 fol6) 1.5 L] fop()
1.0 N

M/ ANATIANE
é

-

3

0.1 0.0 $
0 010.20.30405060.70.80.9 1 0 010.200304050060.70.680.9 1
6 6

Beta(1,1) Beta(2, 3)
a—1
mode[f] = ———when a,f > 1
a—1+5-1

NEHESI 1.2.5 Beta 47 .

R0 ~ 1 ZERSS5 R Beta DHAI—FMIAER, B Beta(1,1).

Observation: 50Hs, 100Ts

Prior ®~Uniform(0,1) Posterior O|X~Beta(51,101)

1.5 12
1.0 © i :
E, '
|
0.5 4 1 \
[[11}
2 =
0.0 0 } & o
0010203040500 0.70.680.9 1 0010203040506 0.70.60.91
0 0
Beta(1, 1) Beta(51,101)
mode[0] = —*—— when a, > 1

a—-1+p-1



Observation: 19H 8T

Prior ®~Beta(2,3) Posterior ©|X~Beta(21,11)

2. 5

ERNLIG) 4 /\ex®)
1.5 i 3 | \
10 / N 2 /I 1\

\ \

0.5 1 N 1 2

/ 3 A\ 3

n.n © il o
0 010.20.30.40.50.60.70.680.91 0 010.20.30.405060.70.80.91
6 0

Beta(2,3) Beta(21,11)
a—1
mode[f] = ———when a,8 > 1
a—1+p-1

Do hyperparameters matter?

e |Ifthere are a lot of observed data samples, i.e., h > «, t > (, then
Beta(a + h, B+ t) =~ Beta(h,t).

The posterior mainly depends on the observed data.

e |f the size of observed data samples is small, then the hyperparameters (o and () of prior play
an important role on the posterior

® Gamma-Poisson

Suppose X1, ..., X, form a random sample from Poisson distribution with an unknown mean 6 (
6 > 0) . If the prior distribution fg(0) is the Gamma distribution Gamma(e, 8) (o, 8 > 0) , then
n
the posterior distribution fgx, ... x, (0|21, .., ®y) given observed data {x;}; ;, > x; =kis
i=1
also the Gamma distribution Gamma(a + k, B+ n).

F—NESHERERENERT, B NESHEWNNENRT.

Example: iPhone $HE

0 2.2.3 iphone #EEHAY
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® Gamma-Exponential

Suppose X1, ..., X, form arandom sample from Exponential distribution with an unknown mean 6
(8 > 0) . If the prior distribution fg(6) is the Gamma distribution Gamma(a, 8) (o, 8 > 0) ,
n
then the posterior distribution fg|x,, ..., x, (0|1, ..., ,) given observed data {zi};_;, > z; =k
i—1

7
is also the Gamma distribution Gamma(a + n, 8 + k).

FMESHERERYNRT, B NESHEWNI AR

Example: iPhone {55

W 2.2.3 iphone AL |

@ Normal-Normal

Suppose X1, ..., X, form arandom sample from Normal distribution with an unknown mean p
and a known variance o (o% > 0) . If the prior distribution f(u) is the Normal distribution
N (o, 03), then the posterior distribution fvixy, .., x, (#l®, . . ., 2,) given observed data

n

{zi}iq, z:l z; = kis also the Normal distribution N (', 0'?), where
1=

! 02“0 + ng 2 _ 020%
0%+ noj 0%+ nod
R . ANSRANSEERARRE?
Special case: both ag ando? are 1
r_ Ho +k 2 1

o =
n+1 n+1

Example: A N (6, 1) random variable takes value 3.97. 0 is a value of the random variable ©. ©
follows a standard normal. What is the posterior of @?

R X|© ~ N(0,1)

1 1 2
fxio(z|0) = e 2(@9)

5‘5—5@1 O~ N(Ov 1)

T rtHRiEsT
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foix(0]z) o< fxjo(z|0)fo(6)

o 6_%(\/50_§w)2
~3(52y
= e V2
BN (5, (75)%)
JF—LEEL

\/Q
Fox(@3.97) = e
T
— 1/2
Z =AT e
1
7o 22 0 1.985 3.97

Example: Three independent IV (6, 1) random variables take values 3.97,4.09, 3.11. What is ©?
R Xi|© ~ N(6,1)

1 1 2
fxje(zil) = e~2(#0)
| V2T

ek © ~ N(0,1)

UNHHFHERT: =1 = 3.97, o = 4.09, z3 = 3.11
foix,,x,.x,(0]T1, 22, 23) < fx,j0(21]0) fx,)0(22]0) fx,0(23]0) fo(0)

o< e*%[(1}179)2+(x279)2+($370)2+92]
- 6_5(20_ zl+122+13 )2
7:01+a:2+13
B e—é(g )
Ti1t+xotxy 1
BN (===, 1)
7%= : H special case, when both ag and g2 arel,
,:,u0+k:0—|—m1+w2+m3 o2 1 _ 1
n+1 3+1 n+1 3+1

I3A—{LEE:



o T1t+zotTy

Z(w):/ e_( 3 )d9:\/27m2:~/%

e¢]

o

Egﬁ @‘XI,X2,X3 ~ N(%, %)

1 71(9*2-1ﬂ)2
fox,x,x,(0/3.97,4.09,311) = —e * 1
2
2 1/4
1 >

A more general case

Suppose X, ..., X, form a random sample from Normal distributions with a common unknown

mean g and the known variance o2 (o7 > 0) . If the prior distribution fu(p) is the Normal

distribution N (9, o), then the posterior distribution fyrx,, ... x, (|1, ..., %) given observed
n

data {z;}_;, > x; = kis also the Normal distribution N (p/, o'?), where
i-1

! x T 1 1 1 1
p_lzzu_g+_;_|_...+_; _/2:_2+_2+..._|__2
o o o] o o o o] o
WEAR
L8R X;|M ~ N(p,, 0'?)
1 _%(Zrzu)Z
le\M(mlLu’) = ——¢ %
2#0?
5% M ~ N(po,03)
1 _%(#—ﬁéo)z
fulp) = ———=e = 7

A/ 271'0(2)
DA R -

Fuixy, ox, (21, o 2n) o< fxyar(za|p) - - fx, (2| i) Frr (1)
_%[ (21;2“)2 NI (Ina;/—l)2 + (#;‘;0)2 ]
x e il it 0

(u—p)?
o2

_1
xe ?



=

! x T 1 1 1 1
u_m:#—g—i——;—'—..._i_—z —I2:—2+—2+...+_2
g 9 1 Tn i 9 01 Tn

RAELS p WIUEFTS, AR —RIRSELE. BEIALEIRRR, BARIELS,
ZHE PRI LIRS — (B —EE.

I—LES:
o (n— 1)2
Z(z1,...,2n) = / et du = V 2mo"?
—00
=8
1 1 (n)?
— PR
fM|X1,...,Xn(,U’|x1)' 'axn) We
Hrp
! z T 1 1 1 1
M_Q:“_g+_;+...+_; _,2:_2+_2+...+_2
o oy 03 o? o oy 0] o2

£5¢: Normal 2 Normal fO3Liesicis.

Lec 3 Fill/fhit/{EigiLie

Prediction, Estimation, Hypothesis Testing

B, RESHSER fo(0), 0 = P(H) FMIRFIMNEIE z, BEISHER fox(blz)
Prediction: P(next H) =7

TR EZERFAMAIR RIEEIRIEE, KIS AT REHIIAONENEEER. fia0, SHA1ER0E
[MxREDESSHIIER] B, SOR ERERELMEEIEIATESIAMERIEE, JIRRERH
1THERT. FRNAYE RERIARRNE I BB EME S IEFRF.

Estimation: P(H) =7

AT RIERIR AR B A SR B EURE RS IEFRIRANSEL. Hlan, TEREmsEiarh, Bf)~T
BEREMIT [IEEMHIURR P(H)| i X—IBESERRMET QURAPAET) sXEHiTHs
& BH—NERYE (HIXE) |, RIRHSHAIFTEEE. fiTAERETIRENSHRSERL,
M EEETRNRESE M-

Hypothesis testing: P(H) = 5 or 27
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ISR IR MEEERIOBE (Flan P(H) = + % P(H) = 2) #H7W0IE. BiTi R
IRTIEIRRE, FAPNAIRTERITR, BEATISNEENTE, BITTUHMSIEREXR
X—{Eg. RHIESEERERR, WEEHIEARBRIL. BRI ESET IR IRHAXT
PRSI RIS R AL

REERR:
o MUEMAR, XTMIERBIMIEETRFIFREE.
o TR AREHIEEREGERHSHHERE.
o (BIOIRNIBISWLL AR SIECRIZ, KAMFE—mRESML.

3.1 DU EAFS

Bayesian Prediction

3.1.1 EETS
LA 2.2.1 ZaRfrik!  HREH:
On her first date, Apple arrives % hour late.

How likely to arrive more than % hour late next time?

A
X1|© ~ Uniform(0,0)
Sl
© ~ Uniform(0,1)
5%

1 = ifl<g<i
) — 01ln 2 2 =Y =

0 otherwise

L
nZ O1n2
1
mz !
@ o—>

W 2.2.1 A2KRMER! .

T -
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ERMEMRATNHELR
X,Y =8

Z nyy(m, y) = PX(JB)

Pxy z(z,y, 2)
Z Py y|z(@,y|z) = Z T P
y y z

B Px z(z, 2)
- zy: Pz(z)
= PX‘Z(§B|Z)

X B, Y ks

/P(sz,y§Y§y+dy)=PX(-’B)
Yy

fyP(X:a:?ZZZvySYSy_‘_dy)

/P(X:w,y§Y§y+dy|Z:z):
y

Pz(Z)
[, PX =2,Z=2y <Y <y+dy)fr(y)dy
n Pz(z)
_ Px z(z, z)
Pz(z)
= Px|z(z|2)

XEX, >3 X =2, X1 =3 %0 Z=2 0<0<0+diKy<Y <y+dy



3 1 +oo 3 1
P(Xy> 2|X1=3) = P(X;> 1,0 <0 <0+d0|X, = 3)
/+oo P(Xy>3,0<0<60+d0, X =1)
e P(X:=1%)
/+oo P(Xy>310<©<60+df, X, =5)P(O<O<0+db, X1 =13)
B -0 P(X1 = %
+00 3 1 1
— P(X22 10<©<0+df, X1 = 5)P(6 <0 <0+di|X, = 3)
+00 3 1 1
+00 3 1 1
=/ P(X, > Z'Q =0,X; = §)f®|xl(9|§)d9
“+00 3
— > —_ — - _
/_oo P(X; > 7|0 0,%#@&( |5 )df
1 3 1
= [ P(Xy> Z|@ = 9)fe|X1(9|§)d9
1 3 1
= > —_ g
. P(X, > 4|(9 0)01n2d0
1 0 1
1 3.1
s 5(0_2)91n2d0
_lmi-4
In2
~ 0.0544

X1 = + ALEEEEERA X, > S M X = 5 XF 0 = 0 K07 IRERKMRTAR
JHST.

HEARGIFRI RS [IMHHFR] 75iEie:
Observation/Past data: X = x

If X is continuous, to predict future data * € [a, b]
+00
P € lablX=2) = [ Pla’ € 0,8]6) forx(0lo)dt

—T—Ooo b
- / / Fxio(e°10)de" fox(6]2)d6

VBRSO O (FARR, Ty thiER 7 WNFNTTL.
SRR BRI & 5556 - U - DU HHERT - /536 - Tl (RD7E UM ErfEsTRYEREI—E )

XNATVERBAIAT R, RIINEGRE S, SChR EAFEIRRITINRM T RIeS8s M,
HAREFICIZ. SEQIERR I Bk flF.

AR, XBINPRONLETRAERTS, BLRREN 04 P(z* € [a,b]0) 1 fox(0|z) RS
FETRIRRD (&) oA, ZHER FMERRS XBS4E/), FIENLIAFGF.

APMENEE ¢* € [a,b]|0]z WMRLUSRIER fox (0]x)d0 SEMCEL, HalLIRRAH
1WEHE E [P (z* € [a,b]|0]z)] . ERXEH 0|z 2%, BRTRHEE—RAESEY, B
BigAh E[P(z* € [a,b)|0)). L LIXEHICIESZLEMN, BA

P (z* € [a,b]|0]z) = P (z* € [a,b]|0,2) = P (z* € [a,b]|0). XNEEF =* € [a,b]



X = z %F © = 0 KU ERELMITT, HARIMY. X—HHE FEI MRS B ik
MW7, B X, = 5 STLAET .

3.1.2 BT E

If X is discrete, to predict future data x*

+0o0o
P(z*|X = z) = P(2*0) fo x(6]z)do

IR X BEHOME, REAREN o 19, A% 0HR—IK.
LA 2.2.2 @HREAT? o dammn Hfl: W22 n4 H, 8 P(H next flip) =?
HomEHARMIAESFI D

X|® ~ Bernoulli(6)
6 is a value of the random variable ©. {Rig5E¥ 57 :
© ~ Uniform(0,1) = Beta(1,1)
[B%: O|nH ~ Beta(n +1,1)
foixi,...x,(0lnH) = (n+1)0" f0<6<1
ERLLeEC. MR 2.3.2 # LS4 o Beta-Bernoulli .

T -

1
P(H*|nH) :/0 P(H"|0)fo|x,, .. x,(0lnH)do

1
:/ O(n + 1)0"do
0
n—+1

n -+ 2

R, FSNENER H*|0nH MBRIUSIREER fox,,. . x, (0/nH)d0 SNEIMITEY, BNtE
E[P(H*|0\nH)]. 71 H*|6|nH fFRIEFRE 0 (RERMESFISHISIEAABIRR) | tAdmet
HRFGMATISIFA E[O|nH] —5, BtEERSHEENHE MEXMECETLS T RETIIESE
33, REEHIERMASHS ISR (FINET) , LRFHSHDH O ~ Beta(a, f) i (EEIXE
AR5, RELTEHMIN, REICEO, EARNEEHRT/UR) , F—MUHEmAEEA
E[0] = 3%5.
(2025.2.12 [B%) EXMEDERT, [TEXS © FOIER MAP fhit. ZEEHAHT © f—NHkE,
(BMHETFIE S S S AREEF ISR SR8 MAP 38, FTEMESFBEST —EX5:

B%%, MAP ERFEERECNHETFTNEN, MAP RBefh 6, MMHEFRNHAZBRILAN, &FE6 (W 6 A=
BE, FN—NMERTE 0 BRI/ 0 104, EXINEIRSRM TR, flnEm&ER) | ARENrHHE
TG 6 EIREHSRFN MAP tE, BESSERREFMINEIREERISELE MAP &, ATV
0f(0|data)dd 33 6 F2%>, tHFEE 0 BISE, T MAP 2EIELL f(0|data) BURK. iXBEEE—MRIHH
B, %8R0 — 1189895, BRARKMIELLTIR, MAP HUREK, TEIREZEETE, mlnt
HIFTMEAE RN, ERNEIMXERS (BITR—EH 1 AEHRY, BRI EHEE
RRMYONES) AL, RigTK9S, B © ~ Beta(1,1), &EFTWMNEERA Beta(a, 8), T
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TMBHEENEER 25 (GATHRES, BBRN—E—R) , IRAERETE S5, R
TR T ILUEHEAIEE. (BIUSHERIEERISEEL, 165 Ouap) -

(2025.2.23 #h78) LEIREIRIRIRIER, BB 7 EMEELEERIYSTI0NT MAP 30 MLE 558 —5, U 5.2
ARG .

3.2 it

Point Estimation

RETHRSTHERPRIBER T 2RSS EN—MoiE T2 R: TEE2e—N8E, (FrRKs
# (WRMAYE. BIRSES) RUEME.

SXEMEITAR, _IETREE— [&EFU] .

S RIETER, BXEUTIUMER:
o Timit: MRS ENHFPRESTRLSHE, WRETENTRE.
o —EME: RERAEIEN, MTENKNTESSH, BMbEIHEERIRS.
o Bt HFTELRMEITEY, HERNMMIUETTERNEHR, RISEH.

)

o WRHIERSME: ABAT, RLaEtERENTEUE, SHRETES.
3.2.1 &XRMEHT

Maximum A Posteriori Estimation, MAP
How to turn conditional PDF/PMF fg|x (6|x) estimate into one number?
{53 MAP fiitz28
Maximum A Posteriori (MAP) Estimator
Orap = arg max foix(8z)

fo(0) fxje(x|0)
Z(zx)
— arg max fe(0) fxjo(z|6)

= arg max
0

PL2.2.1 B kel 8RB
On her first date, Apple arrives % hour late.
LAZA:
X|© ~ Uniform(0,6)

5
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© ~ Uniform(0,1)

55

1 1 ifi<pe<1
—_) = 6Iln?2 2 = =
foix (6| 2) {

0 otherwise

LN
In2 Oln2
1
mz ]
—o—>

1/2 1

BRARKRT:

1
0ln?2 0o 0

Oy ap = arg max
7

SERSRIUR 0 ROfEiHE, 2 fox(9]1) 0.

MAP for Beta: LA 2.2.2 EREBAT? o HELMEHHE Sl
HomEHARMIASS D
X|® ~ Bernoulli(6)

6 is a value of the random variable ©. {Rig5c¥ 5% :

© ~ Uniform(0,1) = Beta(1,1)
W BguE AN H, tAT.
[B%: OhH’s, t T’s ~ Beta(l + h,1+t)

FEIUAOSLIREEIC. BRI 2.3.2 % W45 i o Beta-Bernoulli .

BARKMT: mode|® ~ Beta(a, )] = #_é_l when o, 8 > 1

a—1 B h
a—1+8—-1  h+t

Orap =

MAP for Normals

A X4110,...,X,|© ~ N(0,1)

Sei6: © ~ N(po,1)

B O|X1,..., X, ~ N(t e 1)

N a1+t
BARIAE: Opqp — LTt

= argmax — =

1
2



3.2.2 R KA

Maximum Likelihood Estimation, MLE

W 5.2 BORBAMET .

3.3 [RiRtEe

Hypothesis Testing

FENHEFEIHERT, R EZERICRABRIREMNEIE THEEHEER, SRRERNHREAIIR
1%. In a hypothesis testing problem, © takes m values, 61, . . ., 8,,. Goal: to select "the optimal"
hypothesis 6*.

TR, TREIR 0, ..., 0 ERALUAR, ER—F et —eRNMEEs, R
FEEXIFTHRFAMRINLAIE. M IEFRIRARNZILEEHRSE LK.

FIEERF MAP, {EIEEIXE O 2E8ESE: Choose the one for which Pg|x (6;]x) is largest.
Orrap = arg max Po|x(0:]z)
Py (0;) fxj0(x|0:)
Z(x)
= argmax Po(0;) fxj0(x]0:)

= arg m(:;mx

3.3.1 ZciRigiais
Binary Hypothesis Testing
R E—FEITFESE, BTERMERRRZEMEREK. BEBRT, XRMRIEIRA:
Hy (3EBR)  Hi (8FRR)
TR, ATRERICRIIEIR:
o FE—HRR (Typelerror) : FERMWHEETHINET/RIR Ho.
o TR (Typellerror) : $HiRMRS TEMIR Hy, BXFLE Hy A /E.
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@ MAP REEN
ATREET MAP ZoRigiele, BILUSRAREKE, SRERIIRSEAMN.
Bigscle, EFMNEIERNMHERTERRE, tHRENEREE.

Example 1: SR mREHI BT
© takes two values (e.g. ©® = 1 for spam, and © = 0 for legit)

HEES fox(1lz) > fox(0[z)

0=1)
6-0)

(
(
Bl P(© = 1) = 20%, P(© = 0) = 80%

e Pox(lz) _ fxe(zll)P

HITERES Pox(0]z) ~ fxe(z[0)P >1

Suppose there are two patterns (independent given a specific email), X; and X, to classify whether
an email is spam or legit

ERIXE Xy, Xy BESMST, RegE 08 1.

0 P(X, =1|0) P(X, =1|6)

0 = 0 legit 0.03 0.0001
®=1spam 0.1 0.01

In a specific email z, observe that X; = 1 and X2 = 0, spam or legit?
HEREK:

PO=1|X;=1,X,=0) x P(X; =1,X, =0/0 = 1)P(© = 1) = 0.0198
P(O®=0|X;=1,X,=0) x P(X; =1, X, = 0|0 = 0)P(© = 0) ~ 0.0240

Oy ap = 0, we consider it as legit.

Example 2: FEMH &R
Coin A is heads with probability % Coin Biis tails with probability %
H, H,T are 3 flips of a random coin. Which coin was it?
Foie: IRBRRAIRIER T, JLMRIEFFRSCITERESE.
PO =A)=P(©=B)=>50%

i
P(© = A|H, H,T) « P(H,H,T|® = A)P(© = A) — 217
P(© = B|H,H,T) « P(H,H,T|® = B)P(© = B) = 2_17

O yap = A, we consider it as Coin A.
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IR What is the probability you are wrong based on MAP, given the outcome is H, H,T?

