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1.1 HFZ0E

Sample Space

The sample Space ) is the set of all possible outcomes.

1.2 5%

Event

An event E is a subset of the sample space (2.

If ©2 has n elements, it has 2™ events (subsets).

BIMEHRE.

1.3 H=EE (—)

Probability Axioms (Probability in Finite Spaces)
The probability of an event is the sum of the probability of its outcomes.

1. probabilities are non-negative,

2. probabilities add up to one.

1.4 SR

Probability Calculation for Events
The probability of an event is the sum of the probabilities of its outcomes.

RSN TEMRE—NEGE, BEAXNEHHRES N TERENSERZM. (F8, BRSTEMR
37)

Uniform Probability Law

If the outcomes in ) are equally likely, then the probability of event A will be

i A
P(A) _ Number of outcomesin A |A|

~ Number of outcomesinQ ~ Q]

i.e., the probability calculation simplifies to counting.
TRFRIESERES TR, BRUMN. AERIANXFE R, EB=A.

| A| means the size of A.

Lecture 2 i1#/RIE
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2.1 SRiEIFIE

Proposition (Product Rule)
Suppose that

e there are n possible outcomes for Experiment 1,

e For every outcome of Experiment 1, there are m possible outcomes for Experiment 2.
Then, there are m Xn possible outcomes for the two experiments.

HETEEANRIEZ—. I ENGG 2440 Bffcsi .

2.2 HE5UE8

Permutations

A permutation of n different objects is an arrangement of the objects into an ordered sequence.

For n different objects, there exists n! different permutations:
nl=nxn-1)x---x2x1

IVE: M3k, factorial

fl: 24Ndice, ARMEAIEEZR

6x5

oot

6x6

fil: 6/Ndice, ARMEIMEEER

6! _ 720 .
66 — 46656 0.015

f5l: 24dice, FAA 7
6

o=

6x6

1+6, 2+5, 3+4 Ffg, H 6.

B IELRIE

1
6

BYE—IRTF, BRI KE.

f5: 24Ndice, #1¥9 odd
B
FE: FEHBE (F+3, B, B8+5F, B8, T8

BT SR (B MERIEANE)

1 1 1 1 1 1 1 1 1 1 1 1 _
TX2 T XaTeg X tegXaTgXaTgxX3=

o)
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A= RERE

6x3

1
-2

6x6

f5l: 24Mdice, FE—NEEEZANK

142434445 _ 15

6x6 36

w88 = 15, ZXBIR, HEEFY

Bl: =DA, EBHERRER
_1%7961 :'E'\EJ?J‘E 73

HBE: 7
7o 1
73 T 49

Bl: =N, EBRNERARRE
_J% 79&: /%\E—E\E 73
EHARAL: C7- A3 =7x6x5=210

210 __ 30

75 T 49

2.3 £H1FE

birthday paradox
T AE (2 € [1,365) , £RBEANEE
fiR:

. 365 _ 365! _ 365!

FrE4sE: 365°

3657 —C365 Az 365!
Pa 23 . T A _ -
BESHE: 365" 1 365%(365—x)!

TS WTFEEr, EARRETRIEENERNEARS.
$x =110

365! -
— Sy ~ 0-0999999895 > 0.9

$r =50

365! N
T 3657(36550)1 0.9704 > 0.9

A python {EHEEY f(2) = 1 — gyes—yr (@ € [0,365]) MIEHR.
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Function Plot of f(x)
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0.0

# pip install numpy matplotlib
# %% numpy A matplotlib JE

import numpy as np
import matplotlib.pyplot as plt
from math import factorial, Tog

# ERE F(X)
def f(x):
if x > 365:
return 1 # @EHEHENIERRE 1
return 1 - np.exp(log(factorial(365)) - x * 1log(365) - log(factorial(365 - x)))

# R x E

x_values = np.arange(0, 366)

# HEX MR FOO A

y_values = [f(x) for x in x_values]

# 22K

plt.figure(figsize=(10, 6))

plt.plot(x_values, y_values, Tabel=r'$f(x) = 1 - \frac{(365)!}{365Ax (365 - x)!}$",
color="blue')

plt.title('Function Plot of $f(x)$', fontsize=14, fontname='Times New Roman')
plt.xlabel('x"', fontsize=12, fontname='Times New Roman')

plt.ylabel('f(x)', fontsize=12, fontname='Times New Roman')

plt.ylim(-0.1, 1.1)

plt.x1im(0, 365)

plt.axh1line(0, color="black', Tw=0.5, Is="'--")
plt.axvline(0, color="black', Tw=0.5, Is='--")
plt.gridQ

plt.legend(prop={'size': 12, 'family': 'Times New Roman'})
plt.show()



2.4 HEH

XY Binomial Coefficient, ZIRTLEZN.

Given a set S of size i, the number of subsets of size k will be

(+) - wm

The number of possible arrangements of k object of Type A and n — k object of Type B into an

ordered sequence will be (Z)

EAM n ANE kA, Ff n — kN2

Bl 8L 215, #21, FHlE, FRGHR
8§x2+2x8 32 1

10 2
9

F—MIEANE, HE—NHEBE N

2.5 SIMARE

Multinomial Coefficient, —IRT\ZREATHE .

For a set S of size n, the number of partitioning of the set to partitions of size k1, ko, ---

n==Fky +ks+---+ ki) will be

n B n!
k17k27"'akt B kl'kQ'kt'

The number of permutations of k1 objects of Type 1, ks objects of Type 2, ..., and

n
kbk??”"kt

AHENHES, EMt R, 1Rk, .., Bk, B (

k: objects of Type t will be

kla k?a ] kt) ﬁm;i

Bl SHR, R

B
EERMEHENG], WECHKIMERFESE, & arrangements #3ER.

Al = nl. HER/MBERERTAIR, F R AS M.
ERIBETHE, WBERLLAL, A, -, Af RitESRA kllkﬁ-!--kt!‘

YRR/ AMBRBRITFTCK.

HHES:

, ki (note that
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n n n —kq n—--—kiq
— X X...X
ki,kay - ki k1 k2 Ky

2.6* Y{A)iEtRE

How to choose a probability model?

Approach 1: Common Sense

For example: If there is no reason to favor one outcome over another, we assign the same probability
to the outcomes.

Approach 2: Frequency of Occurrence

We assign the probabilities based on the fraction of times that an outcome occurs when the
experiment is performed many times under the same conditions.

SMERAETHEER.
Note: The more times we repeat the experiment the more accurate the model will be.
Example: A probability model for the gender of newborn babies in Hong Kong

Common Sense: Equally-likely outcomes in Q = {boy, girl}
Frequency of Occurrence: rely on the published data (Male is more)

Approach 3: Ask the Market

We can ask the field experts and use their averaged assigned scores as the probabilities.

PRI

Lecture 3 iHINELS:

Probability Axioms and Models

BESEIPR: 1.1 BEAZH , 1.2 HfF.

3.1 3EE
Intersection of Events

The intersection of events happens when all the events occur. We denote the intersection of events A
and Bwith A N B.
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3.2 &£

Union of Events

The union of events happens when at least one of the events occur. We denote the union of events A
and Bwith AU B.

3.3 #&

Complement of Event

The complement of Event A (denotes by A°)is A’s opposite event. In other words, A€ happens if and
only if A does not happen.

3.4 HRFHEH

Disjoint Events

We call events A1, Ao, ... disjoint events (or mutually exclusive events) if
the intersection of every two events A;, A; (i # j)is the null event:

Vi#£g, AinNA;j=0
RWAERE, NERSMH

3.5 Hi=RE (D)

£3]: Probability in Finite Spaces and Probability Axioms
O 1.3 WA (—) .
A probability assignment P to sample space {2 should satisfy the following three axioms:

1. For every event A, P(4) > 0,
2.P(Q) =1,
3.Ifevents Ay, As, ---aredisjoint, P(A;UAyU---) =P(A;) +P(As) +---

3.6 BT EEN

Rules for Probability Calculation

Complement Rule
For every event E and its complement E¢:

P(E) = 1 — P(E)
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E O

Difference Rule
If events B, F satisfy E C F, then:

P(F N E°) = P(F) — P(E)

Q

As aresult, if E C F then P(E) < P(F).

Inclusion-Exclusion Principle

BRRE
For events E, F

P(EUF) = P(E) + P(F) - P(ENF)

Q

AR
P(EUFUG)=P(E)+P(F)+P(G)—-P(ENF)-P(FNG)-P(GNE)+P(ENFNG)

Lecture 4 45557

Conditional Probability & Independence

4.1 FFHEE=

Conditional Probability

The Conditional Probability P(A|F') represents the probability of event A
assuming that event F' happened.
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The conditional probability of A with respect to reduced sample space F'is given by the formula

P(ANF)

PAIF) = 5

4.1.1 R

Properties of Conditional Probability

Conditional probabilities P(-|F') are probabilities over reduced sample space F and satisfy probability
axioms:

1. For every A, P(A|F) > 0,
2.P(F|F) =1,
3. For disjoint events A, B:P(AU B|F) = P(A|F) + P(B|F)

Uniform Probability Law for Conditional Probabilities
Under equally-likely outcomes in F'

Number of outcomesin ANF  [ANF)|
Number of outcomesin F |F|

P(A|F) =

TEFM, FARER.

%7F Uniform Probability Law, BJZE 1.4 F/iE% .

4.2 THMH=E

The Multiplication Rule
For events F1, Es we can write the probability of their intersection E1 N E as
P(Ey N Ey) = P(E1)P(E2|E1)
In general, for every n events E;i, Es, ---, E,, the multiplication rule says

P(E; N EyN---N E,) = P(E,)P(Es|Ey)P(Es|E1 N Es) - P(Ep|Ey N Eo N -+ N EBp_yq).

4.3 2EZEATE

Total Probability Theorem

For every event B, F', F'°,

P(E)=P(ENF)+P(ENF°)
=P(E|F)P(F) 4+ P(E|F°)P(F°)
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F/F

I
2

More generally, if events Fy, Fy, .-, F, partition () (disjoint events and Fy U Fo U --- U F),
then the T'otal Probability Theorem says

P(E) = P(E|F1)P(F1) + P(E|F)P(Fy) + - - - + P(E|Fy)P(Fy)
EEEM: BR, B2EaIHE sample space

XF partition BUEN., TI ENGG 2440 B 6.1.5 HE4%45 .

4.4 MHERAT

Bayes' Rule

Consider Events C and E. Then,
P(E|C)P(C)
P(E)
P(E|C)P(C)
P(E|C)P(C) + P(E|C¢)P(C®)

TR, PERASHERANB TR,

P(C|E) =

More generally, if Cy, Cy, ---, C), partition the set of possible causes S,
P(Cy|E) = P(E|C)P(Ch)
P(E|C,)P(C1) + P(E|Cy)P(Cy) + - - - + P(E|C,)P(C,)

4.5 M7=

Independent Events

4.5.1 EEX

We call Events A and B independent if
P(AN B) =P(A)P(B)

or equivalently

P(A|B) =P(A)

4.5.2 t#&H

Rules of Independent Events
If E, F are independent events, then events E¢, F will also be independent.
P(ENF)=PE)P(F)=P(E°NF)=P(E°)P(F)
iEBE: IfP(ENF) = P(E)P(F), then
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P(EU E°|F) = P(E|F) + P(E°|F) = P(E) + P(E°|F) = 1 = P(E°|F) = P(E°)

F—NMEFESXKE 4.1.1 Wi, FIANFSKERBFMNY, RE—MFSHKEHEEX.

