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Axiom      公理

antenna    天线

consecutive      连续的

Proposition      可翻译为命题，经证明且 interesting，但没有 Theorem 重要，比较常用.

without replacement      不放回（抽签）

die dice     骰子

partition   分类，分割

the event  of interest        感兴趣的事件 

即题目考虑的事件，这么写就不用再抄一遍

disjoint events 不相交事件（不会同时发生）

amount to        相当于

feasible     可行的，可实现的

parity 奇偶性

deck   扑克牌堆

playoff NBA      季后赛

bivariate function    双变量函数

stock  股票

urn     瓮

A is congruent to B modulo 3        A 与 B 模 3 同余

congruent 全等

Covariance 协方差

Uncorrelated     不相关

monotonically increasing        单调递增

converge to        收敛于

sprinkle       撒

 

 

 

 

Lecture 1 基本概念  
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1.1 样本空间  

Sample Space

The  is the set of all possible outcomes.

 

1.2 事件  

Event

An  is a subset of the sample space .

 

If  has  elements, it has  events (subsets).

每个有或没有.

 

1.3 概率公理（一）  

Probability Axioms (Probability in Finite Spaces)

The probability of an event is the sum of the probability of its outcomes. 

1.  are non-negative, 

2.  add up to one.

 

1.4 事件概率  

Probability Calculation for Events

The probability of an  is .

如果多个元素触发同一个事件，显然这个事件的概率是各个元素发生的概率之和。（注意，确保各元素独

立）

 

Uniform Probability Law

If the outcomes in  are , then the probability of event A will be

i.e., the  simplifies to .

注意保证各结果是等可能，且独立的. 不要默认这两个成立，要再三确认.

 means the size of .

 

 

Lecture 2 计数原理  
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2.1 乘法原理  

Proposition (Product Rule)

Suppose that 

there are  ,

For every outcome of Experiment 1, there are . 

Then, there are  possible outcomes for the two experiments.

组合计数的基本原理之一. 详见 ENGG 2440 离散数学 .

 

2.2 排列数  

Permutations

A permutation of  different objects is an arrangement of the objects into an .

 

For  different objects, there exists  different permutations:

感叹号：阶乘，factorial

 

例：2个dice，不同值的概率

 

例：6个dice，不同值的概率

 

例：2个dice，和为 7

1+6，2+5，3+4 两倍，共 6 种.

法二：乘法原理

每个第一个骰子，都有一种第二个来配.

 

例：2个dice，和为 odd

法一：

奇数：奇数+偶数（奇+奇，奇+偶，偶+奇，偶+偶，等可能）

法二：条件概率（第一个摇到某个数）
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法三：乘法原理

 

例：2个dice，第一个比第二个大

法二： ，等大剔除，概率平均

 

例：三个人，生日的星期相同

一周7天，总可能：

相同：

 

例：三个人，生日的星期不同

一周  天，总可能：

星期不同组数：

 

2.3 生日悖论  

birthday paradox

 个学生（ ），生日有重合的概率.

解：

 天，无重合：

所有结果：

有重合概率：

 

生日悖论：对于给定 ，上述概率值可能比直观想象的要大很多.

令 

令  

 

用 python  作出函数 （ ） 的图像.

af://n139


 

# pip install numpy matplotlib

# 安装 numpy 和 matplotlib 库

import numpy as np

import matplotlib.pyplot as plt

from math import factorial, log

# 定义函数 f(x)

def f(x):

    if x > 365:

        return 1  # 超出范围时返回 1

    return 1 - np.exp(log(factorial(365)) - x * log(365) - log(factorial(365 - x)))

# 生成 x 值

x_values = np.arange(0, 366)

# 计算对应的 f(x) 值

y_values = [f(x) for x in x_values]

# 绘图

plt.figure(figsize=(10, 6))

plt.plot(x_values, y_values, label=r'$f(x) = 1 - \frac{(365)!}{365^x (365 - x)!}$', 

color='blue')

plt.title('Function Plot of $f(x)$', fontsize=14, fontname='Times New Roman')

plt.xlabel('x', fontsize=12, fontname='Times New Roman')

plt.ylabel('f(x)', fontsize=12, fontname='Times New Roman')

plt.ylim(-0.1, 1.1)

plt.xlim(0, 365)

plt.axhline(0, color='black', lw=0.5, ls='--')

plt.axvline(0, color='black', lw=0.5, ls='--')

plt.grid()

plt.legend(prop={'size': 12, 'family': 'Times New Roman'})

plt.show()



2.4 组合数  

又叫 Binomial Coefficient，二项式系数.

Given a set  of size , the number of subsets of size  will be

The number of possible arrangements of  and  into an 

 will be .

因为从  个里抽  个，和抽  个是一样的.

 

例：  红  蓝，抽  个，不放回，不同色概率

第一个红第二个蓝，或第一个蓝第二个红

 

2.5 多项式系数  

Multinomial Coefficient，二项式系数的推广.

For a set  of size , the number of partitioning of the set to partitions of size  (note that 
) will be

The number of permutations of , , ..., and 
 will be

不放回抽签，连抽  次，第  次抽 , ..., 第  次抽 ，有  种抽法.

例：分班级，分队伍

 

逻辑理解：

若每次抽完都要排列，则无论班级/队伍存在与否，总 arrangements 都相同.

. 班级/队伍就像隐形的隔板，存不存在都是那么多种排列方式.