O yap = A, we consider it as Coin A.

error = P(© = B|H,H,T)
 P(H,H,T|® = B)P(® = B)

P(H,H,T)
1
_ 27
o1 2
o T

1

3
SEWREEIRER . What is the probability you are wrong on average based on MAP given the outcome of 3
flips?

F5Thk.

TRXB—, FTLUSIGECHISFFIMALLHI—FE. FEREHE.

Example 3: A

A car-jack detector X outputs N (0, 1) if there is no intruder and N (1, 1) if there is. When should

alarm activate?

activate? , .
© = 0 (no intruder) —, 0O = 1 (intruder)
1 2
x|0) =—e 2
fx1e(x0) — .
o 1 . 1 _(x=1?
1 . _ _ = — 2
Prior: P(6=1)=0p To(x11) N
%
Po|x(0]z*) o< Pg(0) fxjo(2*(0) o< (1 —p)e_%
Pojx(1[z*) o Po(1)fxjo(x"|1) ocpe™ = -
MAP RER:
Pox(llz®)  p .1 . 1—p
PQ‘X(O|a:*)_1—pe >1l=z >5+ln »

Lo > 4+ In LB, BIRAGZEGE.

What is the error?



error = P(6 # 6)

1-p 1—p)

1 1
:P(9:0,m>§+ln )+P(0:1,m§5+ln

— P(z > %+1n1p%p|9:0)13(9=0)+13(x§ %—Flnlp%pIG:l)P(@:l)

1 1-— 1 1—
:P(N(O,l) > 5+ln—p|0:O>P(0:O)+P(N(1,1) < §+ln—p|0:1>P(0:1)
p p

Lec 4 HEARITE
Sample Statistics
AT EFLHEFETS. XBRFIFEITEM 5.1 fiilE BERGITERENERS.

P

I l‘l‘
X~Bernoulli(p) X~Poisson(A) X~N(u,0%)
Observation: a sample of n random variables D = {X1,..., X}

Goal: to estimate 6 (p, \, p, o2, etc.)

Classical statistics:
The parameter 6 is considered as a deterministic quantity that happens to unknown

Develop an estimator to estimate 0 based on the sample D

e With different samples D; = {X; = z1,..., X, = z,}, the estimation 6; would be different

e How to evaluate of the estimator?
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Sample set 1 Sample mean

Sample size
. 31,000
100 e.g, N(u,0%)
Sampling
27,000 .
distribution
Population 10
28,000
—
4.1 BEIEES
Random Sample
A random sample of size n is a joint outcome of i independent random variables X, ..., X,,, with
same PDF/PMF
n MEZES .
E[X) = = B[X,] =
Var[X,] =--- = Var[X,] = ¢*

The process of generating a specific random sample is called sampling.

HHAF.

4.2 BFFITE & HESH

Sample Statistics & Sampling Distributions

Given a random sample of n independent random variable X7, ..., X, with same PDF/PMF, the
numerical descriptive measures of the sample are called statistics.

HAREERNE

Xi+-- .+Xn

The sample mean: X = —

when X;'s are Bernoulli RVs.

The sample proportion: p = w

BEARLLHI, 18— AP ESE—RERMERHERI MART SRILLHI.
Thesamlesum: X = X; +--- 4+ X,


af://n1049
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The sample variance: s = =

The probability distributions for statistics are called sampling distributions.

DT

4.2.1 BFIE
Sample Mean
HAYEREMMIENMTE. XTFEITE, 5.1 fitE .
Derive the sampling distribution of sample mean using the laws of probability.

Consider a fair coin X. X = 1 means H and X = 0 means T'. Flip the coin twice, X1 and X2. What
is the PMF of X?

PMF of X, + X,

BB oincevrorxix: | N
0

L us! PX,+X,=x) 1/4 1/2 1/4
0 1 0] 1 i
1 o0 0% | % PMF of X
X [
1 1 11| % | % 012 1

PX=x) 1/4 1/2 1/4

AR, XEMEASE . RIRAREMHARE—H, NSHIERFTID0. MRSHEN
HAR, WX, + Xo 1 X B2THHERNER, MIES .
Flip the coin n times:

_ 1
X; + -+ X, = nX ~ Binomial(n, 5)

What if distribution of X is unknown?
XEAY unknown EIRBBAFRAN, RE—MERREIER, X IRMANRFBENHEAIS . Fan:

What is the average exam grade?
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59
62
57
59
55
55
53
56
44
56
46

X

49 46
53 45
50 45
52 39
46 42
46 49
44 45
51 44
48 39
52 41
38 37

32415429

46
40
44
41
40
32
44
49
35
36
31

32
46
30
35
45
41
33
33
37
42
39

34
35
37
43
38
42
27
36
39
38
37

33
33
40
44
25
32
28
43
33
37
40

39
30
25
25
24
32
23
23
31
28
19

|
I

3

6+5+7

3

EEAENER, FAFTE (19(8) TERE.

= 6 Atypical!

34
39
23
37

@

28
33
22
31
24

28

22 29
15 30
31 0
25

21 18
21 27
29 19
29 36

1 16
15
32

~ 25.33

BAFAIIEREE, ERRAESIEARNIENMGTT, BAELRE. —5it:

24 27
13 @
15

15

20

26 1

26 13
16 15

15
29



.,| data u = 33.05
histogram
histogram of E[X] = 33.05 =
0.05 4 X (n — 3) [ ] n ﬂ
1 X, +X, +X
X= 1 2 3
0.03 4 3
001-
@ TimE

FlmtE, unbiasedness, TRGMRE, E—MITEEESHET, HEEESTESLSH BN
FEAYE, BRE:

o HAIERNHEESTRAIIE.

o RERSMRE: ERFEAYEGLTRIMIERGEN. EXFAT, ERAaIETESHEA

SRETRESMAISE, NRET — I E=RSTHKEE.

RottiRE: RARANDEN, BRESBEXERARE—SE, BoFBSEFAERER, XM
REBHKRTNETERNRITREG. WA R SsE  thEEREREER.
ML PR RFRERR—MES, SEAAMHZERERS EABIIRE. YRR ETE
HRMYERBEMNETE, FiE LR RETEMASI 5.

The sample mean is an unbiased estimator of the population mean p:

For every n,E[X]| = p

Proof:
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1
= —E[X;+- + X,

= %(E[Xl] + .-+ E[X,)])

1
= (pttp)

@ —Hi%
consistency

HEARIERN—EME (consistency) BEHRETHAHERBANE R T, BEUEAHEESRINESASEGTT
BIEEERITESLNSSE, WMRIE T AiAEREARA TR =i

—METERATLELRE, XAUE—E8, MEXRINSEAR: TREXE [FKFLEER]  —
EENRE [HAEEINEsEIERE]

ETRRE: iRIEASCEE, FEVVREAREE size n 190, HEAE X, SHSRHMISET 1.
ITRXEBNEAEETHn MRRES . HIEH u BIRENZREHMAIFIARIE.
Consistent: For every positive €, § and sufficiently large sample size n
P(|X —pul>e€) <6
Weak law of large numbers.

Or, Suppose X1, Xs, ... is a sequence of IID random variables with expected value E[X;] = p and
finite variance Var|X;| < cc. Define X, = = (X1 + ...+ X,). Then, for every € > 0:

lim P(| X, —p| >€) =0

n—oo

I, ESTR 2018 #i%it 13.9 FgR¥ues: .

4.2.2 FILRRER
The Central Limit Theorem

Consider IID random variables X7, X, ... with expected value E[X;] = p and variance
Var[X;] = o2 Then, if we define

1
i Xa)

vn

the CDF of random variable Z,, will converge to the CDF of a standard normal distribution ¢(z), i.e.
foreveryz € R

lim P(Z, < z) = ¢(2).

n—00
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Therefore, according to the central limit theorem, the sum of
many independent random numbers will approximately have a normal distribution.

D ESTR 2018 #E%it 13.11 fultkIRERE |

B, R EITRR

L£—H
7z =
g >
xNN(H, 0'2) < > Z"’N(O, 1)
XxX=0z+U
PDF PDF
1 _1x-p)? £ 1 _1.2
f(x) =———e 2 o° xX)=——e 2
ovV2m Vam
U0 ESTR 2018 it 13.10 Hrdffl .
CDF: ¢(t) = % ffoo e 7 dz
Cumulative Distribution Function
1.0

0.40
.»| PDF .| CDF
0.30 4
0.25 1 061
0.20 1
015 | 0.44
0.10 4 0.2
0.05
S S I 2 a8 1 : 3

EBXX = X;, W

i=1
E[X] = nyu, Var[X]=no’
B L(Xi+ o+ X)) — X —nu
" a R
SRR PRETE

lim P(Z, < z) = ¢(2)

n—oo
WBAK N — 00, Z, ~ N(0,1) & X ~ N(nu,no®) < X ~ N(u, )

Note: standard deviation of a sample statistics is also called standard error.

@ HFA
SRR PR ETE A] LARSRAG LT B ANIME/HF AN SR ER S e R NAHER.

Example 1: In a population of 1000, 200 have disease: X; ~ Bernoulli(0.2), where X; = 1 means
having disease. For a sample of size 16, what's the probability that the sample mean is in the range
10% to 30%?
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XSSP MNIZEE A5, AECERRIRTIESEREIE— A, B IID B5FIEMAY
BEHAEA.

BAE X = S speRchigsmm ABSLL, WEEAHD 16X ~ Binomial(16,0.2). i1&

Tt REAS T, REcEEIEEL
Esoif:

P(0.1 < X <0.3) = P(1.6 < 16X < 4.8)
= P(2 < 16X < 4)

4
1 , _
=> ( 6> 0.2° x (1 —0.2)%""
i—2 \
~ 0.6575

CLT fit: X; ~ Bernoulli(0.2)
B XERREN

w(X) =px, =p=0.2

(%) = OX V02(1-0.2)

= — 0.1

a(X)
~ ¢(1) — d(—1) Central Limit Theorem
~ 0.6827
BT NEEARTREL
w(16X) = 16px, = 16p = 3.2
0(16X) = vrox, = /16 x 0.2(1 - 0.2) = 1.6

P(0.1 < X <0.3) = P(1.6 < 16X < 4.8)
1.6 —3.2 16X — pu(16X) _48-32

= P( < —— < )
1.6 o(16X) 1.6
16X — p(16X
—P(-1< p16X) 1)
o(16X)
~ ¢(1) — p(—1) Central Limit Theorem
~ 0.6827

Difference within 2.6%.
ZFRUBIRE, BEAFENIN n HIERG K.

TEANFERA CLT HiEHERE (”IH7h) HNAEREEMRE, ERFECERNRELESA CDF
(BEXRE#R) RIAL

KFELSEMARIE, 0 ESTR 2018 MRt 12.4 EAEMl o ESMERE .



Example 2: In a population of 1000, 100 have disease: Y; ~ Bernoulli(0.1), where Y; = 1 means
having disease. For a sample of size 16, what's the probability that the sample mean is in the range
5% to 15%?

BISCEE:
P(0.05 <Y <0.15) = P(0.8 < 16Y < 2.4)
= P(1 <16Y <2)
2
16\ . .
=> < , )0.1@ x (1 —0.1)%
i=1 t
~ 0.6039
CLT f&it: Y; ~ Bernoulli(0.1)
E— SAEREN
p(Y) =py, =p=01
_ 0.1(1—0.1
oY) = 28 = ( ) _ 0.075
Vn V16
— 0.05—0.1 Y —pul) 0.15-0.1
P(0.05 <Y < 0.15) =
( - ) ( 0.075 — 0(17) - 0.075 )
2 Y —u) 2
~p-2 < XM 2
3 o(Y) 3
2 2 -
~ (E) — ¢(—§) Central Limit Theorem
~ 0.4950

—IRAiE—, ETH.
TRXBEESGIHENE, BN n AEAEREEBERMERIE.

@ &58iEm
Central Rule of Thumb

If the data population is normal, then the sampling distribution of X is also normal, no matter what
sample size you choose;

ERXNMEEARR, BRNERERZANAR. BB EZRRRIE: IESAMNEE | FHER
CGERFR¥O | (FHEMAS

Otherwise, if n > 30, CLT usually works, BUT it

e Depends on datal

e Depends on precision!

21 Fn > 30 B CLT BEEAEH, (BEERKBERERST.
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423 FFHFE

Sample Variance
HADERRMAENMGTE. XFEITE, 0 5.1 itk .
Given a random sample X1, ..., X,, with same PDF/PMF

the sample mean:

X1+ + X,
n

X =

the sample variance:
2 Z?zl (X (2 X) 2
E - —
n
FREAIYESRL, WTFABEER, EASEEAEE IREAYERRNE, TEXMMAAEAREER
B, MESEERTEITRRGE.

@ BiREE
Biasedness
flF: X ~ Bernoulli(l). BRAE 0’ =p(l —p) = %

TR RIS N EESIHTRES (LA ESE, SIRARNNSEESRYE) &
LOIERR R AR E/ 75 EFT NS ARREH L HEXAOREH 2 2 AVHREE/ 75 E.

Take 2 samples. What is the PMF of s2?

Joint PMF of X;, X, PMF of s2 = %((Xl —-X)2+ (X, — 5)?)

X o
L If X, =Xy, then X = X; = X, and s2 = 0

0]1 If X, # X,, then X = 1/2, and 52 = 1/4

0 %4 |14

1] % s 01

P(S%=5s%) 1/2 1/2

1 1

E[s%] = i 502 +o?

Biased, HALERARIAEN, TiXbEIHRBIFSE.
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@ MERKRIE

Bessel's correction

For a random sample of size n independent random variables X1, . ..

we have
E[s?] = n_1 o’
n
XEBM o? BkAE, B Var[X:] = -+ = Var[X,] = o2
oi&:

S, BASEER 0, H2hH 0, B E[s?] = Lo?;

Rip—, TEETRRSAE, 9880 — 1/, Bt o? = 27 E[s%];

BHAMEET RS E, BHERIU— AR 2y FTEEETHRA.
{ERAGAIRE D T EIRIEERE.

ZE/RIZLE / Corrected sample variance / unbiased sample variance:

no 9

n—1

MERREFRIFATEAT:

, X, with the same PDF/PMF,

n o n Z?:l(Xi _)_()2 _ Z?:l(Xi _X)Z

n—ls n—1 n

n—1

X)?

NRFEH, s = _ XL X)? AYf% Unbiased Sample Variance, s = & AUt

n—1

Sample Varlance. MEREEEELR, RARRENSEA n IAHIHE.

RABRAUEFLLE, B

E 2 —_ 2
[—sl=0
WUEAR :
(X, - X
E[SQ]:E Zz_l( ) ]
n
[ s (X4 X - 2x.X)
=E
n
Ty x2 _
:E Zlfl (2 ] —E[X2]
n
" E[X? _
_ Zz—l [ ] —E[X2]
n
2
:U2+'u2_‘7__#2
n
—1
n

{RIEEE 1T


af://n1244

Var(X] = E[X] - EX]? = E[X '] = T + 12
Var[X,] = --- = Var[X,] = o?
E[X;] =
VGT[Y] _ Var[X1+-T'l'+X,,} _ T;LUZZ _ %z

AR ASREAEAVIRIE p, FERATEIRER o ARRAIE X StEHE, SEMCETR
§9, BD

[Z?—l(Xi - u)2] I D0 o 2Xm)]

E
n n

i noX2 o
=E —Z"; “ |+ Ep?] - 2uE[X]
o Z?zl E[XE] 2
n n
— 2 +N2 o N2

ERRNEETNMELMMYE, EUAESAMERENIEREMAYE XFBESEERATE, BN

[ — 2
Shy |[Xi - (X +9)] _
o’ =E Wp=X+6
n
- . - 9
Y (XZ- _X- 5)
=F
n
D [(Xi —X)?2 46— 2(X; - X)a]
_ E[s?] + E[5?]
E[6%] = Var[d] + E[))?
= Varld]
=Var |p— X1t Xa
n
_z
N n

ZF, o = 2 E[s2].
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Point Estimation
2
o
X~Bernoulli(p) X~Poisson(1) X~N(u,0%)

Observation: a sample of n random variables D = {X1,..., X, }

Goal: to estimate @ (p, A, 11, 02, etc.)

Classical statistics:

The parameter 6 is considered as a deterministic quantity that happens to unknown

e Develop an estimator to estimate 0 based on the sample D

Bayesian statistics:
The parameter is considered as a random variable © with a known prior distribution (assumption)
* Estimate posterior probability of ©: fg|p(6|D) via Bayes' rule

e Use MAP to estimate é

5.1 {HitE

Estimators
X1,...,X, areindependent samples with the same PDF/PMF parameterized by 6 (unknown)
0, = 9(X1,...,Xn) Estimator
én =g9(X1=21,..., Xn=zp) Estimate

Estimator Z2f&itE, Estimate 2ETHE. AIFEEETHASIEWENRE, HHEFSHEE—
NEE. MHEREWNZIEAIET G, BXEHERNGITEREASEINERGE, E=—RWRNS
# 0 (— EIEEERIAL.

5.1.1 ZimE

Unbiased: E[©,] = 6
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5.1.2 im# TR

Asymptotically unbiased: lim E[©,] = 6

n—0o0

5.1.3 —&t%

Consistent: (:)n converges to 6 in probability

lim lim P(|©, — 6] >¢) =0

e—0n—o0

5.2 ARG

Maximum Likelihood Estimation

X1, ..., X, are independent samples with the same PDF fxg(z|6) (or PMF Px|g(z|6) for discrete
cases)

Maximum likelihood estimate (MLE) of @
0, = argm(?x le,...,Xn‘e(-Tl, ey Zy|0)

Motivation behind MLE: for each specific value of 6,
* We have a specified PDF fx|g(x|6) for the random samples

o fx... x,0(1,...,2,|0)isajoint PDF of X1,..., X, defined by 6

fx,,.. x,0(x1,...,2,|0) measures the likelihood that &1, . .., &, are observed at the
same time (i.e., jointly)

e Among all the possible values, choose 8* which achieves the maximum value of
fxi,. . xjo(z1,. .. 2n|0)

the joint PDF fits the observed data best
BRE, N0 HIIXEWWENHE (BE) &X.

A~

0, = a'rgmea‘x le,...,Xn\@(wlv SRR xn‘e)

= le,...,Xn|@(z1> v 7$n’én) - mgmx le,...,Xn\G(mlv RN wn‘o)
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5.2.1 il F

Example 1: What is the MLE for § from Uni form(0, ) samples? Observe x1, x2, 3 independently
from Uni form(0, 6)

fx,x., x50 (21, 22, 3]0) = fx,j0(21]0) fx,0(72|0) fx,10(3]0)

1.
= ﬁlfezml,ivg,mg >0

% is a decreasing function when 8 > 0
When 0 = max {z1, z2, 23}, 0—13 reaches its maximum
Oyre = max{xy, T2, 3}
Example 2: MLE for Bernoulli(6). Suppose we observe k heads and n — k tails. What is 6 ,,5?
Ovie = arg max fx.,. . .xj0(x1,...,24(0)
= argmax ok(1 — )" *

= argMax fo- peta(k+1,n—k+1) (9)

- a—1
Ca—-1+8-1
kK

T n

5.2.2 RREMRE
A systematic approach to the MLE

MLE: § = argmgix fx.,...xo(@1,...,zn|0)

* If @ has discrete values, for each possible value, compute fx, .. x,0(Z1,...,2,|f) and choose
the one that maximizes fx,  x jo(Z1,-..,Zn[0)
* If @ has continuous values, based on the properties of fx, . x,je0(Z1,...,2,|0)tofind OrrE

(as shown in the previous two examples)

e Whatif fx, . x,0(1,...,Z,|0) istoo complicated to find @1 directly?

A systematic approach: f&i& fx, .. x,e(T1,...,Z,|0) is differentiable w.r.t. 6. To find 6 that
maximizes the function fx, . x,e(1,...,Zx|0):

anl,...,Xn|9(mla v 7$n|9)
00

e If the equation can be solved, then we get a closed-form (analytical) solution for 8/.E

e Otherwise, optimization techniques need to be applied

Out of scope

What if there are more than one parameters to estimate?

{éb v aém} = arg ma’}g le,...,Xn\(-)l,...,@m(wla e awnwla cee 70m)

15+ +9Um
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anl,A.A,Xn\(al,“.,@m(xl»' . '7xn|017~ . -70m) . 0
00, -

Ofxy,. . Xn01,..0m(T15 - Tul01, . 0m) 0
90, -

~

Closed-form (analytical) solutions for 91, ..., 0, can be obtained by solving the equations jointly

5.3 XIEA{ELIR

Log-likelihood

-~ s S 4] X1, .Xn mla"'vmne
BABSRE R, g Lot 0l g ey

As X1,...,X, areindependent

Ofx,,.. x,0(z1,...,zal0)  OIli 1 fx,e(zil0)
00 a 00

RIS RIRIREL is complicated, especially when i is large.