4.6 =337

Independence of Three Events
We call three events A, B, C independent events if these four conditions are satisfied:

1. A and B are independent: P(A N B) = P(A)P(B)
2. Band C are independent: P(BN C) = P(B)P(C)
3. Aand C are independent: P(AN C) = P(A)P(C)
4. AND we require P(AN BN C) = P(A)P(B)P(C)

A= NREARRERDIPIRTYE, RI=MERRENER TR R RHE.
TNERHE, A BEIEBA= SR IR .

XFRAERE, T 4.7 LHPEE.
4.7 ZEHMT

Independence of Several Events

We call n events Ay, Ay, ---, A, independent events if for every subset of {Ay, ---, A,}, the
probability of the intersection is the product of their probabilities.

Ifnevents {A;, ---, A,} areindependent events, then the independence is preserved when we
replace some event(s) by their complements, intersections, unions.

RFAMIPARSL, XBESHMIRT MERAXFRE AIH AR R

4.8 FR{FIH37

Conditional Independence
Events A and B are independent conditioned on event F' if

S A, BRTRESH F REMIEIA
P(AN B|F) = P(A|F)P(B|F)
Note that the above equation is equivalent to
P(A|BNF) =P(A|F)

T F &4TF, BRESEN A BERSEMN.

FREMHRREN, XA MAATAEHE:

P(ANB|F) =P(A|F)P(B|F) < P(ANBNF) =P(A|F)P(B|F)P(F)
P(A|IBNF) =P(A|F) < P(ANBNF)=P(A|F)P(B|F)P(F)
72 Independence does NOT imply conditional independence

PNEHIET, AERECIERLRM AR
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fBign, roll two dice, TEFIN 7 BIZIET, "the second die is 3" X "the first die is 4" BIHIZE=ME (M %
2549 100%)

Lecture 5 [EiNZESE

Random Variables: #E&S 42

5.1 BEbEiNES

Discrete random variable
A discrete random variable assigns a discrete value to every outcome in the sample space €.
For example: Random variable X is the number of Heads in tossing 3 coins.

IP=RED, EEHTAREEHE— N EERENEZE (0,1,2,3, EEMBER) -

5.2 i REFHLL PMF

Probability Mass Function, BRHBIUEEEESREL (discrete density function) .38, AEHERE
EX%% (Probability Density Function, PDF) jBi&, EERTESMENTE.

The Probability Mass Function (PMF)p : R — [0, 1] of a discrete random variable X is the function
p(z) =P(X = z)

We can describe the PMF by a table or by a chart.

x| 0 1 2 3 ”
pe) | Ye 3s 3 s pe
ey

Table describing the PMF Chart describing the PMF

For every random variable X, its probability mass function satisfies the following (based on
the axioms of probability):

1.Forevery z € R, p(z) > 0. [non-negative]
2. If x is the set of all possible values of X, then the PMF values on x will add up to 1:

Zp(ac) =1.

rEX

Lecture 6 Z—I/JL9 %

Random Variables: ZIRF0) {81570
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6.1 ZIA9 7

Binomial Random Variable

We call X a Binomial(n, p) Random Variable when X represents the number of successes over
n independent trials, each with a success probability of p.

Femrsctd: aIREL n FIEIRAIBKINR p 1B, JR/SCIe (ANREMAA, FEWE, SUAR"IS
) .

FYIhE p 1878, RSN T &R trial ZIARIT.
X BEZIH%, @ig: X ~ Binomial(n,p).

XEBRER independent trial BRI result, FEINEH 1, KMAEAH 0.1% result Bl Lecture 8 12
289 Bernoulli Random Variable.

Example 1: We toss n coins. The number of Heads is Binomial(n, %).

Example 2: We toss n dice. The number of 3's is Binomial(n, %)

Counter Example:
We draw a 10-card hand from a 52-card deck. Let
N = number of Aces among the picked cards.
Which one is the random variable N?
1. Binomial(52, 1)
2. Binomial(52, 15)
3. Binomial(10, 1)
4. Binomial(10, 55 )
5. None
TEE#E, EUE4, LbrtER 5 EABKMEAMERR (A7) .
XEpr E R A5 1.
A AFRKREAE, SRS Z AR AFMzA9?
Proof:
ESIERISINTE ((ER—MIBHE A NHEBE &) .
E B 52 SKATREHEERESHH 2 3K. 1R A Rn "SRR Ace”, B FRR "SRR Ace".
P(A) =35 =15, P(B)=P(4) - +(1-P(A) 5 =5
BT EE LK ARES N KRGIE, B 4 s BT 51 sKeMESHES, B 51! IS
P(ENUHhFIA) = 4?—25!“ = %
= P(A)=P(B)= 15
SATSUERAANIRST :

P(AB) = P(A) - P(B|A) = 3+ P(A)- P(B)

1
I3~ 51
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6.1.1 PMF

PMF of Binomial Random Variables

The probability mass function (PMF) of a Binomial(n, p) Random Variable is

p(k) =P(X =k) = (Z)pk(l _ )k

IS TEAHER! IR trial TSR (ELATHAE) TRAEXALS
k M 0 B n BB,

%9 0.02 'H‘Etsgz : np

0o 1 2 3 4 5 6 7 8 9 10 [X

af 1.
0 5 10 15 20 25 30 35 40 45 50

6.1.2 HREB/RE/ B E
HAEE: np
W 9.5 ZIisAiIE .
REC [(n+ 1)p]
Z(n+1pEEHK WE (n+1)p, (n+ 1)p — 1 EIRE
7% np(1l - p)

W 10.12 —TAAITT %

6.2 JLTH %

Geometric Random Variable (jF&=, AZ28 /@9 %)

We call X a Geometric(p) Random Variable when X represents the first time of success over
a series of independent trials X1, Xs, - - -, each with a success probability of p.

X = first (smallest) n such that X,, = 1 (success).
A n ORCRHR, BRBINES kIORAIEE.
X BENEAD, &@ie: X ~ Geometric(p).

Example 1: We toss a coin until we see the first Heads. The
number of coin tosses to see the first Heads is Geometric(%).

Example 2: We roll dice until we see the first 6. The number of die rolls to see the first 6 is

Geometric(%).
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6.2.1 PMF

PMF of Geometric Random Variables

The probability mass function (PMF) of a Geometric(p) Random Variable is

p(k) =P(X =k) =p(1 —p)*¥!

0.05 Geometric(0.05)

0.04

0.02

0.01

0003 5 9 13 17 21 25 29 33 37

XR—FHED, "N EB/EHS, EXfomiluTsh.

EM 13 oo RUEEEL

6.2.2 HREB/RE/ B E
HAER:

1
p

W, 10.6 JU{ATo A |

W 10.7 JUEIS AT 2%

Lecture 7 CDF ;82 HAtE

Random Variables: ZEffHEREL. ANS . HIEE

7.1 RO HRE

Cumulative Distribution Function
For a random variable X, its cumulative distribution function (CDF) F(w) is:
Flz)=P(X<z)=1-P(X > z)

 For a Geometric(p) random variable X, the CDF will be

Fk)=P(X<k)=1-P(X>k)=1-(1-p)F

= F(k) =p+p(1—p) +p(1—p)*+ - +p(1—p)* T =p- L =1 (1-p)*

e For a Binomial(n, p) random variable X, the CDF will be

F(k) =P(X <k) = <g)p0(1 g (?)pl(l ) ey (Z>pk(1 ek
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AR, NRXBERELN, flllk=n—-25k=n—1, EFWEL - P(X > k) tE.

e Question: Alice randomly sprinkles 25 chocolate chips on 5 cookies. What is the random variable IN on
how many chips a cookie gets?

o Answer: N ~ Binomial(25, +)
e What is the probability a cookie gets no chips?
o Answer: P(N =0) = (1 - i)25 ~ 0.004
o ZZ: P(N=0)= 525 ~ 0.004
e What is the probability a cookie gets exactly 5 chips?
o Answer: P(N = 5) = (¥) (l)s(l — %)20 ~ 0.196

(5)4*
o Z=: P(N=5)= 2 ~ 0.196
e What is the probability a cookie gets at most b chips?

o Answer: P(N <5) = (7)(3)°($)® + - + (5)(3)°(5)% ~ 0.617

e Question: Alice randomly sprinkles 250 chocolate chips on 50 cookies. What is the Random variable NV
on how many chips a cookie gets?

o Answer: N ~ Binomial(250, &)
e What is the probability a cookie gets no chips?
o Answer: P(N =0) = (1— )250 ~ 0.0064
e What is the probability a cookie gets exactly 5 chips?
o Answer: P(N =5) = (%) (& )5(1 — 5—10)245
e What is the probability a cookie gets at most 5 chips?
o Answer: P(N <5)~ 0.616

i(%o) Ly 510)2502

=0

~0.177

IHENSmt, FRRE: ERBRD L.
2024.12.10: B MRBAISE, EIMIHMRARAMER T —X, BEREHXET ..

7.2 ;829
Poisson Random Variable

IO E n BIS K (FEEEEREE) BY, Binomial Random Variable X 5JLUR{ELY9
Poisson Random Variable X. X84 n 5 p ABE%E, RE—ZEE ) = np.

HEOREBEARENN, REOERMESRAIIRES/N (/T 1)

FTEAE A, BEEn =100, p= 54z Mn = 1000, p = o7 WA HEEER, BEHMHH
HERERHET2ER. XE A ZH2.

TR, AERRRS LS h, FREEASREENER, fINEEE k > n BIETHE (BEAR
N, BEARFEERER, LMD HEr-EEFT 0)

AR TR IR BRI, BB RREEN: n,p, MEE, MIZSCR.
X ELHEENS%, @id: X ~ Poisson().
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7.2.1 PMF

PMF of Poisson Random Variables

A Poisson(\) random variable X has the PMF:

p(k) = e 3

=M 0 BIETFHIEEE.

n FTHKRES, SAHARTLARIBBEA?
Solution:

ERIHT X ~ Binomial(n,p).

k> 18,

: 1 n! A k _i n—k

"lggop(k) _nhjgo El(n — k)! (n) (1 n)
oon(n—1)---(n—k+1) A Aok
_nlglgo Py ﬂ(l_;)

_ 1 E—1 Ak Aok
=lm1-(1-—)(1-——)7r (1~ )
)\k

_ A
=e F

7.22 HiER/RE/BE

HAZE: A

DL 9.6 iasrAiRHEE
RE: | A

HAREH, WE A, A — 1EMRE
AE: A

W 10.13 JHFA AR KT 2

7.3 HREE
#FHAE, Expected Value of a Random Variable
XETIEHY
REICPIRAEIE, FiHFP—ARIRIIE (Mean), ER—HIMTIIERE.

The expected value (expectation) of a random variable X with PMF p(z) is
E[X] = > zp(z)
T

E #R+$ES, BAEER—MEE (EHEE X)
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The expectation is the average value the random variable takes when the experiment is done
many times.

7.4 BHREINEERIRE
Function of a Random Variable
Y = f(X)
FENZEAREBEMENEZE.
RHHERE, 1€ X N NMERET [ IREY, BEHNSH Y.

7.4.1 PMF

PMF of a function of Random Variable

If X is a random variable with PMF px , then Y = f(X) will also be a random variable with PMF py :

py(y) = > px(z)

z:f(z)=y
AEEEEN ¢ METEIRE— v £, SEIEC(IMERRFIEEFIIE=R.

Example:
48 0 1 2
p(z) 5 1 1

Y 0 1
p(y) 3 2

7.4.2 HREE

Expectation of a Function of Random Variable

The Expected Value of f(x) for a function f and random variable X is
E[f(X)] = X f(z)p(z)
T

IR p(r) NRAXS z MEHREIZIRT f(x) sk, Bisk— f(z) BF

Example

PMF of X:

T |0 1 2

OIEEE
EX]=0-3+1-54+2-5=1
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E(X-1)?=(0-1)2-3s+(1-1)?%5+(2-1)?2 =2

For a general f, E[f(X)] # f(E[X])
BRI, E[(X - 1) # (E[X] - 1)°
SMEMETR LN, (BRFERIARITE.

Lecture 8 E3F

HihE>

Lecture 9 XS99

TR, XEHICHES
53 B2
The expected value (expectation) of a random variable X with PMF p(z) is
E[X] = > =z p(z)
T
The Expected Value of f(x) for a function f and random variable X is

E[f(X)] = X f()p()

9.1 Bx& PMF

Joint Probability Mass Function
The joint PMF of random variables X, Y is the bivariate function
p(r,y) =P(X =z, Y =y)

P(X =2,V =y)1X=clY = yRREEHHEE

Bl: EEAERTF, ZRRHER

TR, B X = MY = y XWPNSEHERMTA.

9.2 INFENEEAIAEL

PMF and Expectation of a Function of Two Random Variables

If X, Y are two random variables with Joint PMF pxy, then Z = f(X,Y") will also be a random variable
with PMF pz:

pz(z) = Z pXY($7 y)
z,y: f(z,y)=2

—MRFIERNGIFR, ’EMNRTF, 51X E241Y, Z = f(X,Y) = X + Y ER P BRFHI.
B4pz(3) =pxy(1,2) +pxy(2,1)
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The Expected Value of f(X,Y) for a function f and random variables X, Y is

E[f(X7 Y)] = Z f(may) pr(:E, y)

z,Y
XA PMF Rse, SIFATEEEBIR— 2 BORR ¢, y HE, XA KREEEERN.
REGZF pxv)(f(z,y)) KE, EAKIFSHTRR z,y, AR f(=,y).

BRI LAS RIX

E[f(X,Y)] = f(Z)f(w, Y) pxy) (f(2,9))

IR, f(z,y) MIRBEE, Rit1X
a
E[Z] =3 2pz(2)

9.3 HAEErILeTE

Linearity of Expectation
The Expected Value of X + Y, i.e. the sum of random variables X, Y satisfies
E[X +Y] =E[X] + E[Y]

TR BENEIEEREENGMHESENI, EBEENEMEREEXEIR.

9.4 (AZFISH

Bernoulli Random Variable, ¥X&#M=957%, 0-197%

A Bernoulli(p) random variable X shows the result of a trial where X = 1 for the success outcome
with probability p and X = 0 for the failure outcome with probability 1 — p.

ARSI 28 p, FARMTIRLR.
The PMF of a Bernoulli(p) random variable is
4 0 1
p(z) 1-p p
The expected value of a Bernoulli(p) random variable is
EX]=0x(1-p)+1xp=p

7HE: p(1-p)

W 10.12 —Xis A %
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9.5 I3 fhRIHALE

Mean of Binomial Random Variable

A Binomial(n, p) random variable is the sum of n independent Bernoulli(p) random variables
Xl, X2a ) Xn EHitt,

X=X1+Xo+ -+ X,.
The expected value of a Binomial(n, p) random variable is

E[X] = E[X:] + - -+ + E[X,,] = np.

0 1 2 3 4 5 6 7 8 9 10 B 0 5 10 15 20 25 30 35 40 45 50

1.
0 1 2 3 4 5 6 7 8 9 10 B o 5 10 15 20 25 30 35 40 45 50

IR BEA—EFTARE XIGKERZISIFES.

HREE: np
RE: [(n+1)p]
BE: np(l —p)

9.6 iRt THRYHAEE

Mean of Poisson Random Variable
The expected value of a Poisson()) random variable X is
E[X] = A

Informal Proof: lim Binomial(n, 2) = Poisson()) and so
n—oo

E[X] = limn-2 =X

n—00 n

Lecture 10 A=
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10.1 HEFRHEE

Variance and Standard Deviation
Consider random variable X with expected value p = E[X]. Then, we define the variance of X as
Var(X) = E[(X — p)?]
Furthermore, we define the standard deviation of X to be
0 = /Var(X) = VE(X — )7

Note that variance measures how close X and E[X] are for a typical outcome of X.

10.2 FEAT

Another Formula for Variance
Var(X) = E[X?] — E[X]?

iF: X2 2 random variable, &4 possible value & X X MEUERIFS.
EBR: EHHAZEAYZEM,

[
=E[X?+ E[X]? - 2XE[X]]
= E[X? + E[X]? - 2E[X]?
= E[X?] - E[X]?

Example: &—NNHEBRF
EX]=1x++2x++3x++4x++5xL+6x1=35

Var[X] = 3 ~ 2.9167

E—: Var(X) =E[(X —p)?=(1-35)2x + +(2-35)2x + +---+ (6 —3.5)? x +

— _ _ 1 1 1
20 Var(X) =E[X?] —E[X]2=(12x + +22x L 4 ... 462 x 1

1) — 3.5

10.3 &% PMF

Conditional PMF

The conditional PMF pxy(z|y) of X given 'Y is defined as

_ nyy(ilt,y) _ ]P’(X:.T:, Y:y)
oy P(Y=y)

PX\Y($|?J)
For a fixed y, px|y (z|y) is a PMF as a function of .

Example: Roll two 3-sided dice.

X e€{1,2,3}

Y €{1,2,3}

S=X+Ye€{23,4,5,6}

(1) What is the PMF of the sum given the first roll?

The PMF of the first roll X:


af://n820
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The Joint PMF of the first roll X and the sum S":

X\ S 2
1

1 9
2 0
3 0

The Conditional PMF of S given X:

X\ S 2
1 :
2 0
3 0

(2) What is the PMF of the first roll given the sum?
Frb7e.
(2024.12.13) E3J4 5

The PMF of the sum S":

The Joint PMF of the first roll X and the sum .S":

X\S 2
1

1 3
9 0
3 0

The Conditional PMF of X given S

©o|~ w

o[~

w|— o

wo|—

©o|~ w

o[~

o~ I

©o|—=

w|— o= I

wo|—

©o|— =~

o=

p(z)

W= |~

ol

i~
olw ©p o= N
N—r

©|n

@'._.

o[~ o

©|=

wo|— o

ol

©o|~ o

|~

o=

wo|—

©|—



X\ S 2 3 4 5 6
1 1 1 1 0 0
2 0 3 : ; 0
3 0 0 1 1 1

Kf#IXZE Conditional PMF [B]38, RFEZINFFIH=1%:
@ FHEHEI PMF (JISRRBE— possible value §iAF)
@ FMHEMFFTREMAY Joint PMF

O FREMEFMEMRERR Conditional PMF

Conditional PMF RHYELE: FHUSBHASTEEBD. BfE Joint PMFER (R @) PHEESBHNED
possible value, FIIX4value ZERHEMHIPMFER (R O) . BEHFHSHEEZ value AR, B3R
@ H possible value FIET (25) BIFFERITISFRLAXNERIRIEEER. B G SHFIETERIE, 5
Zl Conditional PMF 3.

10.4 FR{FHAEE

Conditional Expectation

The conditional expectation E[X|Y = y] of X given Y = yis defined as
EXY =y = >z - pxy(z[y)

For a fixed y, px|y (z|y) is a PMF as a function of z.

10.5 £HIEEFEIE

Total Expectation Theorem
For random variables X, Y, the following holds:

E[X] =X P(Y = y)E[X]Y = y]

DAL, HSBEA,
EREDEST E[E[X|Y]]

E[X|Y =y B—ME (RH520E) , E[X|Y] 257, NF Y WRRRE y, E[X|Y) 5186+
EEX|Y = y).

JEAR:


af://n1023
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_ Z - (Z P(Y = 3)P(X = 2|Y =1v)) (T'otal Probability Theorem)
=> ) z-P(Y =) pxyy(zly)
— ZP(Y =y) Z z - pxy(zly)

=) P(Y = y)E[X]Y =y

Total expectation theorem can be equivalently shown for disjoint events A1, A, ---, Ay partitioning
the sample space A1 U--- U A = Qas

E[X] = éP(Ai)E[X\Ai]
10.6 JL{ 9> 7R AYHAEE

Expected Value of Geometric Random Variable

Consider a Geometric(p) random variable X. Then, E[X]| = %

UEBA: use the Total Expectation Theorem
A={X>1} A ={X =1}

E[X] = P(A)E[X|A] + P(A°)E[X|A]
=(1-p)- I+EX])+p-1

= E[X] =5
E[X|A] =1+ E[X], H&BEHIEA.

B b, ROROZAIEZSSIEEERIES, AR E[(X|A] =1+ E[X] EHSIZHE,
Memoryless Property)

B (M8 ¢
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EX]=1lm1l-p+2-(1-p)-p+---+n-1-p)"'-p

n—oo

. ;. _ =1,

—gggo;Z (1-p)'p
n

_ : i _ i—1

= piﬂ&; i (1-p)
n

— _m i _ )

= pggrﬁlo;[(l p)’]
n

= —plm [Y (1)

=1
. 1_(1_p)n 1
= —pl 1— -~ -7
p lim [(1 —p) T ]
1— —(1— n+1
B R (Dt
n—00 p
1— n+1
n—00" P D
ol 1 —(n+)A-p)"-p—Q1-p""
= pJim[ s - ; |
!
p

KSHE, FASEMIZE f(z) RSB p. p FAREE, RENEH, TR—FHEHAA 1N pE ),
AME.

10.7 JLAIRHRHRE

Variance of Geometric Random Variable

Consider a Geometric(p) random variable X. Then, Var[X] = 117;217

ERE:
Var[X] = E[X?] — E[X]?

Heh, @A ={X>1} A°={X =1}

E[X?] = P(A°)E[X? A°] + P(A)E[X?|4]
=p-1>4+ (1 —p)-E[X?X > 1]
=p-1*+ (1 -p)-E[(X + 1)’

—p 1P+ (1-p) (BIXY + ~ +1)

= E[X?) = ZF

A RIZE—NENERE, HEABERE. TAERNIER, BXHE—T.
(2024.12.11 EIJ#FE) iEZ (TE)

Efla # 18, Y za® = a(l—(nalzz’;jnaw )
x=1
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E[X] = lim } - (1-p)"-p
i=1
_ : _ 52 o i—1
= pnlggo; - (1-p)
T LNy
= pg;rglo;[z (1 —p)]

= plim[i-(1-p)7

1-p)(1-(m+1)(1-p)"+n(l—p)")

=D hm[ 9 ]l

n—o0 p
2—-p
p2
INETS: SR n RENTUKSEHESIARER n X8, #TEF5EN 0, AARBERSHIHZIRIXLL
M, RB/MIEE.

10.8 33793 7h

Independent Random Variables
ERAENA IR B DR XD

X andY are called independent random variables if every outcome pair X = zandY = yare
independent events for all , y values:

P(X=2, Y=y =P(X=2)P(Y =y)
EREATE I @, y EFL

Note that the joint PMF' px y of independent random variables X, Y can be written as the product of
their marginal PMF px, py:

PX,Y(SB, y) = px(z) - py(y)

marginal 8%, AR WEDHMEREDHE—EENNS, NRRAE—NLZEMNAFFEELS, BEER
PMF Bf].