EXIESA: In (fx,, . x,0(21,- -, Tn]0))
EDASARNIE.
R SR T RS, PR ARSI T RAM TR -

~

0, = al‘gmélx le,...,Xn\G)(xlv s 7wn‘0) = a'rgmg‘XIn (le,...,Xn|®('T1> s awnw))

YR SSEERENET LA SRR R NATAZ K.
In (fx,,..x,/0(1; - 2nl6)) = In (H inIG(xi’9)> = In(fx,0(x:0))
i=1 i=1

LR, REREFNT

{01,...,0n} = arg max fxi, . x.01, 00 (T1, oy |01, ..., 0n)

1y- - sUm

O (fx,,... X001, . Om @1y - 0|01, 0m)) _0yin (Fx04.. .0m@il01, . 0m))
96, - 00,

O (fx,,.. X001 0m (@1 sTal01,e . 0m)) X1 In(fxy0,...0m (®il01, - ,0m))
90,, - 00,

Closed-form (analytical) solutions for él, ceey ém can be obtained by solving the equations jointly

Example

FFHAFE.
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5.4 MAP vs MLE

TR

Lec 6 B{5XI[a

6.1 HEXE I
Confidence Intervals

Suppose @ is an unknown parameter

Besides a single numerical estimate 6,, of f based on a specific set of n observed samples, we are
often interested in constructing a so-called confidence interval: An interval that contains 6 with a

certain high probability (i.e., an interval in which we are certain confident 6 falls)
Consider an estimator ©,, of an unknown 6
For different sets of m samples, the estimates én's would be very different

Unbiasedness, asymptotical unbiasedness, and consistency are properties about an estimator NOT a
specific estimate

When a specific én is used to approximate 6, can we be confident that én is close to #? Or how close
is én to 6?

High-level idea: rather than using just a point estimate én to estimate an interval of values that we
are confident contains the unknown 6

Solution: based on a point estimate 6,,, create an interval [0, , 6], where 6, < 6,7, such that we are
confident that 6 falls in the interval

PO, <0<6)>1-a

n

1 — a FRAEFEKFE (Confidence level) , LABDEEERD. a FRABEMHKE.

0,0 is called a (1 — a)-confidence interval

é; is called B{=TPR (lower confidence limit) , and é; is called &S PR (upper confidence
limit) .

Width: 6 — 6
e Confidence parameter: o

Goal: Given a large (1 — «), find a narrowest confidence interval:

PO, <0<6)=1-a
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6.1.1 EX

(2025.3.10 B%) LA ERRMEHIEN, BERFEHEEDS EXIBBIHMAT . EAXANENX ZHEIRY. —i%m
=, EXEEXEEHHMA:

@ ETFRENERRIENX

EE—N—HENEZE X RN F, XRig 0 2 F NSHiz—. Mirdes nk, B2 MEIER
{ X1, ., Xo}, TEXERE X SBEBEI, BMNEEHE— M EREWNNETEE. RFERITE
U(Xl, e ,Xn), U(Xl, e ,Xn) TR U(Xl, . ,Xn) < U(Xl, . ,Xn) {15

Pu(Xq,...,Xn) <0<v(Xy,...,X,)=1-a
WFR [w(X1,. .., Xn), (X1, ..., Xp) ]| B—MREFEISH O 1 — o BEXE, Hf:
* 1— aRNEREKFE
o o ERIIEIEPFIRAEZEKF
G ERENAEAR { X, ..., X} B—P &, BERCSTEERNSE
TRXAMXRERN ETREEMENEE, FARMEENXAIXIE.

XEMENERE, WRFESXER n REZME (BIESEWN) , 28 1 — o AERNE
{z1,...,zn}, FBu(zy,...,z,) <O <v(x1,...,2,).

@ EFWNEARRIE X

#E @ BETHIEANEN. W, MNTRIEE X — P EMUBNER {21, ..., z,}, TEXERE
z; HEREMNRIREE, REMREIME. EXETUEARN 1 — o EEKERN:

[u(mla SRR a’n)av(mla cey a’n)]

XERIXE ETREPRAERIE, FETBIXKEREN, EMARERBERRMERET.

MRMEHXBERATETFWUEANEN, EREA5IANTHR, BEHS.
R

o EFXEFRRLMFSHIIERTE. — T ETHNEINECEXIEABSHELE, EAFEs (X
A081) , EESRESHENNF, —EttfNXEREEERSMASEH.

o BEKFASFESELEME. G0, 95% BEXEAENR 5 95% WEREEHEH, M2
"WIRESHE, 95% NEEXASBSEMHEH (HRIESLFSHNKEHZRN 95%) .

TEE 6.1.2 SEBEREREXE PINMGERE.

1551, (—oo, +00) is a 100%-confidence interval.

{BE, Uninformative.
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6.1.2 B IENEREXHE
Confidence interval for mean
BIRHER— S, #RYERENEITHE.
X1,...,X, are independent samples with the same PDF/PMF (i.e., have the same u, o2, etc.)

If X1, ..., X, are normal N(, 0?), then X = 25X s also normal N(p, (%)2)

If X1,...,X, are NOT normal, but n is large (e.g., n > 30), then X = w can be
approximated by a normal N (u, (%)2) based on CLT

tofEf: If Xq,. .., X, are normal N(u,o?) or nis large

e (o

X~ N (—=)) 2=

B
5

@ SFBEEM

Suppose o2 is known, then a (1 — «)-confidence interval for the mean y is

_ o _ o _ o
Ttze —=&[T—2a —,T+2s  —]

Vn Vn Covn
EEXENT 2 BRNSFE, WRENE, MRS
teh,

\}

x: A sample mean estimate based on observed samples
BXMEERESEIAE z, BRESKAYE 1 REEN.

zg:z-value or z-score such that the area of the right of it under the standard normal curve is %
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CDF table of standard normal distribution P(Z < z)

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 | 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359
0.1 | 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
0.2 | 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141
0.3 | 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517
0.4 | 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879
0.5 | 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224
0.6 | 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549
0.7 | 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852
0.8 | 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
0.9 | 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389
1.0 | 0.8413 0.8438 0.8461 0.83485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621
1.1 | 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830
1.2 [ 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015
1.3 | 09032 0.9049 09066 0.9082 0.9099 09115 0.9131 0.9147 09162 0.9177
1.4 | 09192 09207 09222 09236 09251 0.9265 0.9279 0.9292 0.9306 0.9319
1.5 | 09332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441
1.6 | 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545
1.7 | 09554 0.9564 09573 0.9582 09591 0.9599 0.9608 0.9616 0.9625 0.9633
1.8 [ 0.9641 0.9649 0.9656 0.9664 09671 09678 0.9686 0.9693 0.9699 0.9706
1.9 | 09713 09719 09726 09732 09738 09744 0.9750 09756 0.9761 0.9767
2.0 09772 09778 09783 09788 0.9793 09798 0.9803 0.9808 0.9812 0.9817
2,1 109821 09826 09830 09834 09838 09842 0.9846 0.9850 0.9854 0.9857
2.2 |1 09861 09864 0.9868 09871 09875 0.9878 0.9881 0.9884 0.9887 0.9890
23 109893 09896 09898 0.9901 0.9904 09906 0.9909 0.9911 0.9913 0.9916
2.4 09918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936
2.5 | 09938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952
2.6 | 09953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964
2.7 |1 09965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974
2.8 | 09974 09975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981
2.9 | 09981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986
3.0 | 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990

IR, 22 B 5 RR—MCE, AFRERNERE 7. J‘E%‘%E’\Ji@%ﬁ')&E’&E’J CDF&R, BP
Z < zStH:T B z BIER. RTHREESSERA 1, WANERA 1 — 5, ZERE Z < 22 910
R, BERAXMIREELZER, EHMNA 22.

XEHELEE: 2 = 5;‘ WRSHIE [~ 25, 24) 218, SNTF P& [T — 25 - =T+ 25 ]
ZAABRINGH 2 BAKE [~ 22, 22| 218, BARE, BEAOR 1, FE—MENEE. REES
WENIKS Z FEGHIE |22, 22 ] ZIARIBEA L — a.
__TL)\LEE[E % < T+ o
ﬁulFEP(m—z% L < p<THzs-

Jis a (1 — a)-confidence interval for the mean p, {BEFR
) =1—«, EBHOT:

ﬁ
T
£6.1.1 & X HINEHEE



P(—2¢ <Z=—F—<zg)=1-qa
Jn
@P(—z%-%g)_&'—ugz% %)zl—a
@P(—z% %—Xﬁ—ugz%-%—){)zl—a
o — o
& P(X —ze —ng,uSX—i—z%-%):l—a

SFEEAUNS. As X is a random variable (varies across different samples), the above equation describes
arandom interval centered at X that has a 1 — a probability of containing the (deterministic)
population mean p before a sample is drawn

Once a specific sample is observed, the sample mean z, the interval becomes fixed:

[E—z%-i,i—l—zg-i]

Vn ©oVn
This interval is no longer random: it either contains p or it does not.

The 1 — a confidence level: if we repeatedly sampled and computed intervals this way,
100(1 — )% of those intervals would contain

For a specific interval, we say we are "100(1 — a)% confident" it contains p (not a probability
statement)

5 1: Give a 95%-confidence interval for the mean from 30 N (., (5)?) samples
Solution: As 1 — a = 95%, thus & = 0.025.

Denote by & a sample mean estimate of the 30 samples

o= % is known

20.025 = P(Z < 0.975) ~ 1.96

The corresponding confidence interval:

_ o _ o
[T — 20025 - —=, @ + 20025 - —=]
Vn Vn
1 1

~ [2—1.96 x —=—,% +1.96 x ——]

V30 V30
~ [z —0.18,% + 0.18]

5 2: How many N (u, 25%) samples do you need for a 95% confidence, width 10 interval?
Solution: As 1 — a = 95%, thus & = 0.025.

The corresponding confidence interval:

g _ o
ﬁ,ﬂf + 20.025 - ﬁ]
Width = 2- 20025 - 7= =10 = n = (Zeo)2 o 96

[z — 20.025 -

xR



@ If the problem merely asks us to determine the interval without including terms like "at least," then
simply rounding to the nearest integer is sufficient;

EEUEHAA, nEL96.

@ If we keep the width fixed and set a lower bound for the confidence level (for example, at least
95%), then m should be calculated using ceil rounding:

o 2z%'0)2>(2'20.025'0
- 10

2 _
224 ( )? = 96.04

LEEE, n EX97.

® If we keep the confidence level fixed and set a lower bound for the width (for example, at least 10),
then n should be calculated using floor rounding:

220025 O

2
= 96.04
10 )

220.025(%) >10=n < (

TEE, nEL96.

@ The lower bounds for the confidence level and width jointly affect the value of n, but their effects
are in opposite directions.

@ SBHBEFRM
Suppose o is unknown, but n is large (e.g., > 30) then a (1 — a)-confidence interval for the mean
is
s’ s’
[E —Zzg , X+ Za - ]

NG
Hrh, s'is an unbiased sample standard deviation estimate based on observed samples

PR (s P Z?:l(Xi_XV:Z?:l(X@'—X)Z
nol n-1 n n—1

W 4.2.3 BATZE o NIERKIE .

HARHSAORETR, AT s Bi5HE, B8’ = / 225 w2, 113 A
it

)

Why? Explanation in L7.
Note: the case is unknown and 7 is small (small sample size) will be discussed in L7.
LO7is 6.2 E{5IX[H II in this note.

W 6.2.4 BHEMERFXE .
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1 1: 34 of 100 Bernoulli(p) samples came out positive. Give a 95% confidence interval.

34
_:A:_: .4
T=2D 100 0.3

o is unknown, butn = 100 is large
We can use s = v/p(1 — p) =~ 0.47 to approximate o

In this course, for Bernoulli distributions, we use p(1 — p) to approximate o? without
considering the biased issue

As 1 — a = 95%, thus & = 0.025

The corresponding confidence interval:

_ s _ s
[T — 20025 - —=» @ + 20025 * —=]

vn vn

4 4
~ [0.34 — 1.96 x 22T 0.34 1 1.96 x 227
V100

100

]
~ [0.248,0.432]

XE 0.47 1R /B(1 — ) EEUN, BREETE.

6.1.3 BIEEXE

One sided confidence intervals

Provides a bound (either upper or lower) for a population parameter with a specific confidence level
1 — a. A one-sided interval addresses questions where only one directions is of interest.

e.g., Is 8 at least this value? Or is 8 at most this value?

@ SBME(ER

BIE(SX|A (Lower one-sided confidence intervals)

(0™ 4 50): we are confident 6 is at least equal to 6™

Hrh, 0™ oS TIR.

BMIB(SXA (Upper one-sided confidence intervals)
(—o0, B™2x]: we are confident  is at most equal to 2%,

Hrh, (M Jea B IR,

P HMAFREMEEXE, XM AE Lower F Upper BI4HS.
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1 1: find 6™ such that P(p > ™) = 1 — a.
Solution:

B ARy :X—M
X N(u,(\/ﬁ)) Z =

X — — o
P(Z: a“gza>:1—a<:)P<,uZX—za-T):1—a

~ N(0,1)

= n

n

HErh, z, is the z-score such that the area to its right under the standard normal curve is a.

_7

B, ERAREEEa, MEEL — o

£518: Given a specific sample mean z, the lower one-sided confidence interval is
oy a
T = Za " = +00).

When o2 is unknown and . > 30, use unbiased s’ to approximate o.

1 2: find 6% such that P(p < %) =1 — a.

Solution:

X N (-Z)y) g X
(M(ﬁ)) =

X _
P(Z: _ Z—za> :1—a<:>P<,u§X+za-%):1—a

~ N(0,1)

= n

Hrh, 2z, isthe z-score such that the area to its right under the standard normal curve is q.



B, BERAEEEE, MEEL1 - a.

&g

£518: Given a specific sample mean z, the upper one-sided confidence interval is
(—00, T + 24 - %]

When o2 is unknown and . > 30, use unbiased s’ to approximate o.

6.2 E(EXIa II

Confidence intervals I

6.2.1 FHE 9™
x 2-distribution
Xi,...,X, are independent standard normal N(0,1). Then,

X=X+ + X3~ x*(n)

Heh, X = i X2 A x2(n) random variable, x?(n) FRABEHER n B-EHD.
i—1

AP HE—ERAY Gamma 57.
a=5, = %

LS
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5 L 23 le s g >0,
0 x < 0.

2, PDFTE z = 0 SMERENBZTES RIS, XBMNARHATE. I 3 2.2 84014 o

Gamma 4 Ah .

0.5 A

0.4 1

0.3

0.2 1

0.1 1

0.0 A

6.2232% t 9%
Student’s t-distribution
Bi%:

e Y~ N(0,1), PDF A

e Z ~x%*n), PDF A

fZNXZ(n)(Z) =

o Y5 ZHEEIRN (SRIZIMEE / DHIHEE) .

MaTE X = L = %.Bﬁmgixawmﬁﬁ, WITFR (EX) THEBER nlt 957, io

Va
A X ~t(n).

By
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>

B t(n — 1) B ETFHRENAEE, EE

XRETHMEROMIEN, BALETT =
LOIEBB— &S
BNFSALNEEATHE, DHAEERSESFAE AREETHE N FSAUMHESEE.

3k

TR, XESFHEERLMIME. 5 FRINEESHE, DR RMEHHTAE (RAn FF

7]
189) , AEEBTEMOEMIES ¢ SR MT—B0 T = 252 ~ t(n — 1) RES—5mH

v
B, BDW—DNESEATHBUER, SAEFBERYEISENNEEEE t ZitE (EEEAYEM
BAIRNEEAMN, FEEmPR, —REIE—REINEE, ReEBRE—HER) .

B n A, BEEN n#9t 57 PDF KT HRELESSTHRY PDF.

WEBATD B 3. EfEXIW Q & A FE=[Al.
N(0,1) n — oo

t(n) = T2/ —N(0,1)

when n = 30

0.4 B -ar
B -:or
=8 df
0.3 B - 2041
- = standard normal
&
2 02—
Qo
[
a8
01 —
00 —

I | | | |
-4 -2 0 2 4

T-score (no. standard deviations from the mean)

L, n > 30 BIOAANREBA, FJLUBRELESEM t 5%, Eitn > 308, TEHERSEM, &
MEMER z DThRKERFXE.

6.2.3t DT EHE

Theorem regarding t-distribution
INR—EREEE X, ..., X, 21D IESHEZE, A
X~ N(N? 02)

NFCHEEAE n is large or not, we have
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>
=

Jn
/\¢I
e X=1 i X, RIS,
i=1

o t(n—1) TREHEN N — 1S,
SEBERR: 5.

HET = L M X SRANE, o RCANERRSE; TS? = L

1 .
\/" A

NYE. BIFRNSERIIFR, BIRIERE—RX

(X; — X)* |0 X 2#¢

NgE

1

n

EEETE, T = " BEmE v, mS7% = -5 (X — X)? BElEn — L

/n =1

<

The PDF of T'is:

(1/+1) .
fTNt(V)() \/_F( )( + ) )

where v is the number of degrees of freedom and I is the gamma function. This may also be written
as

fretw)(t) =

where Biis the beta function.
v=n-—1 BHE
X~ PDF BIEHEA n — 1 89t H7HAY PDF.
PDF#ES: FHh7E.

6.2.4 S{FIIEMNEREXE

B 06.1.2 BEMAEMEREKT o BHEAM, X o?is unknown and nis small, if X1, ..., X, are
independent N (u, 02), then a (1 — a)-confidence inteval for mean p is

sl

Tztta -
Jn

|2

IXE s’ SRETRET s = ) =2

n—

ta:t-value or t-score s.t. the area of the right of it under the ¢-distribution curve with degrees-
of-freedomv =n — 1is &
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T t-value 0 t-distribution, Il 6.2.2 %4 t 445 .

“/2 “/2
—tlay, Lay,

2

iFAA: Given X1, ..., X, independent N (u, 0®) random variables, where o is unknown, and n is

small (n < 30). 1R1E t DHEE, &

= ~tn—1)

SI

Jn
Then,
P(—t% §T§t%):1—a

S’ - S’
<pu< X-+ta-
w o= > Vn

IR, XEEHE t 97 PDF XT 0 XIFRAIRIR, H PDF REZEEIXMEL.

= P(y—t%-

)=1—«a

Therefore, given specific  and s, we construct the (1 — a)-confidence inteval for mean p as

s s
x—te - z+te -
|: 2 \/ﬁ’ 2 \/ﬁ:|

EWBEKT 1 — o HFER u SERE [E—t%~ L T+ty
@ 6.1.1 &% 8 NFE] .

} KRR 1 — o BE

6.2.5 ¢ (B

T-table for t-distribution

BTt LIEETESE, BEEX:
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Numbers in each row of the table are values on a t-distribution with
(df) degrees of freedom for selected right-tail (greater-than) probabilities (p).

t (p,df)
di/p| 040 0.25 0.10 0.05 0.025 0.01 0.005 0.0005
1 | 0324920 | 1.000000 | 3.077684 | 6.313752 | 1270620 | 31.82052 | 6365674 | 636.6192
2 | 0.288675 | 0.816497 | 1.885618 | 2919986 | 4.30265 | 6.96456 | 9.92484 31.5991
3 | 0276671 | 0.764892 | 1637744 | 2353363 | 3.18245 | 4.54070 5.84091 12.9240
4 | 0.270722 | 0.740697 | 1533206 | 2.131847 | 277645 | 3.74635 | 4.60409 86103
5 | 0267181 | 0.726687 | 1475884 | 2015048 | 257058 | 3.36493 | 4.03214 6.8688
6 | 0.264835 | 0.717558 | 1.439756 | 1.943180 | 2.44691 3.14267 3.70743 5.9588
7 | 0263167 | 0.711142 | 1.414924 | 1894579 | 2.36462 299795 | 349948 54079
8 | 0261921 | 0.706387 | 1.396815 | 1.859548 | 2.30600 289646 | 3.35539 5.0413
9 | 0.260955 | 0.702722 | 1.383029 | 1.833113 | 2.26216 282144 | 3.24984 4.7809
10 | 0.260185 | 0.699812 | 1.372184 | 1.812461 | 2.22814 2.76377 3.16927 4.5869
11 | 0259556 | 0.697445 | 1363430 | 1.795885 | 220099 | 271808 | 3.10581 44370
12 | 0259033 | 0.695483 | 1.356217 | 1782288 | 2.17881 268100 | 3.05454 43178
13 | 0.258591 | 0.693829 | 1.350171 | 1.770833 | 2.16037 2.65031 3.01228 4.2208
14 | 0.258213 | 0.692417 | 1.345030 | 1.761310 | 2.14479 262449 2.97684 4.1405
15 | 0.257885 | 0.691197 | 1.340606 | 1.753050 | 2.13145 260248 2.94671 4.0728
16 | 0.257599 | 0.690132 | 1.336757 | 1.745884 | 2.11991 2.58349 2.92078 4.0150
17 | 0.257347 | 0689195 | 1.333379 | 1.739607 | 2.10982 2.56693 2.89823 3.9651
18 | 0.257123 | 0.688364 | 1.330391 | 1.734064 | 2.10092 2.55238 2.87844 3.9216
19 | 0.256923 | 0687621 | 1.327728 | 1.729133 | 2.09302 253948 2.86093 3.8834
20 | 0.256743 | 0686954 | 1.325341 | 1.724718 | 2.08596 2.52798 2.84534 3.8495
21 | 0256580 | 0.686352 | 1.323188 | 1720743 | 2.07961 251765 2.83136 38193
22 | 0.256432 | 00685805 | 1.321237 | 1.717144 | 2.07387 2.50832 281876 37921
23 | 0.256297 | 0.685306 | 1.319460 | 1.713872 | 2.06866 2.49987 2.80734 3.7676
24 | 0256173 | 0.684850 | 1.317836 | 1.710882 | 2.06390 249216 2.79694 3.7454
25 | 0.256060 | 0.684430 | 1.316345 | 1.708141 | 2.05954 2.48511 2.78744 3.7251
26 | 0.255955 | 0684043 | 1314972 | 1.705618 | 2.05553 247863 27781 3.7066
27 | 0255858 | 0.683685 | 1.313703 | 1.703288 | 2.05183 2.47266 2.77068 3.6896
28 | 0255768 | 0683353 | 1.312527 | 1.701131 | 2.04841 24614 2.76326 36739
29 | 0.255684 | 00683044 | 1.311434 | 1.699127 | 2.04523 2.46202 2.75639 3.6594
30 | 0.255605 | 0.682756 | 1.310415 | 1.697261 | 2.04227 245726 2.75000 3.6460
z | 0.253347 | 0.674490 | 1.281552 | 1.644854 | 1.95996 2.32635 257583 3.2905
Cl 80% 90% 95% 98% 99% 99.9%

First row: probability P(T" > t)

First column: degrees of freedom

f5: 5 random athletes are 152,163, 188,201, 192 c¢m tall (following a normal distribution). Give a

95%-confidence inteval for p.