@ HTE: FH PMF

Independent Random Variables and Conditional PMF

Random Variables X, Y are independent if and only if for every outcome y the conditional PMF p x|y (z|y)
is the same as X's PMF px(z):

pxy(z|ly) = px(z)

XEFERNHREESNY € Y iESN € X.
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@ HlE: HAEE
Independence and Expectation

X andY are independent if and only if for every function f, gwe have

UEBBfFRIFE.
(2024.12.12) EXRIEfZ

mMRERWR, XY RUBKREC(INAETRETH (BESM) TeFE, B X (HEEERER
Y, RZIFA XreRURFEBIIERE f 1 g REIERIEER.

FUAIERR
Zf Y)Pxy(z,y)
E[f(X) = Zf Px(z)]> | 9(Y)Py(y

EHEEERE X 5 Y NIEEREE R
H B EIRKIFE.

Note: E[XY] = E[X]E[Y] is not enough to guarantee X and Y are independent.
HEEHIAAEX.

For example, for random variable X with P(X = —1) =P(X =0) =P(X =1) = 3, X and Y = X?
satisfy

E[XY] = E[X®] = 0 = E[X]|E[Y]

However, X and Y are not independent in this example.

10.9 R E

Covariance

The covariance of random variables X, Y with expected values px = E[X] and py = E[Y] is defined
as

Cov[X,Y] = E[(X — ux)(Y — py))]
The covariance can be also found using the formula
Cov[X,Y] = E[XY] — E[X]E[Y]
UEBBAFHAFE.
(2024.12.12) EJ%h7¢:

CovX,Y] =E[(X — px)(Y — puy)]
=E[XY — puxY — py X + pxpy]
= E[XY] — E[X]|E[Y]


af://n1101
af://n1122

10.10 ABXHH

Uncorrelated Random Variables

We call random variables X and Y uncorrelated if their covariance is zero (Cov[X,Y]| =0) or
equivalently E[XY] = E[X]E[Y].

Therefore, every independent X, Y will be uncorrelated, but the converse of this statement is not
always true.

IR —REAER, FERA—EIRIL

10.11 FEMIZE

Variance of Sum of Independent Random Variables
Suppose X, Y are independent. Then,
Var[X + Y] = Var[X] + Var[Y]

Note: The above identity holds only for uncorrelated X,Y, and it does not hold for correlated random
variables.

ENFhBERO.
REREXFAL. I EEBEY, REMIIHMAEX. BARBAIL.
JERR:

Var[X +Y] =E[(X +Y)?] -E[X +Y]?
= E[X?] + E[Y?] + 2E[XY] — (E[X] + E[Y])?
= Var[X] + Var[Y] + 2Cov[X,Y]

ZHBE Cov[X,Y] =0/ (F1BX) , Var[X +Y] = Var[X]| + Var[Y].
F&, Var[aX +bY] = a® Var[X] + b2 Var[Y] + 2ab Cov[ X, Y].

Var[aX] = a® Var[X] ik a Var[X], 2E5 aX #84F a4 X 180, 1 X 5 X BREEXN, 7S
ERSMER. B3it, CovX, X| = E[X?] — E[X]? = Var[X], Bt
Var2X] = Var[X + X] = Var[X]| + Var[X] + 2Cov[ X, X| = 4Var[X].

o

Suppose X1, X3, ..., X, are pairwise independent random variables, meaning for every i # j, X;
and X are independent. Then,

Var[X; + Xo + -+ + X,)] = Var[X1] + Var[Xs] + - - - + Var[X,]

10.12 ZIRSHBRIBE

Variance of Binomial Random Variables
Suppose X is a Binomial(n, p) random variable. Then,
Var[X] = np(1 - p)

Proof: We know X = X; + ... 4+ X, is the sum of n independent Bernoulli(p) random variables.
Therefore,

Var[X] = Var[Xi] + -+ + Var[X,] = np(1 — p)


af://n1134
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EBE: X ~ Bernoulli(p) 9754 p(1 — p)
E[X]=p

10.13 RSB HRIFE

Variance of Poisson Random Variables

Suppose Y is a Poisson(\) random variable. Then,

VarlY] =\
Informal Proof:
lim Binomial(n,2) = Poisson(\) and so
n—oo
A A
VarlY]=lmn-—-(1——=)=A.
n—00 n n

Lecture 11 &ELEES T

Continuous Random Variables

1.1 13899%

Uniform Random Variable

A uniform random variable T over internal [0, 1] satisfies

0 ift <0,
P(T<t)=<t if0<t<1,
1 ifl<t

BFRAEY, TFEtE T ATS TR METER.
EETLEEFEIRE, fP(3 < T < 3).
A TENSEEN 0, THIRNSESEAME.

The probability mass function (PMF) does not make much sense because P(T' = t) = 0 for every ¢

11.2 ZRSHEREY

Cumulative Distribution Function.

TRXEAMEISI ST, BEfttohtBEEER. ZRRERERECIRY COF, W 7.1 RS mmil.
The cumulative distribution function (CDF) F of random variable X is F(z) = P(X < z)
Every CDF F': R — [0, 1] must satisfy the following properties:

@ F'is monotonically increasing.


af://n1172
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@ lim F(z)=0

T——00

® lim F(z) = 1
T—00

Exercise: Find the CDF of a Geometric(p) random variable.

Fk)=P(X<k)=1-P(X >k)=1—(1—p)*

RIEESY.

11.3 195937 CDF

CDF of a Uniform Random Variable

The CDF of a Uniform random variable over interval [0, 1] is

0 ifz <0,
Fz)=P(X<z)=<z if0<z<1,
1 ifl<a

SEhr b, ISR EZENERRRD HEREE .

1.4 IRRZE R

Probability Density Function (PDF), FIESE4ESERY PMF XS RIAGHEES.

For a continuous random variable X, we define its probability density function (PDF) as the
derivative of its CDF"

. F(z+6)—F(z) dF(z)
f(z) = zlsl—{% 1) T T dz

Note: For asmall § > 0, we know F(x + §) — F(z) ~ f(x)d and so for small §
Pz < X <z+96)~ f(x)d

The PDF of the Uni form([0, 1]) random variable is

0 ifz<0
dF ’
fz) = (@) —{1 if0 <z <1,

0 ifl<zx

A PDF can take any non-negative value f(z) > 0 and its value can be greater than 1.

11.5 ¥ PDF §34%

Integral of PDF and Probability Calculation

For a continuous random variable X, the probability of an event E can be calculated using
the integral of PDF' f.Therefore,

P(E) = [ f(z)dz
P(X <t)=[' f(z)dz
ffooo flz)de =1
XA E ARSI 1. 00 1.3 MFEAT () |
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11.6 ELESHRIHAE
Expected Value and Variance of Continuous Random Variables
IR, XEVCHRESEE, XTEAREHE, I 7.3 WH.
RMZRFRTD, FFHAFE.
(2024.12.12) 84178
EX] = [, «f(z)dx
X z FRNTEE—MRE (—o0, +00), ENTFHELSEST, BARE PDF A 0 HXIHATLEERE.

1.7 EERBHHHE
SRFNZERARS, FFHNTE.

(2024.12.12) E3J#h78:

VarlX] = [, (z — E[X])*f(z)dz

ER, 10.2 HEAX AILAREIESDE:

EX] = [ zf(z)dx

11.8 13553 HRIHAE

Expected Value and Variance of Uniform Random Variables
X ~ Uniform([a,b])
Consider a Uniform random variable X over internal [a, b]. Then,

The PDF of X is

0 ifr <a,
fz) =< 7= ifa<az<b,
0 ifb<z
g E[X] = [ ol de = <t

1.9 RIS HIBE

hE: VaT‘[X] = f;(m—E[X])Q bl vdr = -1 (m_ aTer)3|

(2024.12.12) 35 —:

EX] = [} z5lode = %2

E[X? = fabxzﬁda: = +(a® +b* + ab)

Var[X] = E[X? - E[X]? = (b—a)?

12
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Lecture 12 1I88/1IES 9T

Continuous Random Variables

12.1 {8857

Exponential Random Variable
Rain is falling on your head at a rate of A drops/sec. How long do we wait until the next drop?
B 18578 n NMIRE, T—IEEEES ¢ XE (EFLKT n) f9HRE:
P(T = £) = 2(1— 2)

n n

Hps=1
SRR R RS, RIS L
f(s) = lim —P(TIZ%) = de ™

n—o0 n

An Ezponential(\) random variable has the following PDF:

e ifz>0
f(m)_{o if £ < 0

Function Plot of f(x)

2.001 —
1.75 1
1.50 1
1.25 1
3 1.00 1
0.754
0.50 4
0.25 1
0.00
-2 -1 0 1 2 3 4 5
X
The Exponential() random variable X satisfies:
The CDFof Xis F(z) =1 —e
P(X >z)=e ",
The expected value of X is E[X] = +
BIX) % ke Vs = 7 -adle) = —e N[5 [ e d(a) = [ e 4
The variance of X is Var[X]| = %
- - — Az |00  _ 2E[X
E[X?] = [T a*Ae Mde = [[¥ —z?d(e ™) = e |7 — [T e Md(~2?) = )[\ L = 3

Var[X] = E[X? - E[X]? = &

>

The standard deviation of X iso =
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12.1.1 1588 vs JLi
Exponential vs. Geometric Random Variables
T

lim 1 Geometric(2) = Ezponential())
n—oo

Geometric(3/10) | ™

0.25 0.025

Geometric(3/100)

0.20 0.020
0.15 0.015
0.10 0.010
0.05 0.005

0.000

Geometric(3/50)

0.05
0.04
0.03
0.02
0.01
0.00
10 20 30 40 50

0

0.0 0.2 0.4 0.6 08

XAEEREE, JUTDTELZMA 1 FHE. MITHAHE.

EEXE + B MERET, BAEENREN . ETHLFRIURR, B Geometric REENT, 40
2 PMF Bf%. n BHAR, PMF ERURNREKE - #52/ATA Exponential # PDF EI.

A L (ERETE L, AR PMF REIEL:

A A
P(X = = —(1 — — z—1
(x=2)=20-2)
A Az
=(1== n--—1
BRLBEMIXE, < n — oo, 153 PDF:

Moo a
fXNGeametric(%) (‘T) = T}I—>nolo = ln = )\6_)‘_

ERIXMER 0.
FHEE95 AT PDF X3tk
Fx~Brponential(n) () = Ae N
RMAEIEXS [T EHEARHE, BT L, Yn — co MHSEESHRI—HT.
ITER TR, RTINS L BIERME. 18 X ~ Geometric(2), T
E[X] =

o
‘g

>3

1—
()

lim E[£] =
n—00

= [>

Var[X] =

o

>

: X1 1
a Verll =5

TERNMERESS MBS E.
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12.1.2 5% vs ;B2

Exponential vs. Poisson Random Variables

DT ERMBERSHRERR, B HESH T —RKERIE.

Poisson(\) Ezxponential(X)
description number of events within time unit time until first event happens
expectation A %

variance A %

12.1.3 LGiclztE

Memoryless Property of Exponential Distribution

The Exponential distribution is memoryless (the past has no effects on its future), which means for every
expotential random variable X and constants s,t > 0:

P(X>s+t|X>t)=P(X >s)
B,
P(X<s+t|X>t)=P(X <s)

122 IESHH

Normal Distribution as the Limit of Binomial Distribution, 04 Gaussian distribution.

We define the normal (Gaussian) probability density function (PDF) with parameters p and o2 as

1 _ a=w?
f(z) = e

2mo?