=l

fi#: n =5, The degrees of freedomv =n —1 = 4.

152+163+188+201+192 __ 179.2

r = 5

'5 (z;—179.2)?
s =\ Ff— ~ 2073

a=5%, & =0025=ts ~2.78,

n
XBAEHARFERTIEUAGE, METE LRBAEHERIRE.

&ty 2,3+t - <] ~ [153.43,204.97]

6.2.6 BIIFEXE
One-sided confidence intervals
BEBRE 6.1.3 HIESXE .

X1,..., X, areindependent N(u,o?), n < 30, and g2 is unknown.

Lower one-sided: find ™ such that P(p > ™) =1 — a.

_ S’
P(T<t)=1-a<P(u>X—t,-
(T <to) ( 7

£51€: Given a specific z and s, the lower one-sided confidence interval is [Z — to - <=, +00).

)=1-a

Upper one-sided: find 6% such that P(pu < §2%%) = 1 — q.

_ S’
PT>—-ty)=1l—-a<c Pu<X+t,- )=1-«
Vn
#5108 Given a specific ¢ and s', the upper one-sided confidence interval is (—o0o, T + t, - 57;1]
6.3 8.4
Summary: confidence intervals for
X1,...,X, are independent samples with same PMF/PDF, then
a (1 — a)-confidence interval for the mean p is:
@ When ¢ is known,
sample size \ 1ID X; normal unknown
small [z — 22 - %,E + 22 - ﬁ] not taught
large [i—z%-in,i—kz%-%] [E—z%-%,i—kz%-%]
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@ When o?is unknown,

sample size \ 1ID X; normal unknown
small T —te - =7+t =] not taught
2 o 2 n ug
o S = S S = S
large @24 - JmT+ 25 7] T—zgym@tzg o]

Lec 7 [Rigt&I8

Hypothesis Testing

In a hypothesis testing problem, © takes m values, 61, - - -, 8,,. Goal: to select "the optimal"
hypothesis 6*.

7.1 ZclRigiing
Binary Hypothesis Testing Problem

In a special case that © only takes 2 values, e.g, 0 or 1, the problem is called binary hypothesis
testing.

BT © =08 1, BATLIZEMRERMERERNERY, fIINESARE.

Denote the hypothesis © = 0 by H, called the null hypothesis (Z{&i&) . Denote the hypothesis
O = 1 by Hi, called the alternative hypothesis (FFRiR) .

FRIEEBRBRIZEANSEN. Hy is considered as a default model, BPEGA Hy A3z, FEHRIEN
MEHERRERTIESE Hy. E R, b H) BhEES H, ~Nbf H) EhEES Ho.
BERBANNXEERYNAR, EEERILT, FEs Hy # 55 H,.

Observe n independent samples X7, ..., X, with the same PMF/PDF, which depends on the
hypothesis.

Denote by fx(z; H;) / Px(x; H;) the PDF/PMF defined by the hypothesis H;.
PR IR H; BSHEYE, W Hy: © =0, W fx(z; Ho) = fxje(x|0).

_ _ g(x) = Hy
U ol Jx(X; Ho) | Observation X=x | Decision Rule OR S
0 1 f(X; Hy) Process g(x) g(x) = H;

Classical inference framework for binary hypothesis testing
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7.1.1 REEHIM

Binary Decision Rule
A binary decision rule can be represented by two disjoint regions of all the possible observations

R: 1B4a15 (rejection region) . Hypothesis Hj is rejected when the observed data fall in the rejection
region

R¢: #34 (acceptance region) . Complement of R. Hypothesis Hy is accepted when the observed
data fall in this region.

Designing a binary decision rule is equivalent to choosing the rejection region R.

7.1.2 BRIEIR

Two Types of Errors

For a particular choice of the rejection region R

@ F—HKHEIR
Type | Error (false rejection / false positive, {ERFR1E)
&= reject hypothesis Hy, even though H) is true.
The probability of Type | error:
a(R) = P(X € R; Hy)
TRERMMEARHKEMER. H BAZEHTES H B9fE, 2rTaEE 1 /9.

XEBR [EREMEIRER] | RNEIBMERRIES (AN Hy FL) | XMEEITHERER (H)
BRIIHEER) | TRIENRANZIESE (Ho piz) |, ZMEERERIEER (B Ho FRGZAETER) .

EM#EZ: 1 — o(R) = P(X ¢ R; Hy).

@ BHER
Type Il Error (false acceptance / false negative, {ERBEM)
IR accept hypothesis Hy, even though H is false.

The probability of Type Il error:

B(R) = P(X ¢ R; Hy)

EHEs: 1 — B(R) = P(X € R; Hy).
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TR, EREAMERBEHERMNAN 1. 184 H) HLEAEREASER, BREXASHN:
P(H)|X € R)+ P(Hy|X € R) = 1.

BREAXIEREE / IEFIEENENFREXE, MEETARRR. EXMEX MERSMEAR, Miz2
ERMRIRRE T, BABRBEALESE, B

P(X € R;Hy)+ P(X € R;Hy) =1
P(X € R;H,)+P(X ¢ R;H,) =1
7.1.3 {IZALL
Likelihood Ratio
Suppose X1, ..., X, are independent with same PDF/PMF.
FEX Likelihood ratio: L(z1, ..., z,) = m;—m
A general decision rule: Hy is true if L(z1, ..., Zn) > & where & > 0 s the critical value (GRETE/If
&Lk) . Otherwise, H is true.
IPREC AT IRER(ERS, 16848 Ho, 2% H;.
IREHERET MAP B MLE 5.
@ MAP-based: refuse Hy when
foix(llz)  fxjo(z|1)P(© =1) e (© =0)
foix(0[z)  fxje(z[0)P(© = 0) PO=1)
@ MLE-based: refuse Hy when
s Hy
Ix(@H) e
fx(a; Ho)

IR, (ETFRITREUMEREREANEE, LERERR 7R special cases.
£ LRT A, {NIBEEEEREMKFE o KIRE.

f5]: Given a six-sided die, there are two hypotheses: fair or loaded, with the following PMFs,
respectively

H, (fair die)
1
Px(z; Hy) = o forz=1,...,6.

H (loaded die)
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1 .
= ifx=1,2
Px(x; H)) =1 %’ ’
x(w; Hy) {%, ifx =3,4,5,6
Given a single roll x of the die, the likelihood ratio is
1
+=3 ifz=1,2
L@)=1{ &
+ =3, ifz=3,4,56
6

There are 3 possibilities to consider for the critical value £
& < 3:reject H forall
% <E€< %: reject Hyifx = 1,2; accept Hy ifx = 3,4,5,6

&> %: accept H forallz

The probability of false rejection P(Reject Ho; Hy):

1, if¢< 3
a§) =S P(X=1or2;Hy) =1, if3 <¢<3
0, if¢> 3

The probability of false acceptance P(Accept Hy; Hy):

0, if¢< 3
BE) =4 P(X=3,450r6;H) =5, if3<¢<3
1, if€> 5
1 False Acceptance ( False Acceptance
Probability Probability
1 1p L
Iiraetion of Ditrection of

increasing fo) increasing
g F - V%ﬁcm value & gl-o 'ercal value €
1
. | o
| 1 o
1 > 1 o >
0 a 1 False Rejection 0 a 1 False Rejection
Probability Probability
Dependence of a on ¢ is continuous Dependence of a on ¢ is discrete

As € increases, the rejection region becomes smaller. Thus, the false rejection probability a(R)

decreases while the false acceptance probability 3(R) increases

[BREKT . WEEREIERT £? How to choose a trade-off £2



7.1.4 {LIZRLLASIS

Likelihood Ratio Test (LRT), a popular approach to choosing &

_ fx(z1,. . zesH)

FEX Likelihood ratio: L(z1,...,x,) = e

{UAZALLHEDS

Step 1: Start with a target value « for the false rejection probability.
a FRABEMIKFE (significance level) . Typical choices for a are 0.01, 0.05, 0.10.

Step 2: Choose a value £ such that the false rejection probability is equal to
P(L(X) > & Ho) = o
XER@ITHEERY false rejection probability HaEE4A.

Step 3: Once the X = x is observed, reject Hy if L(z) > &.

l: A car-jack detector X outputs N(0, 1) if there is no intruder and N (1, 1) if there is. When
should alarm activate? How to choose £?

T 3.3.1 “ilHERYE o MAP Wik Example 3 . EE(ISALLICISHELVEIHEEE MAP RFEENIET
MR, —NBAFEESHIIR (carjack FBBERER) , —NEAULUANRE o HEBCHEE.

activate? , .
© = 0 (no intruder) — O = 1 (intruder)

x2

1
fxje(x]0) = EE_T

— ¢

S o

_(x-1)?

1
P Ay — — x[1l) =—e 2
Prior: P(@=1) =p frie(*11) = ==
X2 3.3.1 nfERihk o MAP PN Example 3 AIE, AFIHRESLIREIR P(O =1) =p.

Hy: nointruder fx(z; Hy) = ——e~ 7

Ve
[ 1 w?
Hy:intruder fx(z; Hy) = e 7
m
. 22 (2—1)2 -
BIgALL L(z) = L@ih) _ = 2

fx(z;Ho)

For a given critical value & we reject Hy if L(z) = ™7 > £

Thatiswhenz > In& + % =~ywereject Hy = R = {X|X > ~}.
Suppose we set a = 0.025, where « is the false rejection probability.
a=P(X>vHy)=P(Z>7) =7=12,~196= ¢~ e

s R = {X]X > 1.96).

(2025.3.31) 1EfE
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i=t4R, BE

 (e—pp)?
Hy: nointruder fx(z; Hy) = \/Lze 27
270
_amy)?
Hy:intruder fx(z; Hy) = —L_e

WAL I () = LI = g0 o

Hog=o01=0h, B

(EE0)2-(25h)2 2y —pg)z+pd—pd
L(o) = DTSt
01
2(#1*#0)Z+#%*M%
For a given critical value &, we reject Hy if L(z) = e 202 > ¢
@ K11 > Mo
2 Hi—kg :
Whenz > = [ln§+ %] =y we reject Hy = R = {X|X > ~}.
@ p1 < Mo
2 Hi—kg :
When z < - [ln§+ 12020] =y we reject Hy = R = {X|X < ~}.

Set « as the false rejection probability.
Y = zq if 1 > po or

Y= —Zaif 1 < po.

22a\u1—uo\+u%—u%

|7|:za:>€:e 20

7.1.5 BE-R/RiES |18
Neyman-Pearson Lemma

Neyman-Pearson Lemma #§tH, HEATE o NRHET, LRT I#HtS/\N 8, BIERE BE K FEAERNGK
B, LRT &Af.

LRT 2EEHISE S5 RAIAHE FRIVEE ZSEIRIIRNTTIE.
Consider a particular choice of £ in LRT, which results in error probabilities
P(L(X) > & Ho) = P(L(X) <&Hi) =8

Suppose that some other test, with rejection region R’, achieves a smaller or equal false rejection
probability

P(XeR;Hy) <a

Then,
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P(X ¢ R';Hl) > p
with strict inequality P(X ¢ R'; Hy) > Bwhen P(X € R'; Hy) < a.
UEBADL PR 4. W E- /RS EREY .

Neyman-Pearson Lemma tells us that there is not any test such that P(X € R'; Hy) = aand at the
same P(X ¢ R'; Hy) < f.In other words, LRT offers the smallest 8 when a is fixed.

Example
to verify the Neyman-Pearson Lemma, not a proof

Given two independent samples X and X, under Hy they are from N(0, 1); under H; they are
from N (2, 1). Suppose the false rejection probability is fixed to & = 0.05.

Goal: to compare the false acceptance probability 8 obtained by LRT and that obtained by another
test

Likelihood Ratio:

fx(x1,z9; Hr)
fx(x1,z2; Ho)

(21-2)2
1 L

L(z) =

Vo ¢ VU

— 62(.'E1+1122)—4

Compare L(z) to a critical value £ is equivalent to comparing z; + z2to y = #.
Based on LRT, we aim to find =y such that the false rejection probability is equal to 0.05.
a=P(L(z) > & Hy) = P(X1 + X2 > v;Hy) =0.05

Under Hy, X1, X2 ~ N(0,1). We have

X+ X
X+ X~ N(0,2) 2= N1
V2
X;+X
a = P(X1+ Xo > v; Hy) = P( 1\/5 BN ]E;Hg):o.%

Based on the CDF table of standard normal distribution,

v
— = 2005 ~ 1.645 = v ~ 2.33
V2

The false acceptance probability obtained by LRT is
8= P(X1 + X9 < Hl) ~~ P(X1 + X9 < 233,H1)
Under Hy, X1, X2 ~ N(2,1). We have

X, 4+ Xy — 4
X1+ Xy~ N(4,2) A s T
V2

Xi+X,-4 _233-4
vz T V2

~ N(0,1)

Hl)



Based on the CDF table of standard normal distribution,
B~ P(Z < -1.18;H,) = P(Z > 1.18; Hy) ~ 0.12.
Let's consider another test to find a rejection region by fixing the false rejection probability o = 0.05.
For example, we consider a rejection region of the form
R = {(X1,X;)| max { X1, X5} > A}

a = 0.05 = P(max {X1, X2} > A\; Hy)
=1— P(max{X;,Xs} < A; Hy)
=1- P*(Z < )\ Hy)

Under Hy, X1, X5 ~ N(0,1).
Based on the CDF table of standard normal distribution
P(Z < X\;Hy) = V1 —0.05 ~ 0.975 = \ ~ 1.96.
Based on the rejection region
R' = {(X1, X2)| max { X1, X2} > 1.96}
The false acceptance probability can be computed as

B(R') = P(max {X1, X>} < 1.96; H,)

Under Hy, X1, Xy ~ N(2, 1), thus X1 — 2, X9 — 2 ~ N(O, 1)

B(R') = P(X; —2 < —0.04; H1) P(X> — 2 < —0.04; Hy)
= P*(Z < —0.04; Hy)
= P*(Z > 0.04; H;)
~ 0.484° > B(R) ~ 0.12.

7.2 86kR&

Composite Hypothesis

In real-world settings, hypothesis testing problems do not always involve two well-specified
parameters (O = Qvs. © = 1) as alternatives.

5 128 Hy : Null hypothesis (default), H; : Alternative hypothesis (complement of Hy).

e We want to claim that the average monthly income of HK residents is more than or equal to 20K
HKD

Hy : p > 20000vs. Hy : p < 20000

e We want to assess whether the average monthly expense per family in HK is 30K HKD

Hy : p=30000vs. Hy : p # 30000.
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e We want to determine whether the number of cars crossing a certain intersection follows a
Poisson distribution or a geometric distribution

Hy : X ~ Poisson(2) vs. Hy : X ~ Geometric(0.5).

7.2.1 HRRRIESHE

Simple vs. Composite hypotheses

@ fEPFEg
Simple hypotheses

Simple hypotheses: hypotheses where the distribution or the parameter is completely specified £

B2 HERRIR.

N EREZAMIIFHE Hy : p = 30000, ARE=MIFH Ho : X ~ Poisson(2)
H, : X ~ Geometric(0.5).

@ 85
Composite Hypothesis

Composite hypotheses: hypotheses where the distribution or the parameter is NOT completely
specified

N ERE—MIIFFE Hy - > 20000 #0 Hy : g < 20000, ARFEZAMIIFEI Hy : p # 30000.

ER, MNEIMIFAILEY, FRIMSFRRAEXREEDEE, ellIl—288kR, 5—

RELGRIR.

7.2.2 —ReRYRRIgHEIE

General statistical test of hypothesis
Step 1: Specify two hypotheses f2HEMBRIL.
Ho: FRig Hi: &FRKE

Step 2: Choose a test statistic based on the random samples for the parameter in hypotheses #&E—

MEIRSITE.
XANFETEEETHAMIETEL®RN, BTHAMRREES Ho.
flsn, FRREAIOE X (ETSRAISE 1 ARG R

Step 3: Assume Hj is true, and look for evidence from observations to support H; {&i& Hy RE, %A
[ES#32H Hy AOIEHE.

X—EEUFRIEE (Proof by Contradiction) .

HER, BASCRE H) 29K, AREEHEESEINRIX—RIR.
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Step 4: Make a conclusion EHZEIL.

e Reject H if there is strong evidence from the test that indicates the assumption [Hj is true]
does not hold.

1848 Hy: WNREGERHE TR ORNERERA Ho RRAL

e Notreject Hy if there is NOT strong statistical evidence from observations to refuse the
assumption.

MBS Hy: MNREERERBILERY H. TEAEEE, MESHLAESR. ERirtaiet, i)
REEMEHIERRIRMT [RY Hol BOHE, MARESHSHFENHE.

XERGEELRN [FTFEEEFREN]  (Presumption of Innocence) : FGATESE (Not Guilty) # 7%
g8 (Innocent) , RABIHEARE, FELERE. ELEHEERENG, [HEBEA / HELE

(Innocent) | BHFHRITFFHPHNFRIR. WEATEIRHIFESTIE (Innocent) BIIHE. SNRE
E [ (3B H)) , AYRRMEEEHIEHERY [WELTRE] MIRIR. BRIEHERE, BHA
BiREE, vl [E%75E (Not Guilty Verdict / Acquittal) | , BIFR#E4s Ho. (BE=#%HFEE (Not
Guilty) # %57 (Innocent) , JFRPIGEEER MIEETLIE, BREMES, EIY Innocent
BiEs E8] DMEXS.

ToiETESE / EfpFEE (Not Guilty) : FIE4#E H
Zﬁﬁﬁ—é/ﬁ%: ?Eg@. H()
Fo8E /B8 (Innocent) : 5% Hy (Fiit EANEFXAM)

IR, BER [NMER Hy # #% Ho| XS, EEEGUHHHEMEEARR, SBRUMEIERRE
SEEE. MURTR, BERIRF. WIR(RIR 2% Hol , BGESRFREECEER. BXLRE, RRE2

IRERBIHERYE, WEEEE e RE. ME5EREINE NEf (falsifiability) |, BIS#H

IHEER MRIR, MASIERE. MREAZIHEERRIR, RIRBREMIBENEEE, #F4-
FINCEXIEN CREERHMIVLEERTY)  MEARESHEE, MEEHHMER.

7.2.3 BIIENESHE

Composite hypotheses on population mean p

@ WEHE

Two-sided (two-tailed) test
Ho:p=po
Hy:p# po

@ BREE%
One-sided (one-tailed) test
KR Left-sided
Hy:p > po
Hy:p < po
HRIE Right-sided
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Ho:p < po

Hy:p>po

7.2.4 I6R(EX
Critical Value Approach
o BEEEMKF

Define a significant level o (or confidence of 1 — a), the largest false rejection probability we
can accept

o IHEHEMEIMIGFE

Find the rejection region of Hy, i.e., to find the critical values of the region s.t.
a = P(H, is rejected; Hy).

o EIRINFEITERNIRSEE, NiBE H,

If z (test statistic) is in the rejection region (i.e., strong evident to support H1), then we consider
that there is strong statistical evidence to reject H, otherwise, there is NOT strong statistical
evidence to reject Hy.