Note that the parameters p and o in the above definition are equal to the mean and variance of the
normal random variable X:

EX]=u, VarX]=o
2, RS RHIESH HER MO HRANLLL, BEESAR:
@ IEURHARRE. BADF: n — oo Bp — 0, Bnp = A AR, ESSTH: n — oo B p FRURIRE.
BRD RIS MAERRIR, [ESDHRE D HRIAEEARER.
Q@ ERFHEARR. BT MARERHNRENE, S5 BRKEBZEERDIT.
OF:-= B ERDT: BT, REEREAEREH; [ESHh: &85, JEBUERSEE
@ BFMEARE. ARST: 19BN, HEN, FOR; E59h: 9B u, HE o2, IR
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12.2.1 {REES S

Standard Normal Distribution

standard normal is the distribution of a normal random variable Z with parameters i = 0 and 0 = 1,
i.e. with zero mean and unit variance, as
1 o2

fla)=—=e "

CDF &

FREIERSTE X ~ N(0,1) 89 CDFiEfE ®(z). &(z) = [7, ﬁe*édm SRERNTR, SCRRHER T e
FEERIA.

B, BEXRE—MERTE:

Table 5.1 Area ®(x) Under the Standard Normal Curve to the Left of X.
X .00 .01 .02 .03 .04 .05 .06 .07 .08 .09

5000 5040 5080 5120 5160 5199 5239 5279 5319 5359
5398 5438 5478 5517 5557 5596 5636 5675 5714 5753
5793 5832 5871 5910 5948 5987  .6026 6064 .6103 6141
6179 6217 6255 6293 6331 .6368 .6406 .6443 6480 .6517
6554 6591 .6628 6664 6700 .6736 .6772 .6808 .6844 6879
6915 6950 6985 7019 7054 .7088 .7123 7157 7190 .7224
7257 7291 7324 7357 7389 7422 7454 7486 7517 .7549
7580 7611 7642 7673 7704 7734 7764 7794 7823 7852
7881 7910 7939 7967 7995 .8023 .8051 .8078 .8106 .8133

9 8159 8186 .8212 .8238 .8264 .8289 .8315 .8340 .8365 .8389
1.0 .8413 8438 .8461 .8485 .8508 .8531 .8554 8577 .8599 .8621
L1 .8643 8665 .8686 .8708 .8729 .8749 .8770 .8790 .8810 .8830
1.2 .8849 .8869 .8888 .8907 .8925 .8944 .8962 .8980 .8997 .9015
L3 .9032 9049 9066 .9082 .9099 9115 9131 9147 9162 9177
14 9192 9207 9222 9236 .9251 .9265 .9279 9292 .9306 .9319
L5 .9332 9345 9357 9370 9382 .9394 .9406 9418 9429 9441
L6 .9452 9463 9474 9484 9495 9505 9515 9525 9535 .9545
L7 .9554 9564 9573 9582 9591 .9599 .9608 9616 .9625 .9633
L8  .9641 9649 9656 .9664 9671 9678 .9686 9693 9699 .9706
L9 9713 9719 9726 9732 9738 9744 9750 9756 9761 .9767
20 9772 9778 9783 9788 9793 9798 .9803 9808 9812 9817
2.1 9821 9826 9830 9834 9838 9842 9846 9850 9854 9857
22 9861 9864 9868 9871 9875 9878 9881 9884 9887 9890
23 9893 9896 9898 9901 .9904 9906 .9909 9911 9913 9916
24 9918 9920 9922 9925 9927 .9929 9931 9932 9934 9936
25 19938 9940 9941 9943 9945 9946 .9948 9949 9951 9952
26 9953 9955 9956 9957 9959 .9960 .9961 9962 9963 .9964
27 .9965 9966 9967 9968 .9969 .9970 .9971 9972 9973 9974
28 .9974 9975 9976 9977 9977 9978 .9979 9979 9980 .9981
29 9981 9982 9982 9983 9984 9984 9985 9985 9986 .9986
3.0 9987 9987 9987 9988 9988 .9989 .9989 .9989 .9990 .9990
3.1 9990 9991 9991 9991 9992 9992 9992 9992 9993 .9993
32 9993 9993 9994 9994 9994 9994 9994 9995 9995 .9995
33,9995 9995 9995 9996 9996 .9996 .9996 9996 .9996 .9997
34 9997 9997 9997 9997 9997 .9997 .9997 9997 9997 .9998

U LnE L~

12.3 tRitEll

Normalizing a Normal Random Variable

Suppose a random variable X has expected value E[X] = p and variance Var[X] = o2. Then, random
variable Z = % has zero expected value and unit variance, i.e.,

E[Z] = 0, Var|Z] = 1.
REIHER S ERER, BEALRHTARN.
fign, X ~ Exp(1), E[X] =1, Var[X] =1
Z = % =X -1, B ZAXB& Ezponential Random Variable.

If random variable X has a normal distribution with parameters x and o2, then random variable
X— PO
Z = Tﬂ has a standard normal distribution.


af://n1378
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12.4 TEZSIRA{EL

Normal Approximation of Binomial Distribution
@ HREFE-RIEHHER

DeMoivre Laplace Limit Theorem

If Sy, is a Binomial(n, p) random variable with mean np and variance np(1 — p), then for every

a<b:

S —

lim P(a < _On "D
e np(1 —p)

where @ is the CDF of standard normal distribution.

FR, p= 0.5 N"In%, WECEEREIMEESS MIMMEN, B2 p # 058, REnE
TR, MATLRIFEBESS WAL, BEEEUNERTE p FAEFT 0.5, ME n BAEK. BIE

< b) = ®(b) — ¥(a)

$Fp # 0.5 WiER, —IHHRIESIIEEMIREEREY, ERPAMIRERIEX (RS) .
IR, MEXREER r < S, < ¢ AR, TREEEE r, ¢ 2ifFa, b, EHRINEMBRAN @ REL

BEED S FEE. W 12.2.1 kfEiEAS /i CDF #.

Sn—np

v/np(1-p)
the CDF of Z,, converges to the CDF of standard normal.

Note that Z,, = has zero mean and unit variance for every n, and the above theorem shows

<S8, <q)=P(—=_ < Sm o _amw
]P('T' > Sn = q) ]P( \/np(l—p) - \/np(l—p) - \/np(l—p))

@ ELRHERIE

FEOAHEn — co BER, BI—MOHKEESHE, TUEERES. B2, & n 22— ERARER,
EIEERAIBEASS, AEEASET 3(b) — (o), MESE—SESLMRIE. BHINT:

BESHEP, Pr<X<q=PX=r)+PX=r+1)+---+P(X =gq)

VR /i ar &

PX=r)~P(r—05<X<r+0.5)

PX=r+1)~P(r+1-05<X<r+1+0.5)

P(X =¢q)~P(g—0.5< X < g+ 0.5)
P(r < S, < q) BTG ENEHTIRIE:
Pir<S8,<q)=P(r—05<S5,<qg+0.5)

XEEIA T, g REE, WRAR, BERIER .5

R n — oo Bnp — oo (BN p 2FE), B rilqfBYEMNEBEEAR, WRERLXEEZEN, EN
D0 0.5 BSIAEEET r #0 ¢ FIXEREEE T LAREEALT. fig0, 98 2000000, p = 0.5, N
[P(1999000 < X < 2001000) iEAEEEE, FERIRBERIERN

[P(1999000 — 0.5 < X < 2001000 + 0.5), {BtREHEH

IP;( 1999000—1(()).50—2000000 < X—f((])g(()JOOO < 2001000—0—1%.(?0—2000000) — ]P)(710005 < X < 10005) ) 19.:.&%5

£/\F COF REURBE (0.01) , FIARE, AP(-1 < X < 1) it&EgHAKE!.



af://n1399
af://n1402
af://n1416

Binomial Distribution vs Normal Approximation (n=4000000, p=0.5)

0.00040 4 —— Binomial Distribution
—=—- Normal Approximation

0.00035 |

0.00030

0.00025
=
=
a
2 0.00020 4
S
&

0.00015

0.00010

0.00005 |

0.00000 |

1.996 1.997 1.998 1.999 2.000 2.001 2.002 2.003 2.004
Number of Successes 1e6
12.5 22
o
STEs

Multiple Continuous Random Variables

12.5.1 WEBHE=
Formulas for Two Discrete Random Variables
fxy(z,y) =P(X =z, Y =1y)

> fxv(z,y)

joint PMF

Probability of A

Marginals
Independence

Expectation of Z = g(X,Y’)

12.5.2 BX& 9%

IR, XEVICHEESRTE.

@ CDF

Joint CDF and PDF of Random Variables

(zy)eA

fx(z) = fxy(z,9)

fxy(z,y) = fx(z) - fr(y)
Zg(way)fXY(mvy)

Z7y

A pair of random variables X, Y can be described by their joint CDF' Fxy which is defined as:
Fxy(z,y) =P(X <=, Y <y)

® PDF

Also, we define the joint PDF' fxy using the derivative of joint CDF Fyxy:


af://n1440
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0 0

-2 °F
fxvy(z,y) oz Oy xv (,Y)
. Pe<X<z+ey<Y<y+9d)
= lim
€,0—0 €0

LR AEZEE.

Example: Rain drops at a rate of A drop/sec. Let X and Y be the arrival times of the first and second
raindrops. Find Fixy and fxy.

BEY, EXRERER, MzRAFHHME.
FEhFE.

(2024.12.12) EJ#\7¢

H50<z <y,
Fxy(z,y) =P(X <=z,Y <y)
:/ de MdzP(Y <z + (y—2z)|Y >x)
0
— / )‘e—)\z - )\(y—m))dm
0
= — Aze ™
fXY(may) = 81821? Y(why)
A -y
Ho<y<rz,

FXy(CL',y) —P(X<J: Y<y)

y
/ Ae Mdz P(Y <z + (y—z)|Y > z)
0

/y )\e—)\z o —)\(y w))d
0

—dye M

fxy(z,y) = 8383 Fxy(z,y)
=0

Hrx<0zy <0, FXy(x,y) =0, fxy =0.
LR ERmR,

1—e ™ - Aze™™ if 0<z <y,
Fxy(z,y) =q1—e™ - Aye™ if0<y<uz,

0 otherwise.
B )\2e—>\y if 0 <z< Y,
fxv(z,y) = {0 otherwise.

B& (A=1) :



Joint PDF fxy(x, y) Joint CDF Fxy(x, y)

(A X%

12.5.3 b3
Marginal and Joint Distributions
TR, XBEHeNRESTE.
@ CDF
Suppose Fxy is the joint CDF of X,Y . Then, the marginal CDFs F'x, Fy can be found as
Fx(z) = Fxy(z,+00) = lim Fxy(z,y)
y——+o0
Fy(y) = Fxy(+oo,y) = lim Fxy(z,y)
T—+00
@ PDF

Suppose fxy is the joint PDF of X, Y. Then, the marginal PDFs fx, fy can be found by the integration
of joint PDF

fx(z) = /+Oo fxy(z,y)dy

=—00

FARER— dz, G FREFRIERE.

fr(y) = /%O fxv(z,y)dz

T=—00
12.5.4 A&
Cheat Sheet for Two Continuous Random Variables
FHhTE.

(2024.12.13) EJ%h78
X, Y continuous with joint PDF fxy (z,y). Then,
Probability of
itk | .
Marginals fx(z) = f;:o_oo fxv(z,y)dy

Independence fxv(z,y) = fx(z)fy(y) forallz,y
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Probability of A P(A) = [] f(x’y)e A fxy(z,y)dzdy

Expectation of Z = g(X,Y) E(Z] = [, fy 9(z,y) fxy (z,y)dzdy

Lecture 13 HIOREERE

Multiple Continuous Random Variables, Chebyshev's Inequality and Law of Large Numbers

13.1 &I DT

Independent Continuous Random Variables

Random variables X, Y are called independent if their joint CDF' Fxy is the
product of marginal CDF's:

Fxy(z,y) = Fx(z)Fy(y)

The above definition is equivalent to the joint PDF' fxy being the product of marginal PDF's:

fxy(z,y) = fx(z)fr(y)
2

Example: The joint PDF of independent normal random variables X, Y with mean p and variance o“:

)2 ()2
1 (@—p)*+(y—p)

fxv(@,y) = 5ome 7
Random variables X, Y are called uncorrelated if they satisfy
E[XY] = E[X]E[Y]
If the above does not hold, we call X and Y correlated.
XX SHRENELTE. XFAXM, I 10.10 FHX 1 .