TR, ARG RS IRFRENERER, EARENIRERHEEESRIRIGIE T ERRE/ N ER.
Critical value approach is applied to composite hypothesis test, while LRT is applied to simple
hypothesis test.

@ WEHEE
Two-sided test of p
KEEAR, Whenn > 30:
Suppose X1, ..., X, are independent samples with the same PDF / PMF (i, o2, etc.)
Assumption: Hy : g = pg is true
Test statistic: sample mean X
Rejection region: | X — pig| > & where & > 0

Farther away from p the sample mean X is, the more the evidence points towards
Hy:p# po

& is determined by solving « = P(H) is rejected; Hy)
a=P(IX — po| > & p = o)

As nis large, based on CLT

_ 2 - X -
XNN(H,U—) ’;‘;’ —“ONN((),l)
n assuming Hy is true g / \/ﬁ

o= P(% -l >0 =P (lz1> —E )
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VB = 25 1RIE L - § BETE 25 BR, o RESHREES.

When o2 is known

— o

Gi ific estimate z, if 24l
|venaspeCI|ceS|maea:| /\F

> ze, then reject Hy; otherwise, do not reject Hy.

When o2 is unknown, o ~ s’

XE s REFARE o = ) 2ol

n

T—fuo|

Given a specific estimate z, if Epml NG

> zg, then reject Hy, otherwise, do not reject Hy.

INEEAR, Whenn < 30:

As n is small, CLT is not applicable, but if X7, ..., X, are N (1, 02), then we still have
X ~ N(u, %)

2 _ X
When o is known, Z = T\/ﬁo ~ N(0,1)

Given a specific test statistic estimate z, if |:/\’;3| > zg, then reject Hy; otherwise, do not reject Hy.
: X—po
When o2 is unknown, T' = ~tn-—1
S'//n ( )

[z —puo]

s'/vn

Given a specific test statistic estimate , if >ta «, then reject Hy; otherwise, do not reject Hy.

f5]: The average HK temperature in Feb is 18°C. Has this year been unusual? Assume temperature in
Feb follows N(u,0?) and ¢ = 3°C. Suppose a: = 0.05.

day (Feb) 1 6 11 16 21 26

temp (°C) 15 15 19 18 8 17

fi#: Hy:p=18vs. Hy : u # 18.
BEEM, IR, ES, 1

Therefore, we make a conclusion based on 2ol > Za.

15.33 — 18|

~~ 2.18 > 29925 = 1.96
3/V6

Reject Hy.



What if o is unknown?
f: Hy:p=18vs. Hy : p # 18
BEXRM, IVER, EX, 8

X —
== -1
S'/y/n
Therefore, we make a conclusion based on Jo—pol >ta.
s'/y/n 2
15 —15.33)2 + - -- 17 — 15.33)2
s = ( )7t ) ~ 15.47 = s’ ~ 3.93.
6—1
|15.33 — 18|

~ 1.66 < tg o5 ~ 2.57

3.93//6

Not reject Hy.

XiRBAEMMSAERBER T, TECH / RASKEFIES

@ BPREHER

One-sided test of
RHGE Left-sided
Ho:p > po
Hy:p < po
AR Right-sided
Ho:p < po
Hy:p > po

To ensure the type | error does not exceed «, assume Hy is true, and then set the false rejection
probability = «a to find the rejection region for Hy

a = P(Reject Ho; Hy : p = po) > P(Reject Ho; Hy = p < o)

Reason: Hy : u = pg is a more specific and conservative assumption than Hy : g < .
Therefore, Hy : p = po is more likely to be falsely rejected than Hy : p < pg.

F7ehk.
We transform the above hypotheses as

ERIIE Left-sided
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Ho:p=po
Hy:p<po
AR Right-sided
Ho : p= po

Hy:p>po

aREReE

Right-sided test of
Hy:p=povs.Hy > po
KA, Whenn > 30:

a=P(X—po=8)=P(Z > z)

T—fho

When o2 is known, given a specific test statistic estimate z, if G

> Za, then reject Hy, otherwise,
do not reject H

T—fho

When o2 is unknown, o ~ s’. Given a specific statistic estimate z, if N

> Zq, thenreject Hy;

otherwise, do not reject H
IR, Whenn < 30:

As n is small, CLT is not applicable, but if X1, ..., X, are N(u, 02), then we still have
~ 2
X~ N(p, )
2. _ Xomo
When o is known, Z = TN N(0,1)

T—fho
o/v/n

Given a specific test statistic estimate z, if > Zq, then reject Hy; otherwise, do not reject Hy.

2. o X—,uo ~ o
When ¢ is unknown, T' = NG t(n —1)

T—pho

s'/v/n

Given a specific test statistic estimate z, if > to, then reject Hy; otherwise, do not reject Hy.

RGN
Hy:p=povs.Hy:p < py
ABEAR, Whenn > 30:

Z—[1o

oV

When o is known, given a specific test statistic estimate z, if < —24, then reject Hy,

otherwise, do not reject Hy

When o2 is unknown, o = s’. Given a specific statistic estimate Z, if :,;\’;% < —2q, then reject Ho;

otherwise, do not reject H

INVEEAR, Whenn < 30:



As n is small, CLT is not applicable, but if X1, ..., X, are N(u, 0'2), then we still have
~r 2
X~ N(p, %)

When o2 is known, Z = 22 ~ N(0,1)

o/vn
Given a specific test statistic estimate z, if f;\’;% < —2z,, then reject Hy; otherwise, do not reject Hy.
25 _ X ~ _
When o is unknown, T' = 57 t(n —1)
Given a specific test statistic estimate z, if 37\‘;% < —tq, then reject H; otherwise, do not reject Hy.

f5]: The average HK temperature in Feb is 18°C. Has this year been colder? Assume temperature in
Feb follows N (i, 0%) and o = 3°C. Suppose o = 0.05.

day (Feb) 1 6 1 16 21 26

temp (°C) 15 15 19 18 8 17

Hy:p=18vs. Hy : p < 18.

Z =X L N(0,1)

NG
f Z—lho
Therefore, we make a conclusion based on T < —Za.
15.33 — 18
——— ~ —2.18 < —zg 95 =~ —1.645
3/v/6

Reject Hy.

What if o is unknown?
fi#: Hy:p=18vs. Hy : pu < 18,
BEXRM, IR, EX, 18
X —
r_ X—mo
S'/vn

Therefore, we make a conclusion based on :,7\’;% < —tq.

~t(n—1)

15 —15.33)2 + .- + (17 — 15.33)2
s”? = ( )7t ) ~ 1547 = s’ ~ 3.93.
6—1
15.33 — 18

3.93//6

~ —1.66 > —tg 05 =~ —2.015

Not reject Hy.



7.2.5 p (Bi&

The p-value Approach

The p-value is the smallest probability of the type | error for which the null hypothesis would be
rejected given a specific test statistic

ORI RIRWNE = 24848 Hy, RIS/ \MSRIERRENZZEEA.

MERFEFES v, MRBREBREIEZTEEN, NWHITIES, NRBREBRETEZCE
5, AR

Assume H is true

1. Estimate the sample mean z from the observed data

2. Compute the p-value

3. Compare the p-value to a predefined significant level o
o If p-value < @, then reject H;

o Otherwise, NOT reject H,.

@ WEEE
Hy:p=povs. Hy: 7 o
a=PXeRp=mp) R={X[|X—pol>¢

BB IRIBE AR/ \OIERERE: is larger, R is smaller, ais smaller. When £ reaches its limit, R
is the smallest, thus a achieves the smallest given =

~|x| Ho NI
< 1.| AR X
R g' 'g R

The smallest rejection region given a specific f4g is

R={X||X - po| > & — pol}
Therefore, the p-value is computed as

P(|X — po| > |7 — pols 1 = po)
Givenn > 30,

When o2 is known,

P(|X — po| > & — pols p = po) = P(Z > ’%D tRES _|%D

When o2 is unknown,

X = T — po Z — o
P(IX — pol > [& — pols p = po) = P(Z > | =) + P(Z < —|—=])
s'/\/n s'/v/n
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Givenn < 30,

As m is small, CLT is not applicable, but if X1, ..., X, are N(u, 02), then we still have
X ~ N(u, Z)

When o2 is known, the p-value is computed as

P(IX — pol > |2 — pols p = po) = P(Z > i/_x/l%) JrrEs _i/‘\/ﬂﬁo )

When o2 is unknown, the p-value is computed as

T — o T — o
)+ P(T < —| )

s'/v/n IREAVAD

P(IX — po| > |z — pol; 1 = o) = P(T > |

@ HENE

L =]t vt

Ho:p=povs - Hy:p> po

The smallest region to reject Hy : o = po when Hy is true based on the observed test statistic :
R={X|X—po>7—po}

Givenn > 30,

When o2 is known, the p-value is computed as

Z — o

a/v/n

P(X — po>7 — pos b = po) = P(Z >

When o2 is unknown, the p-value is computed as

Z — o

s'/v/n

P(X —po > T — pos b = po) = P(Z >

Givenn < 30,

As m is small, CLT is not applicable, but if X1, ..., X, are N(u, 02), then we still have
X ~ N(u, Z)

When &2 is known, the p-value is computed as

— _ T — o
P(X —po>7— pojp = po) = P(Z2 > —L2
(X — po > — pos o = o) ( a/ﬁ)

When o2 is unknown, the p-value is computed as

T — o

NG

P(X — po > T — po; o = o) = P(T >

RIS
Hy:p=povs.Hy:p < pyo

The smallest region to reject Hy : u = po when Hj is true based on the observed test statistic :
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R={X|X—po<T—po}
Givenn > 30,

When o2 is known, the p-value is computed as

— _ T — jo
( Mo > o B = fio) ( U/Vﬁi)
When o2 is unknown, the p-value is computed as
_ B T — 1o
P(X — pio < T — oy = po) ~ P(Z < =10

s'/y/n
Givenn < 30,

As n is small, CLT is not applicable, but if X1, ..., X, are N(u, 0'2), then we still have
X~ N(p, %)

When o2 is known, the p-value is computed as

B = T — Mo
P(X — o<z — po; 0 = =PZ< ——
( Ho = o B = fio) (Z < a/\/ﬁ)
When o2 is unknown, the p-value is computed as
- _ T — o
P(X — o<z —po; b = ~P(T< ——
(X = po T — pos o= po) = P(T < N

f5l: The average HK temperature in Feb is 18°C. Has this year been unusual? Assume temperature in
Feb follows N (y, 02) and o0 = 3°C. Suppose a = 0.05. Use the p-value approach

day (Feb) 1 6 1 16 21 26

temp (°C) 15 15 19 18 8 17

fi#: Ho:p=18vs. Hy : u £ 18,
BEEM, MER, ES, 18

Z:%NN(OJ)

Therefore, we make a conclusion based on p-value:

T — Ho T — Ho
p-value = P(Z > | o/ )+ P(Z < —| o/
~ 2(1— P(Z < 2.18))
~ 2(1 — 0.9854)
= 0.0292
< a=0.05

)

Reject Hy.

Has this year been colder? What if o is unknown?

fift: Hoz,u:18vs.H1 ,u<18



BERM, IR, IS, &

X — Ho
T=——~tn-1
NG (n—1)
Therefore, we make a conclusion based on p-value:
T —
p-value = P(T < Fo )

s'/v/n
~ P(T < —1.66)
= P(T > 1.66)
~ 0.0789
>a=0.05

Not reject Hy.

7.2.6 Bg

Critical value approach vs. p-value approach

Given a hypothesis testing problem about population mean p. Assume Hy is true. For a significant
level a:

The critical value approach

1. Based on « to find a critical value
2. Estimate (normalized) sample mean x from observed data

3. Compare z to the critical value to make a decision
The p-value approach

1. Estimate (normalized) sample mean x from observed data
2. Compute the p-value based on =

3. Compare the p-value to o to make a decision

7.3 LA S I(E

Comparing two population means

Suppose we want to explore whether male and female college students have different driving
behaviors in terms of the mean fastest driving speed
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Based on a survey from 18 male students and 20 female students, we find that the mean fastest
speeds driven by male and female students are 105kph and 90kph

Can we claim the mean fastest speed driven by male college students is different from the mean
fastest speed driven by female college students?

Two-sided test

OR can we claim the mean fastest speed driven by male college students is faster than that driven by
female college students?

One-sided test

7.3.1 XS

A large-sample test for two population means

Suppose X1, ..., X, areindependentwith same u, and 03, Yi,...,Y,, areindependent with
same 1, and o2, { X;}'s and {Y;}'s are also independent

Suppose 1z, ny, > 30, the significant level is o
Two-sided test

Ho:pg = pyvs. Hy: g # py

One-sided test

Hy:pg = pyvs. Hy o pig > piy

Ho:pp = pyvs. Hy: gy < piy

@ WEE
Hy: po = pyvs. Hy @ g # puy
Rewrite the above hypothesis testing problem as

Ho:py —py=0vs. Hy : iy —py #0

Based on CLT, we have

X N ), 7~ Nijigy 22y > BT~ N %y
~ y T )y ~ y — ) = - ~ - y T -
(Ha - ) (y n, ) (Ko — By e + n, )

Assume Hg : p1, — py = Olistrue

X-Y)- Tz X—? 2 0’2
oD oD Uz Ny

The critical value approach:
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When o2 and crz are known

[z—y|

Given a specific estimate x and y, if
op

> Zs, then reject Hy, otherwise, do not reject Hy.

2 2 2~ o2 2~ o2
When o and o, are unknown, oz =~ s, and oy, = s

Given a specific estimate « and y, if ‘if' > Z2, then reject Hj, otherwise, do not reject Hy.
sh =
The p-value approach:
P2 > 12 = Pz > |2 + Pz < -1 22Y)

2

If 02, 02 are unknown, use s>

12 N
218y tocompute s, instead.

If the p-value < a, reject Hy, otherwise, NOT

@ PRGN

Suppose X1, ..., X,, areindependent with PDF, (14, and o2), Y1, ... , Yy, are independent with
PDFy (1y and 02), {X;}'s and {Y;}'s aree also independent. Significant level is cv.

Y12y R
Hy:py —py=0vs. Hy: prg — poy >0
The critical value approach:

— — T—1 2 2
Given specific x and y, if xg—Dy > 24, then reject Hy, otherwise, NOT, where op = 4/ 2= 2

ng ny
If o2 and o2 are unknown, they are replaced by s’ and s’
2 2 , they are rep y s .
The p-value approach:

Given specificz and y,

p-value = P(Z >

Where Z ~ N (0, 1).

2
Y

are unknown, use s'2, s’ to compute s, instead.

2
Ifos,o 215y

If the p-value < q, reject Hy, otherwise, NOT
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7.3.2 IVER

A small-sample test for two means

Suppose Nz, ny < 30, the significant level is o, X1, ..., X, arenormal; Y,...,Y; arealso

normal.

@ WENE

Ho: pg = pyvs. Hi g # iy

Rewrite the above hypothesis testing problem as
Ho:pg—py=0vs. Hy : iy — py #0

If 2 and 05 are known

o? ‘75 ~ = U?g 032/
X ~ N(pzy —), ¥ ~ N(py, )= X =Y ~ N(pz — py, — + )
z Ny ¢ Ny
Assume Hy : iz — py = Oistrue
X-Y)- - X-Y 2 o2
op (2} Ny ’I'I,y

The critical value approach:

When 0325 and 032! are known
Given a specific estimate  and v, if ‘xa;Dy' > ze, then reject H, otherwise, do not reject Hy.
When o2 and O'Z are unknown

Suppose X1, ..., X, areindependent N (i, c2) samples, Y1,..., Y, are independent

N(py,02) samples, {X;}'s and {Y;}'s are also independent, and 0 = o2 = 0.

When oi and 02 are not the same, refer to Welch's t-test (not covered in this course)

Suppose 1z, ny, < 30, and o? is unknown, we have
(X -Y) (ke — )

1 1
Shy/ =+ L

T ~t(ng +ny —2)
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*

(ny —1)S2 + (n, — 1)5332

5/2:
b Ng +ny —2

M EFHEEARTTZE (Pooled sample variance) .

AR, BEFRIE s, = [ 2L + 2 ROF.

Assume Hy : piz — py = Olis true

a=P(|(X-Y)-0[2¢

3
=P(T| > ————)
Spv/ 7w
=P(IT| > ta)

Degrees of freedom: n, + n, — 2.

Given specific z and y, if % 2 tg, then reject H,, otherwise, do not reject Hy.
5D

3|
+
3|

The p-value approach:

When o2 and O'Z are known

T Yy

Y)y=Pz>|%

P(2] > )+ Pz <122

0D 0D
If the p-value < o, reject Hy, otherwise, NOT
When o2 and az are unknown

Suppose X1, ..., X,, areindependent N(u,, ai) samples, Y7,...,Y, areindependent

N(py, 0121) samples, {X;}'s and {Y;}'s are also independent, and 02 = 013 = o>

When o2 and 02 are not the same, refer to Welch's t-test (not covered in this course)
Suppose 1z, ny, < 30, and o2 is unknown, we have

(XY (e )

A
SD Ny + Ny

T

~t(ng +ny —2)

*

(ny —1)S2 + (n, — 1)5332

Ng +ny —2

MY EFHEEARTTZE (Pooled sample variance) .

ERRIAREAR, HERMIN sp =

Assume Hy : pip — pty = O'is true



If the p-value < a, reject Hy, otherwise, NOT

@ HEEE

Suppose X1, ..., X,, are independent with PDF; (1, and 02), Y1, ... , Yy, are independent with
PDF, (1y and 02), { X;}'s and {Y;}'s aree also independent. Significant level is o PDF,. and PDF, are
normal.

Yy =1==ys N
Ho:pg—py=0vs. Hy: pip — p1y >0

The critical value approach:

. i — — Ty . . 2 o}
Given specific z and y, if <% > z,, then reject Hy, otherwise, NOT, where op = Z L
T Yy

Ifoi = 05 = o2 are unknown

Given specific  and v, if ——%— > t,, then reject H|, otherwise, NOT
p Y if —L— ject Hy
SD E“l’n—y
2 (nq,fl)sf+(nyfl)s;2
SD _ Ng+ny,—2 :

The p-value approach:

Given specific z and ,

=_ =
p-value = P(Z > y)
oD
Where Z ~ N(0, 1).
If the p-value < o, reject Hy, otherwise, NOT
2 _ 2 _ 2
Ifos = o, =0"are unknown
Given specificz and v,
z—y

p-value=P | T >

where T' ~ t(ng + ny, — 2).
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If the p-value < a, reject Hy, otherwise, NOT

f5]: A thermometer reports readings

Mon 235 23.3 213 221 23.7

Tue 22.8 24.5 23.7

Has the temperature increased? Suppose the readings following N (uaz, 02) on Mon and N (ur, 0?)
on Tue are independent, with ¢ = 1°C. Set « = 0.05. Use the p-value approach

fi: H():,U,T—,U,M:OVS.Hlt},LT—MM>O
Denote by X; the readings on Mon, and by Y; the readings on Tue, where n, = 5 and n, = 3, the
test statisticis Y — X

o 4 g
g Ty

The p-value = P(Z > %) whereop =

Plugging = 22.78,y ~ 23.67,0 = 1,n, = 5, n, = 3, we have

23.67 — 22.78
p-value~ P(Z > ——)
1 1
5T3
~ P(Z > 1.22)
~ 0.1112

>a=0.05

Not reject Hy.

What about ¢ is unknown and use the critical value approach?

Hy:ppr—py=0vs.Hy i pp — ppr >0

Denote by X; the readings on Mon, and by Y; the readings on Tue, where n, = 5 and ny, = 3, the
test statisticisY — X

The critical value approach: T' = Si ~t(ng +ny —2)
D

Given z and v, if S - > tq, reject Hy, otherwise, NOT
sha/ %wLnl—y

2 2
o (ng—1)s7+(n,—1)s;
where s = ey

Plugging T = 22.78, y ~ 23.67, s, = 1.04, s;, = 0.85, n; = 5, n, = 3, we have

y—7 _ 23.67—22.78

~1.24 <t,(6)~1.94
0.98 x 0.73 < ta(6)

Y A
SD nm+ny

Not reject Hy



7.3.3 BExdHER
Paired t-test

Is there a difference in performance between midterm and final exams? Suppose the distributions of
marks of exams are normal (both population means and variances are unknown)

Xi~N (e, 07) Vi~V (py, 05)

1D | Midterm _

80 90
60 60
70 55
73 68
40 70
90 95

a U1 A W N

Hy: 22 :/j,yVS.Hl Ry 2 #My
Can we use the test statistic: X — Y to find a critical value or the p-value?

No, because {X;}'s and {Y;}'s are not independent.

Here, each pair of X; and Y; are dependent, as they are from student 7. Therefore, X and Y are also
dependent

If X and Y are dependent normal variables
X —Y ~ N(uy — py, 02 —1—05 — 204y)
HeP, o,y BMAZE (covariance) .

SIN—1#Z & Difference:

Xi~N(ux, %) Yi~N(uy,05) Dy =Y — X

1D | _Midterm | __Final _ Difference |
90 10

1 80

2 60 60 0

3 70 55 -15

4 73 68 -5

5 40 70 30

6 90 95 5
Note: D1, ..., D¢ are independent, they follow a normal distribution:

D; ~ N(ug,0p)

XE o) KA, THBGTRIMER, ESDH. HERNNSESRSERR.
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pa = E[D;] = E[Y; — Xi] = pz — py
Hy:pug=0vs.Hy:pug#0

D follows a normal distribution

Suppose o« = 0.05
|4.17 — 0]

— =~ 0.67< to.025(D) ~ 2.57
15.3/1/6 )

Not reject H

ESTR EYMFEE

Lec 1 X4

%, curve SEERE—H BE—ARRRS T Project.

1.1§ERAE
o FEWHE:
o FIHHERFIEX
Link to statistical machine learning
o FHMIUMHERGEIHERT: SEBHT. ITUERT (RiF, ToHERT)

Advanced Bayesian statistical inference: Multivariate distributions, Approximate
inference (Sampling, variational inference)

o WZEGIHHERT (HfttmftitEREMR)

Other point estimators

Properties of point estimators
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1.2 Project

o IREEK:
o PMABESHA—HTTH
o INEFMBRET NHHHERANTISE
The topic of the project is focused on approximate methods for Bayesian inference
o FEERME. NIEFETIM
Submission: report + code + presentation video

BJLAERA Library, FHEELF.
o FHMMERIGERIBANHEFNE (20255F1H27H)

1.3 IBFIEG
o MBEIMEN:
o HIBESSIF T AR NSIE P E RS BRI B

Focus on the development of computer programs that can teach themselves to grow from
data and change when exposed to new data

o HURERGIIE. WEREIE. HEEMITNAIXER

s D

Historical data —— Machine F—— Model

Machine
Learning

New data —— Model |—— Prediction

o J

Process
\ j

Statistical inference

TNERENR - HEWTAREY - TR

1.4 FiHiNEFES
o —HRHIEEN ]

o BE—HRBNIGEIET ©1, Y1, -, Tn, Y, HP z; EmERERE, v BFE (B—RER
TREE)
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o BIREEI—IMSEREf:x — vy, #5 f(r:) = vi, FEUERORIEIE «* LSRN
i f(z")

1.5 BRig=E
o [Bix:
o YIEELE (21,Y1),- - - » (Tn, Yn) BIRTEDT (ii.d.) EREFRMMNKAEERS Py (T, )
o KRMAGIREDE =¥, y* BRiid., BERERINKESHRIT Py(z,y)
o Rig Ptr(xay) - Pts(may)

1.6 IREFE
o IRKEEEL:
o FATEEIE f(r) EELE y ZIEANER
o EXAL(f(z),y) = t(y,y)

1.7 RpEEIVE
. RIBEN:
o RIMEMRALTMIER ARSI Pz, y) THHE
o BIFEHKEIERMSINIBIE f* = arg min R(f)
o RIRHIENH R(f) = Euyop[t(f(z), )]

1.8 ZIER ISR IVE
o XGPS :
o HITFEAAIERNT Py (z,y) KA, TERHELIRSHOEIET
o SLREhEFIBEIRATIGEIEIRIFLERENEG, BERRE Ry (f) = 2 S0, t(f(2:), v:)
o EIR/IMLARNIEFKFIMIK f = argmin Ry, (f)

1.9 SR BERIME

o G5HIRRE:
o RTWLLSHE, SINEWRIRA(f), BIEERIE R(f) = & Yi, t(f(2i), yi) + Ad(f)
o X > 0 £ trade-off 88
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1.A FHA—H
© HEE—E:
o IR Pys(2,y) # Pur(e,y), MSREBFS. FAEN. LTIk, HABZUEER
X5 POFEAZTHIAE S DO BRI T REAEDE, FHOBEARIRRZ IR T(F8aE T £ht

Lec 2 EREST

2.1 Beta-Bernoulli
£ 1.1.3 UURHERTSeE) B9 Example 1. 2.1 DU B9 Example 2 ITREIRR.

TR Bernoulli i8a92/B55FIHIEPATIRERIS T, T Beta IERIRHIERSE (BIRIXIEMAINA
BEtE) MO, “EWMNEMEE PR AEEE.

A coin flip X ~ Bernoulli(0), where P(0) = P(X is Head)
0 is a value of the random variable ©. Here we want to know the distribution of ©.
Prior: © ~ Beta(a, f) (o, B > 0)

IREWIZENIINT (a=1,0=1) , WWEHEHE Beta 5.

(2025.1.13 B%) #BEH o, SHNFRZ, £ T—HNE, ICREMEVUEIEPAIER ML, K
MRS, MRREEARGE, WAHA—IE—KR, XNEZ LAY B0 7S, BRI FRIRME

BFEHE ERSERSNE, TEWMETEZR, RETSORN, T F—HNERMmS, sEAIET
BURGERINES "S558 &FRMRA Prior, XEFESEZHHY “HHRAARANR" .

FRASTE (CBrEBMEF)) PR3, INRRIFETIEMZNINES. SRR LIBT ZIa A aRERI I
SHFAGAR, EREANREERERAIEY.

n
Observed data: D = {z;}_,, where Y z; = k
i=1

IFEEY 1, REEX O, WER n RHHER.
Posterior: ©|D ~ Beta(a +k, B+ n — k)

HESHRENLR: FRAEEHHT, FRINHEAR, TRRENARE, FRITEEI—HELR, —%
FMUASERERERIRN.

IA—CEHEEELITE.

RKUBLT, XERREERWRETR, AKEHIHE.
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22 B3RHH

Categorical Distribution

BEHRAEMMER, FTLIRRSFEE, URERTE TMER) ?
* SINDEDHIFNASFDHHZEEIRA.

The multivariable version of Bernoulli distribution

m
Suppose a varibale X has m outcomes (1,. .., m) with probability 1, . . ., 0, where > 6; =1
—

)

m = 2 iIRIASFS .

AEARTEESIRR. WTFHEAER m =6, 61 =0, =--- =05 = +
Denote a parameter vector by @ = (61, ...,6:,)

X BMS%ST, iEHE X ~ Cat(6).

IFRIXE 02— EE.

PMF: P(X = k) = 6y

2.2.1 One-Hot
R, AEM ENGG 2020 Hrmik 1.5.2 HEH B
o JHHYRES (One-Hot Encoding)
o Jh#EE (One-Hot Vectors)

IBRIBR—ITE RSSO, BTRHOREIE CHIREER) B FIREILIIRAIESIERIE.
ZOBBERTHEAE (HAEE) e MR, HhRE—MEN 1, ERUEN 0.

A ATEIRIRGED?

FENRFITELEEROITIREEE (XAKE)  FEGEEREEN . BRABEIRCSE
BIATRER S INERMIFF X R EEEREERE (FIa0, K350 AL B, CoBImEA 1. 2. 3 HEEURLIA B
A BEER C) . IRRIDIEIT it Hlm Eks 7 iIX—a.

IR REBRYIRIE

BR—1oEXEE N MEZES (W0 R, "FF. "BF)  BRARBSASIEIE—RKES
N p—HHaE, B8N EEEe— ME—RIMERCH 1, BftuERN 0.

< BIRE—AVKERRREE [, FE, BT, BAREBERNT

eS| IRGRRS
R [1,0,0]
BE [0,1,0]

BT [0,0,1]
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R MRKBIHEFES, MARDSSTERIRE, BN ENE.

TGRS, ATLRIFIRRIIUEEE. BBEBEIFTTE.

Alternatively, use a m dimensional one-hot encoding vector x to represent the random variable X, if
the outcome is ¢, only the i-th element is 1, others are 0.

IRARIGES, IRMDESHINEE X 2— 1 AEXE. BHRERRAEE.

e.g. throw a dice three times and get b, 6, 2, BJLUXAZERD:

X1 X X3

o|lr|lo|lo|lo|lo
m|lo|lo|lo|lo|lo
o|lo|lo|lo|l~|o

XEBEAE, WeSANZR/NEIE X1, X2, X3, IEARTAR, NERFREMVNER. 20
RAEVWNVERAAEIE, RESHRLERR (K8 "KKE") .

XJF PMF, MPRIDRZRTUW TN, MTFE I MUERNEKEDM, IRRRBUIAKEL T it E.
PMF: P(x) = [] 6
i=1

R 0X732 1. HIAETT NG, HIVREANIR 0; AIEEL.

XERY x REIIGH. MRSIIEH, B x DESRERNARN, NARENETERES x, Tk
BER X1, ,Xn, CHSNESRERSBIN X1, -, Xn HR (EBSHHME) |, TAE
RN A X R (BEERSTREERURS rrro Bk + - +hkn=n) . &

2.5 2uisA IVEIRR.

BKEDf OARSRIRRERIEEIRYT) -

P(Xl, T ,Xn) = H H 92(][1] = H GZ‘M
i=1

j=li=1
Hfx=x1+ - +Xn

{9 Dirichlet-Categorical fREMIIAREL, 1IB1E Px,, . x.0(X1,...,Xn|0).

23 UFRERH
Dirichlet Distribution

(HERID TR FRIFIER, MIEREESENSH 0 KFx.
MREEKFIEEIETER, Wm=2,0, =0, 0,=1—0.


af://n2911

SRBIERNDED T, WNAMIRSEBERS m 4 XEEMZICANER, 01,02, -, 0 BIDHAR
BEA m > Beta DHBEAGRE, BAX m MESHERNRYA (B—MERGE + -+ 0 =1) .
FILFEES INFEIDTh.

o SINKFIFREDTIES Beta DS TEIRA.
The multivariable version of Beta distribution
Denote a random vector by @ = (64, - - -, 6,,,), and a parameter vector by & = (g, -+, Q)
0 ZREMHEZE O — P EUE O RMIKFIRES T, ICfF
® ~ Dir(a)
IR E R (PDF) :

H 1 ofor0<6;, <1, Y0 =1

Dir(a) = ey i=1
0 otherwise
1 0(e) m
Heh B(a) = :rl(To) where g = Y a.
=1

XEZiHE/ 17 Beta ERERHIEN, 2 Beta REWHISHHE .

o IKFIFREIFND LD HRIHES .
Dirichlet is a conjugate prior of Categorical

Dirichlet is a conjugate prior of Multinomial (I 2.5 £ 4i )

Suppose m dimensional random vectors x1, - - - , X, form a random sample from Categorical
distribution with m unknown parameters 8 = (01, e ,Qm), 0 < 6; < 1.If the prior distribution
fe(0) is the Dirichlet distribution Dir(a), o = (e, .. ., @), then the posterior distribution
foix,, .., x.(0/x1,...,%y) given {x;}}_; is the Dirichlet distribution Dir(a’), where
n m
o' =[a),...,;al ], ol = a; + x[i], x =Y x5, D x[i] =n.
i i=1
X1 X, X3 X4 X5 Xg X
Outcome1 (1 (0|1 (0|0 |0 6 2
Outcome?2 |0|1]|0]|0|0]|0 g 1
Outcome3 [0 {00 |1|1|0]| = 2
Outcome4 |0|0|{0|0|0 |1 1

XEMEBENZZE/NSIHE.

JEAR:



X, o Xj o« Xp X
1|1 1/o0lo0 X, [1] + -+ X,,[1]
i |o 0 1 X, [i] + - + X, [i]
m(O|..{0]..|0 X,[m] + -+ X,,[m]

XEHERERE/NSHNE.
Observations
D ={x1,...,Xn}

One-Hot vectors to represent m exclusive possible outcomes

Prior
® ~ Dir(a)
Posterior
forx,, .. x,(0x1,...,%Xy) f@(e)le, X @(X1,...,Xq|0)
B UL [[e"
=1 j=11i=1
ﬁ H x[z
i=1 =1

XEMN A T EFRASHIAHRTIRREAERIOEN  (FREAIEEEM)
Ak x = x93 + - -+ + Xp.
Denote &’ = [af,...,a;,], H¥F o) = a; + x]i]. B Dirichlet #5840,

/ [Te:" a6, - b, = B(a")
Am =1
Hep A, T m B4R (simplex)

Ap ={(01,...,0m)|0; >0, 6; =1}

1 a al—1
f®|X17'~~7Xn(0|x17. o ,xn) = Hezl

FRSMmHEKFTTE, B



2.4 ZIR91h
Binomial Distribution
* SINZIMSRIE/BEER DA
Suppose there are n Bernoulli independent variable X; with parameter p (the probability of success)

Xi+-+X, =X~ Binomial(n,p)

PMF(k,n,p) = P(X = k;n,p)
_ (Z)pk(l . p)nfk

2.5 ZWBH
Multinomial Distribution
o TICEMHHIEAN IS HAMES .
e Multinomial H7EtEAIE{E n JRESINIZ Categorical iI{IEHIER D 7.
ESMT DR HRRNHKEDT.

X, X5 X5 X, X5 X6 X5
Outcome1 |1 [0 [1 (0|01 ]0

7
010 00
Y-
00| 4
=1
01

0|1 0
Outcome 3 [0 [0 |0 |1 |1
0]0 0

Probabilities for outcomes: 64, 6,, 63,and 6,

Outcome 2

= o= w | e

4 sided dice Outcome 4 010

What is the probability of this outcome?

=41, =2, w3, —h 4

() ()(57) (1

_ 7' 3 1 2 1
- 3!1!2!1!6)1 1036504

7
B <3 1,2 1)9?"95"93'9‘11
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m
Suppose there are m outcomes, with probabilities @ = (61, . . ., 0,,) respectively, where > 6; = 1.
i=1

Suppose we have n independent trials, and let x = [ky, .. ., k;;] be the random vector of counts of
each outcome.

x ERERENZE X f(9— 1 BE. X HESTS
X ~ Mult(n, 0)

PMF of X is
n U k.
P — o
(x) (klkm)nl i

m
whereky,...,k, > 0and ) k; = n.
i=1

o IKFITREIF NSNS HRIHIESTIE.
Dirichlet is a conjugate prior of Multinomial

2IERA.

Lec 3 IUMHRFRM

Lec 4 TANtHRIERR
[B] /B O I ER e -

fo(0) fxjo(z|0)

foix(0lz) = Z(2)

foix(8|z): [F3% (Posterior) .
fo(0): %5 (Prior) .
fxje(z|0): B8 (Likelihood) .
Z(z): I3—EE

Z(z) =/9f®(9)fX|e(93|9)d9

NFSWMNEE, i©D = {X1,..., X, } AHKEENER, d={z1,...,2.} A—DEUE WHHHER
A5{E
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fo(0)fpje(d|d)
Z(d)

2(d) = /9 fo(6) foio(dl6)d8

feip(8ld) =

DA :
+00
fxip(z*|d) = ) fxje(z*10) foip(0|d)do
= Eop-d[fxje(z*[0)]
4.1 it&EHkEk

Computational Challenges

4.1.1 1 HEESH

HENHEFRNAREEHER foip(0]d). TR, REFHERNEEAN, MARZBEIELTTHRTE
AR ER. TIATIHEERIER, NASRIEIR—ES Z(d). A, Computing Z(d) requires

computing very high dimensional integrals as 8 is multivariate in practice.

SHATRAEESERTN, FROZETHER

4.1.2 HEFRNS
RIERRR T RS HiEE, THAFRNASEERT 0 H9RS:

+00
fxip(z*|d) = fxje(x*|0) fop(0|d)do

—00

EHE, BHLTE.

Bz, FERMINATEES R T 0 /Ry, Bitt, HEERRER, TDEERINHETTUE SIS
17, BBRAAITRY (HHERENAIR) . lt, REFRRERIMERTTE:

e Sample from f@‘D(H\d) and use sample mean to approximate expectation.
* Approximate fo|p(6|d) by q(8), which is a simple distribution.

0 Lec 6 ITfldls .

4.2 XFHx
TR ERFEA:

+00

fxip(z*|d) = fxie(z*|0) fo,p(0|d)do

—00

= E@\D:d[fm@(iﬁ*‘@]
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N 4.1 sk AR, WMHTTNEIER MR BAIDFHRR, SRS HASHXMAD. &
ATRAMRMERS 0 RO NENIHHITIRY, EXPMRONAREXRPE, FPAENIEMMITHENEmE, &
fiJALA draw independent sample {61, . . ., 0, } from posterior distribution fop(8|d), HE—%FF
fxje(x*|0), and use sample mean to approximate expectation:

RISFANELTI 7R EASFR oM THRE, ITEN FE.
fxje(z*]6) Zf)qe
XEWISHFRIRIAL (Monte Carlo Approximation) .
ol :

Eeo\p—d[fxje(z"|0)] = Egp-q [fX\@($*\9)]

S —RRIARR, FHA15B Problem Setup:

Suppose z is multi-variate random variable, and we are interested in evaluating the expectation:
B (b(a)) = [ ha)f(@)dz
z
f(z) XIRzIUHHERER TR S EURE.

h(z) 33K MHEFTUEE T ERAYILSR.

BIMRSESTURARERXIRINS S MAIEE, EREMUEES, BETCNEIERT S RE
FEAMIFNSH (RAZD RN %‘éﬂ?ﬁi,ﬂ{ﬁ) :

He,
() = 22
9(z) SR HTHERTEIEIORIAA, 1T E
Z JIN UM EHERTRYIS—(L L, R
Our objective is to draw independent samples {z1, . ..,z } from f(z) to approximate Ez [h(z)]:

z [h(z)] Z h(z;)

BETRISH—SNMBIMEIM f(z) FRE.

4.2.1 BARE

Basic Sampling Algorithm: Inverse Transform Sampling

RIRBAIELREBMNII DI PEMBENER, RNEN RTINS PERMBETEA.


af://n3094

Bix: BELBMNSSIHT Z ~ Uniform(0, 1) Rt z, HELUMNAEIEISDH
Y ~ Given Non-Uniform Distribution #A5&#f .

%y = Fyl(2).
SEREE z, BRI Y MERS RS EEER v.

AR RiR y = a(2), a(-) BRAIZH:.

Ply<Y <y+dy) = P(z< Z < z+dz)
< fr(y) ldy| = f2(2) |d2]

dz

< fr(y) = fz(2) y dz

dy

FEeER, 8dy, dz>0,
z Y
- / dz / fr@)dy = Fr(y) &y = Fy\(2).

0 a(-) B Y MRS REAIR REL.

FE, XBENLEEST Y ~ Given Non-Uniform Distribution 4 EMZ=SfHEER, 8D
PDF BEIF—t, XIFAE=IREEUERS A 1.

Multivariable case: y = a(z)

fy(y) = fz(z) |det J|
Heh, |det J| 2HATHHTHIRNAIERTE.
Absolute Value of the Jacobian Determinant.

FERTELATHZC: FEATECRBRE AT PR RII TSI

WATLLRERE: RREEH S R" - R, By = f(x). By e R™, x e R". EX—"m x n %8
2

o . Ou
oz oz,
— |9y ... Oy | _
J_|:8w1 Batni|_
Oym . Oym
0z oz,

IR ETRIFERT LU RERG.

4.2.2 B4R
Rejection Sampling

EIAER. BAVEMBTHT f(z) = L2 hgre, BIS—LHE Z BRHE, MUEERAE.
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FE, B 4.2.1 AR NMETWENEBISSmPRRE, EIMBERE [H9HE/M] AR K
MO HRTTEEZFFN.

ERBIAE Z, EfFAEE f(z) B (B g(z) SF/RTRLRSIENF SN, TIEERE
g9(z) Blg. TR, SINEETFEE.

BRI

Bix:

MBS f(z) = L2 thsgit, Heh g(z) ERARA—OBERY, BK; 7 SE—wE, BR
ik

@ BIN—ANBTFRERRINST q(2).

@ HEVEH k, (18 ka(2z) = g(z) JHER 2z ARIL.

® M q(z) RE—MHER 2.

@ MI9595% Uniform (0, kq(zo)) HpsRAEE—ME uo.

©® & up > g(z0), EEXEE; BNES.

©®EE O~ O, BIEIHHAKATISERE.

kq(z,) kq(2)

uog (z)

Zo Z

TEESRBIZTENGIENE.

@ RIS’
proposal distribution
IBINST q(z) IREETIEE, ERBUTRUSGEEE:
o ZTXREE.
o 5g(z) IARREIM.
BILURIN k., 1IREIESE.

TR

B 2T =R &

SEINTER ESH7 N(u, 02)
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9(z) A4k HERY 9(2)
ES #5944 Uniform(a, b)
plan (Y] 188157 Exp())
HIKE S, FE ¢ D
Shot BRSO T

@EHk
kq(z) > g(z),  Vz

kq(z) Fopk 7 9(z) LR M LREXHSA, B L k BLSSH. ERINVBEREM LR, FkR0T6E
N, NTIREREFER. BRA, BT K HE

X kL f(z) = 22 i Z BIFERS, EASKHRSITE

® —IRFEHE
MRS q(z) PRE—MER zo. XTUANEEIIIDTRHRREE, W 4.2.1 AR

@ ZIRFHE
B8l zy f5, M99 Uniform(0, kq(z¢)) FERE—ME u.