Note: If X,Y are independent, then they will be uncorrelated. However, uncorrelated random
variables may not be independent.

13.2 {4 PDF 53037

Conditional PDF and Independence

For random variables X, Y, we define the conditional PDF fyy as

fx(zly) = —f)?;((:v?;)y)

RN HISERMIERR, T ESTR 2020 it 1.2.2 DUHHidkHT .
@ Independent Random Variables:
Ixyy(zly) = fx(z)forallz,y e R
@ Total Probability Theorem:
fx(z) = [Z_ Fxpy(zly) fr (y)dy

® Total Expectation Theorem:
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E[X] = [E[X|Y = y|fr(y)dy

13.3 ELEES R A ER

Continuous Bayes Rule
EZ A E MR M AT
Consider Events C and E. Then,
P(E|C)P(C)
P(E)
P(E|C)P(C)
P(E|C)P(C) + P(E|C)P(C*®)

P(C|E) =

More generally, if C1, Cs, ---, C), partition the set of possible causes S,

_ P(E|C)P(Cy)
P (CI|E) — P(E|C1)P(C1)+P(E[C2)P(Ca)+ - -+PB(E[|C,)P(C,)

RS E:
For random variables X, Y, the conditional PDF fX|y and fy|X satisfy

fxiy(zly) = fYX(Z’;Z;{X(w)

A fy (y) ATLMBRBIUHERAORE AN SRR

= [ 7 fx o) (@) da

T=—00

13.4 51

PDF of Sum of Independent Random Variables

The PDF ofthe Z = X + Y, the summation of independent random variables X, Y, is the
convolution of the marginal PDF's:

fz(z) = /00 fx(@)fy(z — z)dx

=—00

Corollary: The sum Z = X + Y of independent normal random variables

X ~ N(pg,02), Y ~ N(py, 012/) is a normal random variable with mean p, + 1, and variance
2 2.

0z T 0y

X +Y ~ N(ug + py, 05 + )
EERIE: ML
(2024.12.13) EJ#hFE
BIRARISIES, FESINIKL § K&
IKAITE 0 ERELE—M XERE (SR ANTh) . BEUTRINERSY:
@ £ z = 0 LLEREBRA(E.

6(9:):{;;00’ i;g

@ EBAN A LD A 1.
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/_+<>O 0(z)dz =1

AR A— TR E B TIREAIAERZERR 1.
ER Z BE—NNKE (2, 2 + d2] B9
P(z<Z < z+dz) = fz(2)dz

XMERB AT ERREE
+oo o0
P(z<Z<z+dz) = / / 1z otas) (2 4+ 9) fx (2) fr (y)dzdy

1osay () BIRHES, B8 o+ y 0T [z, 2 + do] A L, B O.
Hdz — 0B, HERERENENAIIOIKAITERERFD d 2 AISRIR:
1[z,z+d2](Z) ~ 6(2 - Z)dZ

XK EISTRTHSE) 0 BLXE, XERILUAR Z1E 28 2 + d2 BF §(2 — Z) B—MRARIE & (X
#dz — 0 BIBLREHIE 0 REENX) -

RNIEREREY,
+o00 +o00
Pe<z<ard)n [ [ oo y)ds fxle)frlv)dedy
BHEdz,
—+00 —+00
fa(z) = / / 5z — = — y) Fx() fy (y)dedy
FIFIkHITE § BREGERTE v,

[ Taeisia= [ o o) = el

IKHITE & EREUR (B
RN fz(2),

f = [ @) fr(e— o)da

—00

XIERETHRRIEN.

(2024.12.13) INFRFBRIAIATRE, (UFHH5.
EX
@ EER
SHFF NSRS f(t) 7 g(t), SIIRBRUEIE (f * 9) (1), BXA:

+00
(fxg)(t) = f(r)-g(t—7)dr
fERE:
SRURMEES T8 — R g (BERALGIRZEIEKES) BER— 1R f, E8MIE t MITEXRIMR
HNESTEE.

—7 (RIREREE, t RIS
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XFATLERREETR, MARERZ (L + 7): ES0EFR, SHATEAMESHN [ReEm] 5% [
RIRE] [ BUCBERMS, BEEEMERN, H18E, NWRAEEXNEN (BRXATEEESHE
ik, BITESRR) . Loh, PR T SRR, BISHRE fxg=gx* f.

@ BHER
SNFEBENFS fn] 7 g[n], BIRBRENH:
+00
(Fxg)lnl = Y fIK-gln — k]

k=—o00

fREE:
FKINELER, BESBIESNERS n MTERNFFINES.

RIF3
@ HE=ie
=g, SRATIUHER MR R 8 Z MRS 1.

() (1R X #1 Y 2R MNRSIAGESRENTE, BEifRBERSSEN fx () 7 fy(v), BBABHIRI
Z = X + Y BOMERBERE f7(2) M2 fx M fy B9E:

+00

f2(2) = (fx * fr)(2) = fx(@)- fr(z —z)de

X Z 1E 2 CBERHEZER X 1Y FEENMEYREET, HE « + y = z lEEREZM.
Bl
g X Y SIRAEE57, X 7 (0,1] 959957, YV 17E [0, 1] £i59595%. W Z = X + Y # PDF A:
2, 0<z2<1
fz(z) = {2—z, 1<z<2
0, oAt
XNERALUBEXT fx 1 fy #HTETRITEEE
2:
X IRMEE S, S8\
fx(@) =X, >0
Y tiRMEEREE S, 809 A:
fr(y) =xe™, y>0
XMY \ER. K Z = X + Y WiREERL f2(2).
RIESIRERE,

+o00
f2(2) = (fx = fr)(2) = fx(@)- fy(z—z)de
ROoXEEEA0 <z < 2
fz(z) = / Ae ™ Xe M) g — )\26’\2/ dz = \2e . 2
0 0

Sl

fz(2) = Nze ™, 2>0
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IERFENIDS . I MRZAEH O IR ZHRMSE A (MBS, FRSEE = 2.

@ (sS4

EEEIEME, SHBETEA—MESEILERAZERS (Linear Time-Invariant System, LTI) BINEAL.
MR z(t) RBBMANGES, h(t) RRSGHBTMLN (VRS RMABTHEE) , WRFHESHES y(t) 2 z(t) 0
h(t) B9565:

y(t) = (x * h)(t) = / OO:1:(7') ~h(t —T7)dr

o0

RRAFNBHESTLUESFRNESSRFFEN— 2. FBEINRE"

B: BIFEANES () B—MEREKS, BHBRL A(t) B— P 8bkh. WSHES y(t) MAREREKT,
FEB(URKIRABEZERAR.

® Bigarig
EEGAIEF, STRETRARESE (WS, S, msansE) 2ERLE.
MNTF_4EG, SRBET BB MNEE. & f(z,y) BANEE, g(z,y) 2ER% (B8) , WER
(f * 9)(z,y) BXA:
+o00 +o00
(f*9)(z,y) / f(T, o) -g(zx —1,y—o0)drdo

SRRERG LB, e MIENBERXENAIINMN, EadmtE .
Bl EREETMEMESEGHITER, TLARUEER, BB

E35
@ ZiE
frg=gxf
@ &&1
fr(gxh)=(f*g)xh
OF:] [
fx(g+h)=fxg+fxh
@ EEMEHR

F{f*g}=F{f} - Flg}
(EEMEZHRITES MIHTEERISTE, S SPaSIRY N T3 R aIaE%.

13.5 B/RAJKAZFNR

Markov's Inequality

Suppose that random variable X > 0 only takes non-negative values. Then, for every ¢ > 0
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af://n1677
af://n1679
af://n1681
af://n1686

Proof: The proof follows from the total expectation theorem:

E[X] = P(X > )E[X|X > t] + P(X < )E[X|X < {]
> P(X > t)E[X|X > t]
>t-P(X >t).

However, this inequality only applies to non-negative random variables.
FREEATHRIEEX|X <t] > 0.
IR, XBEKE > 0.

13.6 tILLBXRAZF

Chebyshev's Inequality

Suppose that random variable X has a mean E[X] = p and variance Var[X] = o2. Then, for every t > 0

2
g
PIX —pl 2 1) < 5

Proof: The proof follows from Markov's inequality for random variable Y = (X — ,u)z > 0. We know that
E[Y] = Var[X] = 02 and so

0.2

P(X —pl 2 ) =P(X —p)* = #*) =P(Y 2 ) < -

Chebyshev's inequality applies to every random variable, even if it takes negative values.

Example:
(a) Find a bound on the probability of < 24 heads in 64 coin flips?
Solution:
X ~ Binomial(64, 1)
= E[X] =np =32, Var[X] = np(1 —p) = 16
P(X<24)=3P(|X-32/>8) <+ -2 =1
RE—NER L, BMERAAT +.
TFRILERTEFNES TNE, MRAEKBEAILSESHENSHIMRE—LREETEFR.

13.7 REERE

Law of Large Numbers

Imagine you observe Independent and Identically Distributed (1ID) random variables X1, Xs, ..., X,
distributed according to PM F p with ezpected value E[X;] = u. The goal in the Law of Large Numbers
is to show:

X1+ Xo+4---4+ X, noo
n

I
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13.8 I FENH

Mean and Variance of the Empirical Mean of IID Variables

Suppose X1, Xa, ..., X, are lID random variables with mean E[X;] = u and variance Var[X;] = o2
Then,
What is the expected value of X,, = —X1+‘7'L‘+Xn ?
— X X,
EX, =E[ZL]+. - + E[Z2] = n x 1 -
n n n

What is the variance of Xn?

Because the variance of the sum of independent random variables is the sum of the variances:

— X X,
Va?"[Xn] = Var(71 + -+ T)

n

0.2

:TLXF
0.2
T n

13.9 S5 KEER

Weak Law of Large Numbers (WLLN)

Suppose X1, Xa, ..., X, are IID with mean E[X;] = u and variance Var[X;] = o2 Then, Chebyshev's
inequality shows

X+ + X, o?
P(|—— — > < —
(== Wz <2
® WLLN
Suppose X1, X, . .. is a sequence of IID random variables with expected value E[X;] = p and

finite variance Var|X;| < co. Define X, = %(Xl + ...+ X,). Then, for every € > 0:

lim P(|X, —p| >€) =0

n—00

@ BlF
Examples of the Distribution of Sum of Independent RVs

NAER, 545
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X=X +..+X X independent Bernoulli(1/2)

030 n=2=0 01 n =40
0.25 0.10]

0.20 0.08]

0.15 0.06

0.10 0.04]

0.05 0.02

0.00 0 1 2 3 4 5 6 0.00 0 4 8 12 16 20 24 28 32 36 40

X=X +t..+X X, independent Poisson(1)

0.20 ﬂ - 3 0.08 ” = 20
0.15 0.06

0.10 0.04

0.05' 0.02

0.00 0o 1 2 3 4 5 6 7 8 9 10 0.00 048 12 16 20 24 28 32 36 40

X=X+..+X X, independent Uniform(0, 1)

n
1.0 — =
n=72 0.4 7n=10

0.8

0.3
0.6

0.2
0.4

0.1
0.2
%8 0.5 1.0 15 00 2 4 6 8

EREGNE n B8R, IREETESS RV




0.40} f(l‘) = (27[)-1/2 e?72

0.35f

0.30f

0.25f

~

BRTEREREMR—— 13.11 oo iipeE .