BRAFRAIREBE IS TR A PUREH LA,

® EEHE

g > g(zo), EEZRA; BUES.

C@EEO®~0O

BEE O~ 0, HIESNRARATISENE. BEHEIREAESST RS f(z) = 22 gt
SBIREAE,

UERE:
BT ug £ [0, kq(zo)] RIS, HBER

1
fUNUniform(O,kq(zo))|Z(UO’zﬂ) = kq(zo) , 0 <ug < kq(zo)

FE, FEZEAD zo FOHRE


af://n3179
af://n3186
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af://n3194
af://n3197

g(zo)
kq(zo)

P(accept|zg) =

RERTZRIFEZS PDF RE

9(z0)
k

F(zolaccept) o q(zo) Placcept|zo) = Lo o g(zo)

IF—WER B2 f(zo|accept) = f(z) =

ENMBEREREERNIEATSEIRDT, B

o SREEMCEEURT k: MR kq(z) EBBE 9(z), IPAELERRIR, RENER, RIKEBDREEED
wiEE, MEET.

o MLATHHIZE: Ea@TEF, WESEN kq(z) IFEER, TESEIRIE.

Eit, BERFERTRE. BRHEGERNSHIER, BESLEEET, BEERRMSE (NER
MEREE. DRSS RIESE) -

0 4.2.3 EEMERE, 4.2.4 McMC 5% F Lec 5 T/RAIREEZRRIE .

4.23 SEHXRE
Importance Sampling
[BlE Problem Setup:

Suppose z is multi-variate random variable, and we are interested in evaluating the expectation:

EﬂM@hi/M@ﬂwﬂ

z

£(z) MR MMM SRS,
h(z) SR UHETRIE T SRR,

BIROBEITURRENS RSO THRIEE, ERETMNEIES T, RETCNEIEX AL
BAOMIINS S (RIS HEIAERIFINE)

Hep,
_ 9(=)
f(Z) - 7
9(z) XIRL MHHTHERTRISSER TR, FitE
Z IR EERTROI— U EEL, TR
Our objective is to draw independent samples {z1, .. ., z, } from f(z) to approximate Ez [h(z)]:

z [h(z)] Z h(z;)


af://n3219

IR, RNBREBEREIARLIIN f(z) = LZZ) RIRE, MRITEHE Egz [h(z)] = fz h(z)f(z)dz.

Draw independent samples {zy, . .., z, } from f(z) F+& Ez [h(z)] ~ % > h(z;) RE—MMEits
=1

= NRENRBUEE, MAROERIERDTE, AJLISINEEEREE.

EEMRE
Btx:

W Eg [h(2)] = [, h(2)f(2)dz, Heb f(z) =
—{LELL, X’EZ}Z

ik
@ BIN—NBTFRERIRINDS T q(2).
@ M q(z) REEn MER 24, . . ., 20,

.9(z) BENMRPA—MHNEER, 5K Z217

O HEHE Ez [h(z)] = Y w;ih(z;).
i=1

9(z;

Hehw, = i( HEEMINE, TEDIEMRR.
ﬁ

@ RIS
proposal distribution

FHEBREELL, SIN—PZTREFHRNS M q(2).

@ n REE
M q(z) REEn AER 21, . . ., 2. RTAMTNEEIRIDDHEHRREE, W 4.2.1 HARFE .

® itRHE

n 9(zi)
i‘i‘%ﬁﬁ% Ez [h(Z)] ~ Z wih(zi), EEF' w; = Zn;(:zi') ﬂﬂigﬁt*yi
i=1 L

(=)

XARRIGERMRERIT
EEHE, 8§

f(z)
q(2)

FOREETRFAT f(2) Mt e h(z) WL, ESETAFRTIRNG o(2) BtE h(z) L2 1
#I2. PRI S

Ey [h(z)] = / h(z) f(2)dz = / h(2) 1) o(z)dz
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oo ((2)] = 2. @) 21 |

q(2)
y Z f (z SRR
_N ( )
=D _h(z) na(@)

iBw; = nq 73%3%@4 75 q(z) SHEEEY h(z;) SIRHANE. IHE ERERESM AITE h(z;) L w; F1
EE’\JDDW:FYJ{E i, %Tml%j\?ﬁ q(z) BFET B f(z), WFENRESH L, SEARSE
&, Eq(z) # f(z), W f maﬁtmﬁmtu;kaﬁﬁztstig XHE, IS q(z) kiz f(z) HoMEF5EERL

ROBEABHEIE, X q(z )/J\ﬂz f(z) BOESERAOREANMRBINE, #BER q(z) DIAUREASSRAENL f(2) hn
REARRIRIL.

BN, q(z) bt f(z) KESHES, RRABBEMXASIXMHENER, B2 q(z) ERTESHR,
FATLAEIS PN ER S TUHRHIT SR AR, IXEEREEERNL f(2) AR h(z) BT

XE, FTLAERR w; RBIF—HAME:

S i Zn(( 3)

i=1
“~ f(zi)

~ a(z)

1
n
/ f(_ (2)dz SRR
—1

BR, BMMTOEAE: NFEME W, = L2 = L0 mF 75, REGTEET. BRI
XIEAEELLG
W1 W Wy = g(ZI) . g(Z2) HEE g(zn)
q(z1)  q(z2) q(zn)
AR A IR
i=1
= \ (z1) . g(z2) . ) (Z ) 5—
g(zi)
Wi = ) ) 1=1,2, 1

EVEEY, WEIAE AR R, TUSRER, REERRI RIS
.

ERERIT—EE, BRREREK Z 9

HMERFASFRSIALN, BERAREEEIRS —Hs-%éilz g EE@LMJGE*%”?J\E’JIE—%%?SZ nz:

(
AEXEnZ BRAEN R w; = LEL — _9@) ) gy g

nq(z;) nZq(z;)




SRR EE 5

2
S
=S
KIS

—

N

N—
=¥

N

. NSNS Y . M=) o g(m)
5E, BRAENESR 15=:|:UZZI’!UZ ~1, KANw; = naz) . nZq(z) RD

3 9(z;) 1o nZ 9(zi)
i=1 an(Zz) i=1 Q(Zz)

b BT vs. EEMFE

BRER:
o EFER—MRENST q(2) KELERDT f(2), EAEEMN f(2) RERKE.
. WERBHIE 12
o EREFITSISRISIAIL

NG

L& BiR FHEBR Btite EEE

Bt 5N q(z) i, o | TR BT

%ﬁ RS f(z) OEEA BREESESN =S g STRRE
s In!

<k . EHiEM q(z) R a(z:)

H tEE s N . q(z; o
R phe hwfme R S S
# g R P

}EE?%‘ }Ef@%’ﬁ??_ E@%)R'F%Z%’f&ﬁ, EABIER k# q(z) 81K, SEASEEARIES SN

LR, EEMRFOERS: BRERERTAXE f(2) 2HENER, BACRITEHRE, REMFTS
f(z) (R, HR, W1R q(z) 70 f(z) RREETK, RSBNESERK, E‘HI‘JL‘I'%#%F“

4.2.4 MCMC Fix
O/Ro] 45K (Markov Chain Monte Carlo, MCMC)

ERTR, BYERRT, ERAERIERFER—EEEMRR T EEREFIESERETR, BRNSINTHIE
ERER. B, FIULDAFESINESRAERESE, NBRAKESS S R8DIE

W Lec 5 Th/Ru] REESHFRIK
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Lec 5 B/Ra KIS R
Markov Chain Monte Carlo, MCMC

RO RS RSE—EXATINERRSHPREFNEL, T ZNAFT RS, YRS, V188F
Q. MCMC EE T E/Re[K5% (Markov Chain) fIS4FRiE/A1E (Monte Carlo Method) , A5
IR R RISE— N2 T RENFS, EEFRISEI BnD 7.

5.1 B/RAIKE

Markov Chains

—HRENIRE {21, 22, . . . , Zn } B—N—ND/RAIKEE (first-order Markov chain) if the following
conditional independence holds

P(zy1|21,22,...,2k) = P(zri1|2k) forke{1,...,n—1}
SRPRSREETAI— S, MESERRPRSTX.
EEEERE, WA

f(Zki1l21, 22, - . ., 21) = f(Zk11]21) forke{1,...,n—1}

5.1.1 &g
BEN— P ERAKHE, FE:
@ ENARSHIEES T P(21).
Q@ HEEERZ (Transition Kernels)
Ti(zr+1 < 2zx) = P(zr41l|2), ke{l,...,n—1}.
ENEERE, NERIZICH

Tk(zk+1 — Zk) = f(zk+1|zk)7 ke {17 ceey N — 1}

5.1.2 FFIRDRAKHE
homogeneous
A Markov chain is called homogeneous if the transition kernels are the same for all k.

TR, BRZARE k LHE, ERECAERERL, MARNTER 211 M z, B HERN
B E¥BBRABRER— DT, T EEERH


af://n3330
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5.1.3 &=

the marginal probability

The marginal probability of a specific state can be computed via product and sum rules, BI£#EZRA

=

P(zp+1) = ZT(ZkH < z1) P(zp)
Z
SRR, LA POF 2R

f(zier) = / (a1 < =) f(2)da

Zj

TR, XBEREY z, FrEARERIBERMEFRD, MAEN k£ M 12 n — 1 K50, B 2,1 BOHR (D
o) REURT z;, %%, SERIPRETX.

AR, X8 f(zr11) 7 f(zr) TEEARRE—MH, EARBEERRBENRZD/RE XN TR
iz

5.1.4 ERHDH
Stationary Distribution

A distribution P*(+) is said to be stationary or invariant with respect to a Markov chain if each step in
the chain leaves P*(+) invariant

PW@:E;ﬂzeiﬂﬂiL Vz

5.1.5 HEFE
Detailed Balance

A sufficient (but not necessary) condition for ensuring P*(-) is stationary or invariant is to choose a
transition kernel to satisfy the property of detailed balance, defined by

T(z' < z)P*(z) =T(z + z')P*(z) Vz,z'

EREMAECTHE, WFRMZEREAIFER (Reversible) .

W8 AETER TSRS KM
O HHTE
ATEIME A
T(z' < 2)P*(z) = T(z < 2'\P*(z')  Vz,7’
FELRT z KF0
Y T(z «+ 2)P*(z) = Y T(z + 2')P*(2)
z = Pz*(z') Y T(z+ 2
= waxz va'


af://n3364
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XIERFRDHRIENX.

Q EEZTE
LR E S
f(2)T(2'|z) = f(2")T(z|z"),  Vaz,2’

/zf(z)T(z'|z)dz:/zf(z')T(z|z')dz

= f(z')/T(z\z’)dz
= f(z'), vz'

miLRd z F39

XIERFRDHRIEX.

5.2 MCMC Fi%

Markov Chain Monte Carlo: Basic Idea
[BlE Problem Setup:

Suppose z is multi-variate random variable, and we are interested in evaluating the expectation:

Ez [h(z)] = / h(z)f(2)dz

z

f(z) 3SR MR RIS SR
h(z) 33R MHEFTUEE T ERAUSA.

BIMASESTURARERIRNSASMRIEE, SREMUEIES T, BETCWNEIERS SRE
FEOMIINSE (RXZD RN %%U?JMJ{E) .

Hep,
_9(z)
f(Z) - VA
9(z) XIRLUMHEHERTHOSCITRINA, FitE,
Z SN MMHERERTAYI— L, A
Our objective is to draw independent samples {2z, . . ., z, } from f(z) to approximate Ey [h(z)]:

z [h(z)] Z h(z;)

AR RURESIS RIS HIELIRFATR O RIE:
@ ME—MEL f(2) BFRDHRIDRE K5,
@ BISEIIZ R ERAER |


af://n3404

® SEETER, TR f(z) 5.

REEMCMC ixT, WERHERZEREERER, RIMENS/RAKEETTRAT.

LORAIKIESITEBA, BIENRRSAEMN f(2) BN, SEERNERMEQKEENIXNSTE, M
BILAR T .

To guarantee the convergence to f(z), the Markov chain needs to be ergodic.
Attt (Ergodicity) RUSRRIGRIE.
A RS, FrERSEE HEATRE. R~ T(2' < z) > 0forany z’ and z.

TR, DRAXBIFREEFIIREMER, Bi—MSEFIW T — MRS, BIFERZEFERXY. The
sequence {z1, Z2, ...} is not a set of independent samples.
fRRITIE:

@ EFRIEAEEAR (burn-in)
@ % (thinning)

Discard most of samples and just keep every T-th sample

Z1y, Z2y, ...y ZTy ZT7+1y -y Z2Ty Z2T+1y --+5 ZnT

5.2.1 MH &%
Metropolis-Hasting Algorithm

Metropolis-Hastings ;52— E RN MCMC 5%,

ROEAE: WSRO q(2'|2) ERIRSEHER, FRESRRACETEZIXER.

HESE: BT f(z) = 42

@ HERNS T ¢(2'|2).

@ BEFEAIREIRTS 2o, REHIRARTIE ¢ = 0.

@ M q(2'|2;) RIE— A 7.

@ WEEEE a2, 7)) = min (1, 4030020 ).

© LB o BESHHEA. B1EE, S0 =2 B, Sz = 2
© B < ¢+ L.

QEE O~ O, HINAFAEX

TEESRBIZTENGIENE.
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@ RSB
Proposal Distribution

MH EEETIRN + EEEIMEERER%Z, NEIEUBRDHhAFRohRIS/RAXE. Eit, #BiloSHh
REBZA—MEM. IBINDT q(2'|2) AEFERERIN MH EIERISREEAEE. SURERHARE.

TR, BUSmE—IFRESH.

R
o STRHE: WRETHISIM (2’ |2) PR,
- BTN L BTN, BFEEE

o SEIFOMIE: MR g XE, SSBIRZHEIUEIE.

BEIRNS
VS LIS L7 EMH=
SHDTE / RO e, B {4, BirnhmRTs
IRSIRIN SR MRE=RIATS RIS BirohEBzR
B&MN S R, REREER i, FRERMIENGH
BE5IS5Mm EZRERDHEE, XS B, BirnhERESE

BRBENEEIHRINEIR,; SHEEMNERN, TREENSETHENSE, RBNSHHIRE (WXK)
FEEERE, BEXEX o BEEHIE 20%-50% ZENE

fl: SHRHRINST
—#EJH: z e R
BHEETMEIAS Z = 2, T—MEKSHNEZE Z'|Z = 2 ~ N(z,02). BEr, LUESEHAT 2 A19
B, o FHENEERSTE. BIHRNSTE PDF
(#]2) = — (z 2"
q(z'|z) = Wexp 502 .
ZHER: z € R1.Z'|Z =2 ~ N(z,X). PDF

oy 1 g — TS (g —
o) = e (3w )

Heh, X WS ERN, EHEMTRNERSEXNE

@ WMtk

Initializing the Markov Chain

RIS zo. IREVIIRRTE ¢ = 0.
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IS LARENIERE, GO HEEISHmTRE, BAILUET RS HhIEEEXEH TGN

ZESTH, ERARABESEHHREARIME.

IR, BEEIRES 2o ERRRIETEEAEERTRAR (Burn-in) |, &REEREZIR, BTERREN
RIS RERFARIFNG. RABREREEFOHEREENE, BENRENEHR

10% ~ 30%.

OF :3
Sampling from the Proposal Distribution

EE—, MH NSRS 2, R, KIBIRINHT q(2'|2,) FE— MBI 2.

@ EZE
Acceptance Probability

3 ey AN 9(z")q(z:|z)

WSS o(m, o) = min (1, 4539520 )

o).

SRR TS (REHIS7) BEHA oz, 2') = min (1,
R, o RN SERESIE. TR 2, 558 2/ Mo

RS SRR . B
7 # 2

{T(Z'|Zt) = q(2'|z1) - (2, 2')
T(z¢|zs) =1 — IZ’#zt q(z'|z¢) - a(z¢,2')dz’

AR IERBENEA (2 = z,) NEBHRARRHRIRNS q(2'|2:) FHESE o(z:, 2') HENEK
[EEREH, MEHMEHIEEIRIEHEANRIHERREN. XEFASMERATR 1 EBEIRIEHEAR

EZHRTHRREE.
T(z¢|z¢) FBR—MIRE, MARHEDT T(2'|2;) Nz’ = z HOEEE

® REEH

State Update

T A — ! a _
a2, Sz =2 BN, ©211 = 7.

AR o RS, B1%,

® RIEISEHA

Time Step Increment

BEidE ¢ ¢ + 1.


af://n3517
af://n3522
af://n3536
af://n3541

QEEO~®
Iterate Until Convergence
EE 0@ ~ 0, BEFARTEER, REUTRAZ—:
o IARFRIZAIREIREL (4010000 28) ;
o SERURANER + BREARE,
o (FEFEKIZRAIEIR (20 Gelman-Rubin 18#R) FIRTEKER.

EHENST q(2'|2:) FHESE a2, 2') HENDREREE, UBHEHT f(2) HTEST. EHT:
BIBEGHT f(2) = L2 RORTXREOTENT, BN EESRIANTESE, B

F@)T(@2) = f(2)I(alz), Va7
Heh, #BBIZENH

T(z'|z:) = q(Z'|z:) - a2z, 2) z' # 7
T(2i2e) = 1~ [,1,, a(2'|20) - oz, 2')dz!
! !/
a(z¢,z') = min <1, —g(z )q(zf|z ) >
9(z¢)a(z'|z:)
RN
!/
98 4(a'le) - afa,) = L2 q(ala') -ala'z), Va2
HEINE, ALNEE) L2 < 150 ST > 1 g AL .

5.2.2 Gibbs k¥

Gibbs Sampling

Lec 6 WE{LIHEERT


af://n3546
af://n3572
af://n3579

6.1 RIS RIHmE{

TR

fiit
1. SHFRS

/ e dr = ﬁ
0 2

WUERR:

S BRI ETAS .

2= (/:e_’”2dw)(/:e_y2dy)

FERNMRDH, = My RO BMIA, TS "ERSER

HIIRAT,

/ / (@*+y?) dxdy

{m =rcosf

y =rsinf


af://n3583
af://n3587
af://n3594
af://n3597

22 42 = 12

dxdy = rdrdf

r € [0,00), 6¢€]0,2m).

2 00
I’ = / / e "rdrdd =
0 0

I=r

XL RRPRIRD, FHER.

BT e @ %F y #HxwR, FEit



2. PR

I ESTR 2018 Hi#%it .

2.1 BESH

@ BERSH
Bernoulli Random Variable, X Z/MmAH%, 0-19%H
U4 ESTR 2018 #Hi 9.4 HBFIS A .

A Bernoulli(p) random variable X shows the result of a trial where X = 1 for the
success outcome with probability p and X = 0 for the failure outcome with probability 1 — p.

EFERE—NEHp, EART RN

The PMF of a Bernoulli(p) random variable is

T 0 1
p(z) 1-p P

The expected value of a Bernoulli(p) random variable is
EX]=0x(1—-p)+1xp=p
BE: p(l—p)

I, ESTR 2018 #Fit 10.12 WA % .

@ ZIRpH
Binomial Random Variable
I, ESTR 2018 HiFit 6.1 —Ti/HAn .

We call X a Binomial(n,p) Random Variable when X represents the number of successes
over n independent trials, each with a success probability of p.

The probability mass function (PMF) of a Binomial(n, p) Random Variable is

n

pw):HWXf=@:=(k>pW1—pY“k

HREE: np
O ESTR 2018 MEXit 9.5 —T4ARAIME .

A [(n+1)p)


af://n3644
af://n3649
af://n3652
af://n3676

E(n+1)pREH, WE (n+1)p, (n+1)p— 1EIRE
BE: np(l —p)

DL ESTR 2018 M=t 10.12 /A% .

@ NEAR%H
Geometric Random Variable (=, A28 1{a5%)
I, ESTR 2018 HiFit 6.2 JLT4A6 .

We call X a Geometric(p) Random Variable when X represents the first time of success
over a series of independent trials X1, X3, - - -, each with a success probability of p.

X = first (smallest) n such that X,, = 1 (success).
A nORSERR S, BIRBINTESS kIRAIEER.

X BEETHT, &ig: X ~ Geometric(p).

The probability mass function (PMF) of a Geometric(p) Random Variable is
p(k) =P(X = k) = p(1 —p)**

HRAZE:

SR

Dl ESTR 2018 #E%it 10.6 JUI4 A fiitE .
RE: 1

e 1P

p

D ESTR 2018 HEZit 10.7 JUHARI T2 .

@ BiAD
Poisson Random Variable
O, ESTR 2018 MEXit 7.2 VHMASDAE .