13.10 tREEL
Normalizing the Empirical Mean Random Variable. XF#rfEll, 12.3 frfitk 7VERER.

Suppose a random variable X has expected value E[X]| = p and variance Var[X]| = o2. Then, random
variable Z = %(X — p) has zero expected value and unit variance:

E[Z] =0, Var[Z] = 1.

Consider IID random variables X1, X3, ..., X, has expected value E[X;] = p and variance
Var[X;] = o? and define

1

X, — . .
=2F has zero expected value and unit variance.

Then, random variable Z,, =

S

13.11 AR PREE

Central Limit Theorem (CLT)

SRR EIRIR I T — RIS B D TR ERITIIEE n — oo MBTIESSH, TIeXEEHEERR
R mEMA.

Consider IID random variables X1, Xs, ... with expected value E[X;] = p and variance Var[X;] = o>.

Then, if we define

LX)+ X)) — g

g

vn

Ly =
the CDF of random variable Z,, will converge to the CDF of a standard normal distribution ¢(z), i.e. for

everyz € R

lim P(Z, < z) = ¢(2).

n—o0
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Therefore, according to the central limit theorem, the sum of many independent random numbers will
approximately have a normal distribution.

Extended class

Class 1

1. return to Origin
odd: 0%
even: head & tail MHERE
n/2 head #0 n/2 tail
Eihead 537
B 2/
head n/2 N84

n
2 2
Ci = =i

ME
o3

n!
1]

R S5

TEINEH LT AR EERA.

NE
ol

IGIE :
whenn=2, x9 =

1
2
_ _ 3
when n=4, 4 = 5

Teacher:
1. FIREARZSE the size of Q = 27
enhanced: £—/R[EIZEIRA

recursion: & t=1 0 t=n-1
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Class 2

P(n) SILAEEHE, B2
F(n) FaIEZHE (0) , BERUER

|Pol = 5 (IF2||Paa| + - + |Ful | Pol)

Class 3

Week 4

BRIT/RE

Class 4

Week 5: Bayes' Rule in Machine Learning

Bayes' Rule (Lecture 4)

Consider Events C and E. Then,

P(C|E) = 719(12{2})((}5(0)
B P(E|C)P(C)
P(E|C)P(C) + P(E|C¢)P(C*®)
Class 5

Week 6: Independence of Multiple Events and Secret Sharing

[BlEG: Independent Events (Lecture 4)
We call Events A and B independent if

P(A N B) = P(A)P(B)
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or equivalently

P(A|B) = P(A)

[BlE: Three Independent Events (Lecture 4)
We call three events A, B, C'independent events if these four conditions are satisfied:

1. A and B are independent: P(A N B) = P(A)P(B)

2. Band C are independent: P(B N C) = P(B)P(C)

3. A and C are independent: P(AN C) = P(A)P(C)

4. AND we require P(AN BN C) = P(A)P(B)P(C)

BI=NSRURRERD RPN, BI=NMERRENER FENUN S E AT sEARHERE.
ANERHE, 7 RSB = BRI EM.

Can we design 4 events E'y, E,, E3, E4such that every two of the events E;, E; are independent, but
every three of the events E;, E;, E; are not independent?

The answer to this question could be useful for secret sharing. Each event E; can be thought of as a part of
a secret given to individual 7.

We consider the modular arithmetic with mod 5, i.e. we replace every integer in our calculation with its
remainder to 5:

x mod 5 = remainder when z is divided by 5
Solution:

We toss two 5-sided dice and suppose we have equally-likely outcomes in the sample space
Q= {(1’ 1)> (1’ 2)a T (5’ 5)}
Define Event E; as the occurrence of ¢ X Dy + Dy mod 5 = 0 for the output of die 1 (D1) and die 2 (D»)
AJLAIERS
1. Forevery i # j € {1,2,3,4}, E; and E; are independent.
2. For every triple i, j, k € {1,2, 3,4}, E;, E}, E} are not independent.

Class 6

Week 7: Independence and Graphical Models
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Class 7

Week 9: Independent Events and Fairness Notions

Class 8

Week 10: Probability and Game Theory

Class 9

Week 11: Inequalities in Probability

Homework & Quiz

Homework 1

Q1. In how many ways can we roll four dice so that

1. The face values of the dice are all different?

2. The face values of the dice are increasing (e.g., 2356 but not 3516, 1224)?
Solution:

1. The first die has 6 possible outcomes. For each of them, there are 5 possibilities for the second die
that are different from the first, 4 possibilities for the third die different from the first two, and 3
possibilities for the last die different from the first 3. The total number of possibilities is therefore
6 x5 x4 x3=360.

(£2) A = ogr = 360.

2. We are choosing 4 distinct face values out of the set {1, 2, 3,4, 5,6} and then writing them down

6
from smallest to largest. This can be done in <4> = 15 possible ways.

Q2. A bin contains 10 black balls and 10 white balls. You draw three balls at random without replacement.
What is the probability that all three balls are black?

20
Solution: The sample space {2 consists of all <10> arrangements of the balls. We assume equally likely
outcomes. The event A consists of those arrangements in which three balls appear in the first three
17
positions. As the other 7 black balls can appear anywhere in the other 17 positions, A has size < 7 ) By the

equally likely outcomes formula,
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17
) 10 x 9 x 8

20 20 x 19 x 18
10

~ 0.1053.

P(A) =

BR 20 M=1E, BREMARF (HEERTE28, FREEEK) .

ARELEHNINFRS (F—RdH, EXME..)

arrangements: %, #EX.
10

‘ <3> m

(ZD)P(A) = W = %
5 g

KRRLE 20 NEKIRS

(E2)P(A) = 35 X 75 X 75 ~ 0.1053

~ 0.1053

FHH=R

Q3. ENGG2760A has 109 students this year, including Alice and Bob. The students are randomly divided
into four tutorial sections with 28, 27, 27, 27 students, respectively.

1. What is the probability that Alice and Bob are both assigned to the 28-student tutorial section?

2. What is the probability that Alice and Bob are assigned to the same tutorial section?

solution: In the following, we use the definition of the multinomial coefficient as

" _ o n
k17k2>"',kt o kl!kQ!"'kt!

The above multinomial coefficient counts the number of partitioning of n different objects into groups of
size k1, ko, ---, k¢. Note that here we suppose n = ki + ko + - -+ + k.

1. The sample space {2 consists of all possible partitions of the 105 students into four tutorials

109
(subsets) of size 28, 27, 27, and 27. There are (28 97 o7 27) = #3;!27! such partitions. The

event A; of interest consists of those partitions in which both Alice and Bob land in the 28-student
tutorial. The size of A; is the number of ways to partition the rest of the students into the remaining

107
) = 107! T Therefore

tutorial slots, which is (26, 97.27,27 = ST

107
26,27,27,27 28 x 27

P(A) = 109 = 109 x 108~ 20042
28, 27,27, 27
GED)P(A) = 2 x 2L ~ 0.0642.
SR

2. Now the event A of interest is a union of four disjoint events Ay, Ay, As, and A4 consisting of those
outcomes in which Alice and Bob are assigned together into the first, second, third, and fourth tutorial,

107
As) = | Ag] = |Ad] = < )

respectively. By a similar calculation as in the previous part,
pectively- By P P 28,27, 27,25

AS|A] = [Ar| + |As| + [As| + | Aq] we get that



( 107 ) . ( 107 )
1Al \26,27,27,27 28,27,27,25) 28 x 27+ 3 x 27 x 26
19 109 B 109 x 108

(28, 27, 27, 27)

P(A) = ~ 0.2431.

RO + SAHEE

Q4. A six-sided die is rolled three times. Which one is more likely: A sum of 11 or a sum of 12?

solution: Let A and B be the events of a sum of 11 and a sum of 12, respectively. As the outcomes are

| ‘ and | 3| so we need to determine which of the

equally likely, the probabilities of the two sums are
sets A and B is bigger. The set A can be partitioned |nto A1 up to Ag depending on the first die roll.

Similarly, B can be partitioned into By up to Bg. Now A1 has the same size as Bs as they both share the
| = [Bs|, [As| =

| = |Bg|. Comparing | A| and | B| therefore amounts to comparing | Ag| and | By|. For

|Ag| =
an outcome to be in Ag the remaining two rolls must add up to 5, while for By they must add up to 11.

Therefore |Ag| = 4 and |B;| = 2, so A is the larger set and a sum of 11 is more likely.
|Ag| = 4: (1,4),(23),(3,2), (4,1)
|B1| = 2: (5,6), (6,5)

ESTR 2018 Extra Question:

Consider a random walk on a line where we begin the walk at the origin 0. At each round, we toss a fair coin
and move one step forward (i.e. we add +1 to the number) if we see Heads or move one step backward
(i.e. we add —1 to the number) if we see Tails.

1. Which integers could possibly be the output of the random walk at Round n?
2. What is the probability that at the nth round we will go back to the origin 0?

3. What is the probability that at the nth round we will go to an arbitrary integer k?
solution:

1. The possible integers to arrive at Round 12 are those integers between —n and n that share the same
parity with n, i.e.,

{-n, —n+2, —n+4, ---,;n—4, n—2 n}

2. Going back to 0 at Round n is only feasible for even n's. Here the sample space is
0= {(al, ++,ap) :a; = —1 or + 1}. Then, for going back to 0 we require
a; +az +---+a, = 0i.e wehave exactly () +1'sand (5 ) —1's. The number of such outcomes
2
0 if n is odd
P(Ao) = (:)
2

on

n
is ( " ) for even n's and so the probability will be:

if n is even

3. Considering the sample space Q = {(a1,- -, a,) : a; = —1 or + 1}, to arrive at integer k we need
ai + as + - -+ + a, = k. This equation can be true only if n and k share the same parity, i.e.,, n + kis
an even number. Then, we need precisely ( "+k) +1's and ("T_k) —1's. Therefore, if n + k is odd we

n

n+k

) outcomes
2

have no outcomes that the random walk arrives at k and if n + k is even we have (



that the random walk arrives at k. Therefore, the probability to arrive at k at Round 7 will be
0 if n + kis odd
_ n
]P)(Ak) o (n+k)

2

—— ifn+kiseven

Homework 2

Q1. Alice, Bob and Charlie hold a lucky draw for two tickets to a concert with the following odds:

e The probability that Alice gets one of the tickets is 60%.

e The probability that Bob gets one of the tickets is 70%.
What is the probability that Alice and Bob both get tickets?

Solution: The sample space consists of the three outcomes {ab, ac, bc}, where ab represents Alice and
Bob getting the tickets, and so on. Denote their probabilities by pay, Dac, and ppc. The event "Alice gets one
of the tickets" is {ab, ac} s0 pap + Pac = 0.6. Similarly pay, + pp. = 0.7. Since the probabilities must add
up to one,

Pab = (Pab + Pac) + (Pap + Pre) —1 = 0.6 +0.7 — 1 = 0.3.

Q2. Alice flips seven fair coins. Let H be the event that the last flip is a head and A be the event that at
least one flip is a head. Calculate

@ P(A°);

(b) P(H|A);

(o P(A|H).

Solution: The sample space consists of all sequences of seven heads or tails, namely ) = {H, T}7. All

outcomes are equally likely.