"I mRERE n BIEA (HEELHAZ) BY, Binomial Random Variable X ®JLUA{A
Poisson Random Variable X.XfEfn 5 p AEETE, RE—EE )\ = np.

A Poisson(\) random variable X has the PMF:

A

p(k) =e i

k ZM 0 BIIEFSSHIEEEL
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HRZE: A

U ESTR 2018 MEX it 9.6 IHIAAHIIIAIE .
REC (A

EAREBY, BN X\ - 1FRIRE
BE: A

D ESTR 2018 ME%it 10.13 JHMAAIT 2 .

® BRHH

©® AZRSH

@ BNES%H

SRS

2.2 EEZ5

OF=E35:£i
Uniform Random Variable
Dl ESTR 2018 #&it 11.1 HX5i .
A uniform random variable T over internal [0, 1] satisfies

0 ift <0,
P(T<t)=<t if0<t<l,
1 ifl<t


af://n3739
af://n3741
af://n3743
af://n3745
af://n3756
af://n3758

Consider a Uniform random variable X over internal [a, b]. Then,
The PDF of X is

0 ife <a,
f(z) = bl ifa <z <b,
0 ifb<zx

g E[X] = [ zpde = o2

B VarX] = [Y(e - E[X])? - 5 - do = g (o — 25230 = Loo)

(2024.12.12) 35— :

E[X] = [} z5i-de = 42

E[X?] = f; x2ﬁda: = %(a2 + b? + ab)

@ Beta 9%
Dl 1.2.5 Beta 70fii .

Beta D E—FMENIE [0, 1] LANELEERS . ENMHERFGIHPESIENSE (WHR) KI5 7.
Beta D HM/NESE o #1 B 1=4. X IR Beta 570, 121E:

X ~ Beta(a,8), x€][0,1], a>0,8>0

EmRET, BEA O KETIRM Beta DBIEIERSEL, A X FRM Bernoulli STRRIEIIR
£ (WNIEERA_LREL) .

e
z (1) !
fX(JJ) _ ) T Bas for 0 <.:1: <1
otherwise
SCPRERIAR, Beta DHZBTFRISEHIRMIS T, BD
OO0 0 <0< 1

0 otherwise

{rh

B(a, B) 2 Beta ERE (I3—{LH2%L, Normalization Term) :

\

b - I'(a)T(B)
B , — a—1 1— 153 1d R S U
R R
I'(-) 2M3&EE (Gamma Function) , EMIRAHEES
I'(n)=(n—1)! %n NERK

W1.2.7 Mtk .
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X ~ Beta(a, f) {98

BE

fRFIIERR.

TERT X 2kt

BIX) =
_ aB
i P R R
mode[X]| = #_;_1 when a, 5> 1

S0, XERRBIESNEREZ ERMRS RN T .

W 3.2.1 BXEHAG .

©F-t>¢-Lid

Exponential Random Variable

I, ESTR 2018 #iFit 12.1 fE¥nfi .

Rain is falling on your head at a rate of \ drops/sec. How long do we wait until the next drop?

An Ezponential(\) random variable has the following PDF:

@) = {)\e Az %fa:ZO

ifz <0

The Exzponential(\) random variable X satisfies:

The CDF of Xis F(z) = 1 — e ?®

P(X >z)=

The expected value of X is E[X] = +

The variance of X is Var[X] =

:fooox

Var[X] = E[X?]

LX) = [ ahe Ve = [ —ed(e) = —ee e[ e (-
)\2
Nd = fo —z?d(e ) = —3526*’\””‘0 f"o e d(—
~E[X]? = %

The standard deviation of X iso = %
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® Gamma 2%

I 1.2.6 Gamma 4>-fi .

MEomE—INEEMEsfh, FRTERELERINEE, THESRFHEHE. 2HhiRMRERNSDS.
BIrE0m (WMRADHh. 18859 %H) B

Gamma MM ESE o 1 S 126, X BRI Gamma 57, 1E1E:
X ~ Gamma(a,8), >0,a>0,5>0

IR EREL (PDF) :

B a—1,—Bz >0
o) — T % ‘e T
fx () {0 <0

z > 0: FEHZEREEENELR
a > 0: FARS4L (Shape Parameter) .
B> 0: RESE (Scale Parameter) , BEIMEEN 5, Heh 0 REESH
[(a): NS
(2025.3.24) &, Gamma £7H POF £ z = 0 eNEFRFIAFES EKTIE. XBLHHATIE.
a> 18, fx(0)=0;
a=1m, fx(0)=p6;
0 <a <18, lim fx(0) = oo, mliﬁl’(I)lﬁ fx(0) = 0. thS PDFE = = O CEBEFHME, =0

z—0

B%0 < a < 1B, POF{E = 0 REEERYE, BXMESERTIN, B
Jo otz = L0 = £ 330 < a < 1 2R, Hi% POF (BAREEN.

SCFMERIR, Gamma S ZATFERTRSHIRMNES M, 8D

B pa—1_-p0
fo(6) = F(a)ﬁ e 0>0
0 0<0

® ESSH
Normal Distribution as the Limit of Binomial Distribution, tB04 Gaussian distribution.
) ESTR 2018 ME%it 12.2 IE&SAI .
We define the normal (Gaussian) probability density function (PDF) with parameters p and o as

fo) = e
) = (& 20
vV 2mo?
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Note that the parameters u and o in the above definition are equal to the mean and variance of
the normal random variable X:

E[X]=p,  Var[X]=o?

©® FHERH

QFREL BT

®F 5

@ MHBIESHH

@ Weibull 9%

@ Cauchy 375

® Laplace 370

® ¥& Gamma 237

@ Pareto 9%

® =AnHh
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af://n3883
af://n3885
af://n3887
af://n3889

23z (BE

CDF table of standard normal distribution P(Z < z)

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.0
2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9
3.0

0.5000
0.5398
0.5793
0.6179
0.6554
0.6915
0.7257
0.7580
0.7881
0.8159
0.8413
0.8643
0.8849
0.9032
0.9192
0.9332
0.9452
0.9554
0.9641
0.9713
0.9772
0.9821
0.9861
0.9893
0.9918
0.9938
0.9953
0.9965
0.9974
0.9981
0.9987

0.5040
0.5438
0.5832
0.6217
0.6591
0.6950
0.7291
0.7611
0.7910
0.8186
0.8438
0.8665
0.8869
0.9049
0.9207
0.9345
0.9463
0.9564
0.9649
0.9719
0.9778
0.9826
0.9864
0.9896
0.9920
0.9940
0.9955
0.9966
0.9975
0.9982
0.9987

0.5080
0.5478
0.5871
0.6255
0.6628
0.6985
0.7324
0.7642
0.7939
0.8212
0.8461
0.8686
0.8888
0.9066
0.9222
0.9357
0.9474
0.9573
0.9656
0.9726
0.9783
0.9830
0.9868
0.9898
0.9922
0.9941
0.9956
0.9967
0.9976
0.9982
0.9987

0.5120
0.5517
0.5910
0.6293
0.6664
0.7019
0.7357
0.7673
0.7967
0.8238
0.8485
0.8708
0.8907
0.9082
0.9236
0.9370
0.9484
0.9582
0.9664
0.9732
0.9788
0.9834
0.9871
0.9901
0.9925
0.9943
0.9957
0.9968
0.9977
0.9983
0.9988

0.5160
0.5557
0.5948
0.6331
0.6700
0.7054
0.7389
0.7704
0.7995
0.8264
0.8508
0.8729
0.8925
0.9099
0.9251
0.9382
0.9495
0.9591
0.9671
0.9738
0.9793
0.9838
0.9875
0.9904
0.9927
0.9945
0.9959
0.9969
0.9977
0.9984
0.9988

0.5199
0.5596
0.5987
0.6368
0.6736
0.7088
0.7422
0.7734
0.8023
0.8289
0.8531
0.8749
0.8944
0.9115
0.9265
0.9394
0.9505
0.9599
0.9678
0.9744
0.9798
0.9842
0.9878
0.9906
0.9929
0.9946
0.9960
0.9970
0.9978
0.9984
0.9989

0.5239
0.5636
0.6026
0.6406
0.6772
0.7123
0.7454
0.7764
0.8051
0.8315
0.8554
0.8770
0.8962
0.9131
0.9279
0.9406
0.9515
0.9608
0.9686
0.9750
0.9803
0.9846
0.9881
0.9909
0.9931
0.9948
0.9961
0.9971
0.9979
0.9985
0.9989

0.5279
0.5675
0.6064
0.6443
0.6808
0.7157
0.7486
0.7794
0.8078
0.8340
0.8577
0.8790
0.8980
0.9147
0.9292
0.9418
0.9525
0.9616
0.9693
0.9756
0.9808
0.9850
0.9884
0.9911
0.9932
0.9949
0.9962
0.9972
0.9979
0.9985
0.9989

0.5319
0.5714
0.6103
0.6480
0.6844
0.7190
0.7517
0.7823
0.8106
0.8365
0.8599
0.8810
0.8997
0.9162
0.9306
0.9429
0.9535
0.9625
0.9699
0.9761
0.9812
0.9854
0.9887
0.9913
0.9934
0.9951
0.9963
0.9973
0.9980
0.9986
0.9990

0.5359
0.5753
0.6141
0.6517
0.6879
0.7224
0.7549
0.7852
0.8133
0.8389
0.8621
0.8830
0.9015
0.9177
0.9319
0.9441
0.9545
0.9633
0.9706
0.9767
0.9817
0.9857
0.9890
0.9916
0.9936
0.9952
0.9964
0.9974
0.9981
0.9986
0.9990

24t (B
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Numbers in each row of the table are values on a t-distribution with
(df) degrees of freedom for selected right-tail (greater-than) probabilities (p).

t (p,df)
di/p| 040 0.25 0.10 0.05 0.025 0.01 0.005 0.0005
1 | 0324920 | 1.000000 | 3.077684 | 6.313752 | 1270620 | 31.82052 | 6365674 | 636.6192
2 | 0.288675 | 0.816497 | 1.885618 | 2919986 | 4.30265 | 6.96456 | 9.92484 31.5991
3 | 0276671 | 0.764892 | 1637744 | 2353363 | 3.18245 | 4.54070 5.84091 12.9240
4 | 0.270722 | 0.740697 | 1533206 | 2.131847 | 277645 | 3.74635 | 4.60409 86103
5 | 0267181 | 0.726687 | 1.475884 | 2015048 | 257058 | 3.36493 | 4.03214 6.8688
6 | 0.264835 | 0.717558 | 1.439756 | 1.943180 | 2.44691 3.14267 3.70743 5.9588
7 | 0.263167 | 0711142 | 1.414924 | 1.894579 | 2.36462 299795 | 349948 54079
8 | 0261921 | 0.706387 | 1.396815 | 1.859548 | 2.30600 289646 | 3.35539 5.0413
9 | 0.260955 | 0.702722 | 1.383029 | 1.833113 | 2.26216 282144 | 3.24984 4.7809
10 | 0.260185 | 0.699812 | 1.372184 | 1.812461 | 2.22814 2.76377 3.16927 4.5869
11 | 0259556 | 0.697445 | 1363430 | 1.795885 | 220099 | 271808 | 3.10581 44370
12 | 0.259033 | 0.695483 | 1.356217 | 1.782288 | 2.17881 268100 | 3.05454 43178
13 | 0.258591 | 0.693829 | 1.350171 | 1.770833 | 2.16037 2.65031 3.01228 4.2208
14 | 0.258213 | 0.692417 | 1.345030 | 1.761310 | 2.14479 262449 2.97684 4.1405
15 | 0.257885 | 0.691197 | 1.340606 | 1.753050 | 2.13145 260248 2.946M 4.0728
16 | 0.257599 | 0.690132 | 1.336757 | 1.745884 | 2.11991 2.58349 2.92078 4.0150
17 | 0.257347 | 0689195 | 1.333379 | 1.739607 | 2.10982 2.56693 2.89823 3.9651
18 | 0.257123 | 0.688364 | 1.330391 | 1.734064 | 2.10092 2.55238 2.87844 3.9216
19 | 0.256923 | 0687621 | 1.327728 | 1.729133 | 2.09302 253948 2.86093 3.8834
20 | 0.256743 | 0686954 | 1.325341 | 1.724718 | 2.08596 2.52798 2.84534 3.8495
21 | 0256580 | 00686352 | 1.323188 | 1720743 | 2.07961 251765 2.83136 38193
22 | 0.256432 | 00685805 | 1.321237 | 1.717144 | 2.07387 2.50832 281876 37921
23 | 0.256297 | 0.685306 | 1.319460 | 1.713872 | 2.06866 2.49987 2.80734 3.7676
24 | 0256173 | 0.684850 | 1.317836 | 1.710882 | 2.06390 249216 2.79694 3.7454
25 | 0.256060 | 0.684430 | 1.316345 | 1.708141 | 2.05954 2.48511 2.78744 3.7251
26 | 0.255955 | 0684043 | 1314972 | 1.705618 | 2.05553 247863 27781 3.7066
27 | 0255858 | 0.683685 | 1.313703 | 1.703288 | 2.05183 2.47266 2.77068 3.6896
28 | 0.255768 | 0683353 | 1.312527 | 1.701131 | 2.04841 24614 2.76326 36739
29 | 0.255684 | 00683044 | 1.311434 | 1.699127 | 2.04523 2.46202 2.75639 3.6594
30 | 0.255605 | 0.682756 | 1.310415 | 1.697261 | 2.04227 245726 2.75000 3.6460
z | 0.253347 | 0.674490 | 1.281552 | 1.644854 | 1.95996 2.32635 257583 3.2905
Cl 80% 90% 95% 98% 99% 99.9%




3. BiEXE Q &A

Regarding Confidence Interval ll, | have 7 questions:

1. We know that when the population variance o

is unknown, the sample size n is small, and the
sample follows an IID normal distribution, the t-distribution and the unbiased sample variance S?
(we use its square root S) can be used to calculate the confidence interval. This is an exact
calculation without any estimation/approximation, right? (Here, we disregard any computational

error due to rounding in the t-distribution integration.)

Answer: It is based on the Theorem on Page 7 of L7. No approximation is needed.

2. Now, following question 1, the t-distribution applies whether the sample size n is large or small. In
principle, even when the sample size n is large—as long as the sample follows an 1D normal
distribution—we could still use the t-distribution to obtain an exact confidence interval. However, the

Zis unknown,

LO7 PPT tells us that when the sample size n > 30 and the population variance o
regardless of whether the sample follows a normal distribution, we uniformly use the z-distribution

to approximate/estimate via the CLT.

My understanding is: due to the special nature of the T'-table, it is impossible to list every
combination of degrees of freedom and probability (for example, if the T-table only goes up to 30
and my sample degrees of freedom is 50, | cannot find that row). Meanwhile, the z-table—being
independent of the sample size n (as long as it's above 30)—contains enough density of information
to cover nearly all cases with a precision of 0.01 (from 0.00 to 3.09, enough for most cases).
Therefore, even though we lose some precision when the sample size n is large, we gain a unified
solution and can quickly look up the answer, so we choose the z-distribution approximation over the
t-distribution calculation. Am | right?

Answer: Yes, when nn > 30, the £ values are very close to z values. There is no need to use the 7T'-
table anymore.

3. Concerning question 2, there is another issue: in Appendix A LO7, when the sample size n > 30

2 is unknown, whether or not the sample follows a normal distribution

and the population variance o
(both case | and case Il), we use the CLT to justify the use of the z-distribution for estimating the
confidence interval. But earlier, we mentioned that when the population variance ¢ is known and
the sample is normal (Case I), there is no need to use the CLT because the calculation is exact. So, my
question is: in Appendix A, for Case |, does the initial step using the ¢-distribution followed by the use

of the CLT imply that, because the population variance is o? unknown, the CLT approximation is


af://n3913

unavoidable? Is it because the x2-square distribution, unlike the sum X1 + X3 + - - - + X, does
not strictly follow a normal distribution (especially when n is small) so must rely on the CLT?

Answer: For case |, we don't use CLT. It is just based on the property of t distribution, when n > 30,
the curve of t-distribution can be approximated by that of standard normal.

Additional question 1: For "the curve of t-distribution can be approximated by that of standard
N(0,1) n—>00 X; +X2+ +X2 n—oo

20175 i, 1) K10 = B

thought that this step of asymptotic approximation still employs the CLT:

X24X24+-4+X3

T 1) e S Ty a1+

2
n

normal”, which can be written as t(n) =

Here, the mean of 1 and the standard deviation 4/ % are calculated using Gamma integrals from

PDF, but it's not our focus, so in case | we skip the proof. But it still use CLT (or say, Law of Large

. .. n‘)m .
X1+X2:L_ +Xn > W), right?

Numbers

Additional answer 1: Indeed, to show that t-distribution converges to the standard normal
distribution, we can show that the PDF of t-distribution converges with the standard normal PDF. We
do not need to use CLT.

The PDF of t-distribution can be found at https://en.wikipedia.org/wiki/Student%27s t-distribution.

Additional question 2: Got it! May we prove like this:

The PDF of t-distribution is:

as

where B is the beta function.
P 2
Then, we have lim (1 + & ) e T & f(®) i N(0,1).
V—00
1
VvB(3,%)

2
entire real domain is 1, so the one whose PDF proportional to e 7 is the standard normal

Here the constant doesn't need to be computed, because the integral of the PDF over the

distribution.

Additional answer 2: The proof concerns the limits of functions. For more details, please refer to the
online or office reference.


https://en.wikipedia.org/wiki/Student%27s_t-distribution

4. As mentioned in question 3, when the sample size n > 30 and the population variance o2 is
unknown, if the CLT is unavoidable, could we combine the proofs for Case | and Case II? That is,
could the Case | scenario be merged into Case Il for a combined proof, since both methods rely on an

asymptotic approximation based on the CLT?

Answer: Refer to the answer of Q3.

5. Following question 4, on one hand, | think these 2 cases may be combined together; on the other
hand, | feel that Case | and Case Il are somewhat different: Case Il uses Slutsky’'s Theorem, which
appears to simultaneously approximate both .S and \/ﬁ(f — p), then takes the ratio of their
approximations as an approximation for the true ratio. Does this approach incur a greater
approximation error than the single-step approximation in Case I? In other words, does it
converge more slowly? I'm not very clear on the methods and terminology for evaluating
approximations.

Answer: Refer to answer of Q4.

6. As of the end of LO7, can the methods we have learned for constructing confidence intervals for
the population mean p be summarized as follows:

Categories: Whether the population variance g2 is known; whether n is greater than or equal to 30;
whether the sample follows a normal distribution. This gives a total of 2x2x2 = 8 combinations.

Out of these 8, we have taught 6 cases, and 2 cases have not been covered:

@ Population variance o? known, n > 30, sample follows a normal distribution: z-distribution +

2

population variance g, exact solution.

@ Population variance o2 known, n > 30, sample does not follow a normal distribution: z-
distribution + population variance g2, approximate solution.

® Population variance o2 known, n < 30, sample follows a normal distribution: z-distribution +

2

population variance ¢g*, exact solution.

@ Population variance o2 known, n < 30, sample does not follow a normal distribution: not taught.

® Population variance o unknown, n > 30, sample follows a normal distribution: z-distribution +
sample variance s2, approximate solution.

® Population variance o unknown, n > 30, sample does not follow a normal distribution: z-
distribution + sample variance s2, approximate solution.

@ Population variance o2 unknown, n < 30, sample follows a normal distribution: ¢-distribution +

2

sample variance s, exact solution.

Population variance o unknown, n < 30, sample does not follow a normal distribution: not
taught.

Or, write it as two tables. a (1 — «)-confidence interval for the mean (i is:



@ When o?is known,

sample size \ 1ID X; normal unknown
small [z — 22 - NIRRT Wi not taught
large [E—z%-ﬁ,f—i—z%-%] T — za %,54_2%.%]
® When o2 is unknown,
sample size \ 1ID X; normal unknown
small [z —ta- ﬁ,f +ts - ﬁ] not taught
large [E—z%~%,5+z%-%] 5—2%'%,5—#2:%-%]

Answer: A summary has been provided on Page 13 of L7.

7. For the two "not taught", would you mind providing some information for me for further
study?

Answer: The untaught case is an open problem as we have no idea about the distribution of the
sample mean. As you can see, for all the cases, we use the fact that the sample mean follows a
normal distribution or can be approximated by a normal distribution.

4. AS-BR s | IEERR
W 7.1.5 AE-FRE5IHE .
Neyman-Pearson 5|18 : 7EAEFE—SSEIRMER (EEMKFE) o T, WFEREIK Ho f1 Hi, 184l

_ hi(=)
fo(z)

MRERIISALLIRTE (LRT) BEERATIN, HHEk, NFHE—EMRE ¢(z) HE

[ é@) @)z <a,

R* ={z: L(x) > €} (R L(z) = & Mis 4B
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[é@1ni@)iz < [ o' @hi(e)de.
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& X £ Hy TR PDF/PMF A fo(z), £ H1 T8 fi(z). BXSALL
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= E
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