, . , Ac
(a) A¢ is the event "all flips are tails", so P(A¢) = |2—7‘ = 1%

(b) From the complement rule P(4) = 1 — P(A°) = %g. Then

]P)(H‘A) _ PHNA) _ PH) _ 2 — 64

P(4) ~ P(4) ~ T T 27
(©P(A|H) = % = % = 1. This is sensible: Given that the last flip is a head, at least one must be

a head with probability 1.

Q3. The Los Angeles Lakers and the Boston Celtics play one game in each city. Each team wins their home
game with 70% probability. There is a 40% probability that both win their home games. The Lakers win their
home game. What is the probability that they win in Boston?
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Solution: Let L and C' be the events that the Lakers and Celtics win their home games, respectively. We are
told that P(L) = P(C) = 0.7 and P(L N C) = 0.4. We are interested in P(C¢|L) = P(]g&?c) . By the
axioms of probability P(L N C¢) = P(L) —P(LNC) = 0.7 — 0.4 = 0.3, so

P(C|L) = 32 = 2 ~ 0.429.

Q4. There are 6 red balls and 1 blue ball. Each ball is randomly placed in one of two bins.

1. What is the probability that the bin with the larger number of balls contains k balls (k € {4, 5, 6, 7}
>

2. What is the probability that the bin with the larger number of balls contains 3 red balls and 1 blue ball?
Solution:

1. The sample space {2 consists of all sequences of length 7, where the value of each position can be
either 1 or 2, denoting which bin the ball goes to. Q has size 27. Let E}, denote the event the bin with
the larger number of balls contains k balls. Then Ey, consists of strings that contain k 1s and 7 — k 2s,
or k2sand 7 — k 1s. Therefore, by the equally likely outcomes formula,

Py - 1B (D*(:k) B (Z)

T T 27 26

k=4567 ZBUTA

2. Let A be the event of interest. We represent the blue ball by the first position in the sequence. Then A
consists of those sequences that start with a 1 and have exactly four 1s or start with a 2 and have

6
Al=2- (3) = 40. By the equally likely

exactly four 2s. By the generalized multiplication rule,

5

outcomes formula P(4) = ;—9 ==

ESTR2018 Extra Quetion: Let A be the event "Peter will have installed a home alarm by the end of next
year" and B be the event "Peter's home will be burglarized by the end of next year." The psychologists
Amos Tversky and Daniel Kahneman carried out a survey in which 131 out of 162 people said that
P(A|B) > P(A|B°) and P(B|A) < P(B|A®). Prove that this is impossible. How do you explain the
results of the survey? As a possible project you can read up on this and other experiments in which human
intuition is at odds with probability theory. [Exercise 2.14 in Blitzstein-Hwang "Introduction to Probability"
textbook]

Homework 3

Question 1

There are b red balls, 4 blue balls, and 3 green balls in a bin. You draw two balls from a bin. What is the
probability that:
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1. Ball 2 is red?

2. Ball 2 is red given that ball 1 is red, if the balls are drawn with replacement?

3. Ball 2 is red given that ball 1 is red, if the balls are drawn without replacement?

4. Ball 2 is not blue given that ball 1 is red, if the balls are drawn without replacement?

5. Ball 2 is red given that ball 1 is not blue, if the balls are drawn without replacement?
Solution: Let R, be the event “ball 1 is red” and By, G1, R be defined similarly,

1.P(R2) =5/(5 + 4+ 3) = 5/12 as the outcomes are equally likely.

2. P(R2|R;) = P(R2) = 5/12. Owing to the replacement the color of the first ball does not affect the
color of the second ball.

3. P(Ry|R;) = 4/11 because after the first ball is drawn there are 4 red balls to choose out of 11.
4. P(B§|R1) = 7/11 because after the first ball is drawn there are 7 non-blue balls to choose out of 11.

5. The conditioned sample space given BY is partitioned by the events Ry and G1. By the total
probability theorem,

P(Ry|BS) = P(Ry|Ry)P(R;|BS) + P(Ry|G1)P(G4|BS) = 4/11-5/8 +5/11 - 3/8 = 35/88,

Question 2

Alice, Bob, and Charlie are equally likely to have been born on any three days of the year. Let E 45 be the
event that Alice and Bob were born on the same day. Define Epc and E¢4 analogously. Which of the
following statements is true:

1. Any two of the three events E 45, Epc, Ec4 are independent.
2. Eap FEpc,and E¢ 4 are independent.

3. Egsp U Epc and E¢y4 are independent.

Solution: Our sample space will consist of all triples of possible birthdays (a, b, ¢) where a, b, and c are
numbers between 1 and 365 (we exclude February 29 to keep things simple). We assume equally likely
outcomes, so all triples occur with probability 365 3.

1. True. The intersection of any two events is the event that all three were born on the same day. There
are 365 such outcomes, each occurring with probability 3653, so
P(EsgN Epc) = P(E4pN Ecy) = P(Epc N Egy) = 36572
On the other hand, the probability that any two of them were born on the same day is
P(E ) = P(Epc) = P(Ecs) = 365-1/365” = 365" .
Since P(Eap N Epc) = 3652 = P(Eap) - P(Epc), the two events E4g and Ep¢ are
independent, and similarly for the other two pairs.

2. False. E4p N Epc M Ecy is also the event that all three were born on the same day, so
P(EABNEBC N ECA) = 365.0n the other hand, P(E 45) - P(Epc) - P(Eca) = 3657, so
the three events are not independent.

3. False. The event (E 45 U Epc) N E a¢ happens exactly when all of Alice, Bob, and Charlie have the
same birthday, so P((E4g U Epc) N Eac) = 36572. Using the union rule,
P(E4pU Epc) = P(Eagp) + P(Epc) — P(Eap N Epc) = 2- 365~ — 3657
As (2-365"" —3657?) - 365" # 36572, the events are not independent.

union rule, Inclusion-Exclusion Principle, BRI



Question 3

Cup 1 contains 3 blue balls and 2 red balls. Cup 2 contains 2 blue balls and 8 red balls. We choose a
random cup and draw a ball from it.

1. What is the probability that it is blue?
2. The ball is blue. What is the probability that it came from cup 1?

3.l draw another ball from the same cup without replacement. What is the probability that it is also blue?

Solution: Let C; be the event “cup 7 was chosen”, Bj be the event “the first ball is blue”, and Bj be the
event “the second ball is blue”.

1. By the total probability theorem:
P(B;) = P(B1|C1) - P(C1) + P(B1|C3) - P(C3) = 3/5-1/2+2/10-1/2 = 2/5.

2. By Bayes'rule:

P(Cy|B1) = P(B1|C1) - P(C1)/P(B1) = (3/10)/(2/5) = 3/4.
3. By the complement rule:

P(Ca|By) = 1 - P(C1|By) = 1/4.

We use the total probability theorem again, now conditioned on Bj:

P(B2|B1) = P(By|Cy N By) - P(Cy|By) + P(By|Ca N By) - P(Ca|B1) = 2/4-3/4+1/9-1/4 = 29/72

Question 4

Computers g and b are linked through seven cables as in the picture. Each cable fails with probability 10
independently of the others. Let C be the event “there is a connection between a and b” and F' be the
event “the middle vertical cable fails".

1. What is the probability of C given F?

Solution: Let T and B be the events that a connects to b via the top and bottom paths respectively.
Conditioned on F, events T and B are independent so

P(CIF)=P(T U B|F)=1-P(TcNBc|F)=1-P(Tc|F)P(Bc|F).

Both T and B are independent of F, so by the algebra of independent events, P(Tc|F) = P(Tc) and P(Bc|F) =
P(Bc) and we get that

P(C|F)=1-P(Tc)P(Bc)=1 - (1 - 0.93)2

2. What is the probability of C given Fc?

Solution: Let ¢ be the top middle node. Conditioned on Fc, we can contract the top and bottom single
nodes and picture the network like this:

Let L and R be the events “there is a connection from a to ¢” and “there is a connection from c to b”,
respectively. They are independent so

P(C|Fc) = P(L N R|Fc) = P(L|FO)P(R|Fc) = (1 = P(Lc| Fe))(1 = P(Rc| Fc)).

The complement of L (given Fc) happens when both of the connections from a to c fail. Since they are
independent,

P(Lc|Fc)=0.1 (1 -0.92).

By symmetry, P(Rc|Fc)=0.1- (1 - 0.92), and so

P(C|Fc)=(1-0.1-(1-0.92)

3. What is the probability of C?

Solution: By the total probability theorem:
P(E)=0.1-(1-(1-0.939)+0.9-(1-0.1x(1-0.99)2=0.959.



ESTR2018 Extra Question

Can there be four events E1, Es, E3, E4 so that every pair E;, E/; is independent but every triple
E;, E;, E} is not (1, j, k are distinct indices)?

Solution: We can use modular arithmetic with mode 5 to answer this question.

We toss two 5-sided dice and suppose we have equally-likely outcomes in the sample space
7 =1{(1,1),(1,2),...,(5,5)}

Define Event E; as the occurrence of ¢ X Dy + Dy mod 5 = 0 for the output of die 1 (D1) and output of
die 2 (D»).

The events satisfy the independence conditions stated in the question.

Homework 4

FHFE.

Homework 5

Question 1. A point is chosen uniformly at random inside a circle with radius 1. Let X be the distance from
the point to the center of the circle. What is the

(a) CDF

(b) PDF

(c) expected value
(d) variance

of X?

Solution:

The PDF of the point is uniform over the circle which has area 7, so it has value % inside the center and
zero outside. The event X < z consists of all the points in the circle that are at distance less than or equal
to x from the center, which is itself a circle of radius «x.

(a)(b) Therefore the CDFis P(X < z) = % x mx? = z2, and the PDFis fx(z) = w = 2z for
0<z< L

OEX] = ["Zzf(z)dr = fol 2z%de = 2

(d) E[X?] = fj;o 22 f(z)dz = fol 2z3de = &

Var[X] = E[X? - E[X]* = &

Question 2.
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Bob's arrival time at a meeting with Alice is X hours past noon, where X is a random variable with PDF

10 =157 dherwnse.
1. Find the value of the constant c.

Solution: (J3—{t%44) By the axioms of probability,

[[Zfa)de=Lc=1=c=2
2. What is the probability that Bob arrives by 12.30?

Solution: The CDFis F(z) = [*_ f(x)dz = z*. 5o P(X < 0.5) = F(0.5) = 0.25
3. What is the expected time of Bob's arrival?

E[X] = fj;o zf(z)dz = £.So Bob is expected to arrive at 12 : 40.

4. Given that Bob hasn't arrived by 12 : 30, what is the probability that he arrives by 12 : 45?

P(0.5<X<0.75 2_0.5%
P(X <0.75|X > 0.5) = TG E000) — 01505 _

5. Given that Bob hasn't arrived by 12 : 30, what is the expected time of Bob's arrival?

fx(z) {%ZC 0.6 <z <1
P(X > 0.5)

E[X|X > 0.5] = ["2 2 fxx=05(z)dz = L

Bob's conditional expected arrival time is about 12 : 47.

fxixs05() = 0  otherwise.

Question 3.
The joint PDF of X and Y'is

fX,Y(x’y) = {0 otherwise.

Find
(a) the value of C
(b) The conditional PDF fyx (y|z).
Solution:
a) I3—fe&
_+°° = fxy(z,y)dedy = fo fo (z+y+ 1)ydedy = %C =1
C= %
b fx(z) = [17 fxy(z,y)dy = C(2x + )

fY\X(y’ ): fxy(zy) _ (z+y+l)y

fx(z) 2z+%
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