若只抽签不排列，则需要除以 . 因此结果为 .

班级/队伍内部顺序无关.

 

数学推导：
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2.6* 如何选模型  

How to choose a probability model?

 

Approach 1: Common Sense

For example: If there is no reason to favor one outcome over another, we assign the same probability 
to the outcomes.

 

Approach 2: Frequency of Occurrence

We assign the probabilities based on the fraction of times that an outcome occurs when the 
experiment is performed many times under the same conditions.

频率估计概率.

Note: The more times we repeat the experiment the more accurate the model will be.

Example: A probability model for the gender of newborn babies in Hong Kong

Common Sense: Equally-likely outcomes in 
Frequency of Occurrence: rely on the published data (Male is more)

 

Approach 3: Ask the Market

We can ask the field experts and use their averaged assigned scores as the probabilities.

比赛结果预测.

 

 

Lecture 3 进阶概念  
Probability Axioms and Models

概念回顾： 1.1 样本空间， 1.2 事件 .

 

3.1 交集  

Intersection of Events

The intersection of events happens when . We denote the intersection of events  
and  with .

 

af://n194
af://n217
af://n222


3.2 并集  

Union of Events

The union of events happens when . We denote the union of events  
and  with .

 

3.3 补集  

Complement of Event

The  (denotes by ) is  opposite event. In other words,  happens if and 
only if  does not happen.

 

3.4 互斥事件  

Disjoint Events

We call events  disjoint events (or mutually exclusive events) if 
 ( ) is :

两两不相交，为互斥事件

 

3.5 概率公理（二）  

复习：Probability in Finite Spaces and Probability Axioms

见 1.3 概率公理（一） .

A  to sample space  should satisfy the following :

1. For every event , ,

2. ,

3. If events  are disjoint, 

 

 

3.6 概率计算法则  

Rules for Probability Calculation

 

Complement Rule

For every event  and its complement :
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Difference Rule

If events  , then:

 As a result, if  then .

 

Inclusion-Exclusion Principle

容斥原理

For events :

可拓展：

 

 

Lecture 4 条件与独立  
Conditional Probability & Independence

 

4.1 条件概率  

Conditional Probability

The Conditional Probability  represents the probability of event  
.
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The conditional probability of  with respect to  is given by the formula

4.1.1 性质  

Properties of Conditional  Probability

Conditional probabilities  are probabilities over  and satisfy probability 
axioms:

1. For every , ,

2. ,

3. For disjoint events : 

 

Uniform Probability Law for Conditional Probabilities

Under :

注意条件，等可能结果.

关于 Uniform Probability Law，可查看 1.4 事件概率 .

 

4.2 交事件概率  

The Multiplication Rule

For events  we can write the probability of  as

In general, for every , the multiplication rule says

.

 

4.3 全概率公式  

Total Probability Theorem

For every event ,
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More generally, if events   (disjoint events and ), 
then the  says

注意条件：互斥，且全部的并集为 sample space

关于  的定义，见 ENGG 2440 离散数学 6.1.5 集合划分 .

 

4.4 贝叶斯公式  

Bayes' Rule

Consider Events  and . Then,

注意，分母用全概率公式进行变换.

More generally, if  partition the set of possible ,

 

4.5 独立事件  

Independent Events

4.5.1 定义  

We call Events  and   if

or equivalently

4.5.2 性质  

Rules of Independent Events

If  are , then events  will also be .

证明：If , then
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第一个等号来自 4.1.1 性质，第二个等号来自题目条件，最后一个等号来自补集定义.

 

4.6 三事件独立  

Independence of Three Events

We call three events   if these  are satisfied:

1.  and  are : 

2.  and  are : 

3.  and  are : 

4.  we require 

前三个条件不能充分说明独立性，前三个都满足的情况下第四个条件也可能不满足.

四个都满足，才能证明三个事件是独立事件.

关于这么定义的原因，见 4.7 多事件独立 .

 

4.7 多事件独立  

Independence of Several Events

We call  events   if for , the 
probability of the intersection is the product of their probabilities.

If  events  are , then the independence is  when we 
replace some event(s) by their complements, intersections, unions.

交并补仍然独立，这是多事件独立性采用这种定义的出发点.

 

4.8 条件独立  

Conditional Independence

Events  and  are  if

事件  对于给定事件  是条件独立的

Note that the above equation is equivalent to

在  条件下，  发生与否对  的概率没有影响.

用条件概率的定义，这两个公式可以互推：

注意：Independence does NOT imply conditional independence

两个事件独立，不意味着它们在某些条件下仍然独立.
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例如，roll two dice，在和为 7 的条件下，"the second die is 3" 对 "the first die is 4" 的概率有影响（从  
变为 ）

 

 

Lecture 5 随机变量  
Random Variables：概念介绍

 

5.1 离散随机变量  

Discrete random variable

A  assigns a discrete value to every outcome in the sample space .

For example: Random variable  is the number of Heads in tossing  coins.

扔三次硬币，正面出现的次数就是一个离散随机变量（ ，涵盖所有结果）.

 

5.2 概率质量函数 PMF  

Probability Mass Function，有时也叫离散密度函数（discrete density function）. 注意，不要和概率密度
函数（Probability Density Function, PDF）混淆，后者用于连续随机变量.

The Probability Mass Function (PMF)  of a discrete random variable  is the function 

We can describe the PMF by a  or by a .

For every random variable , its probability mass function satisfies the following (based on 
):

1. For every . 【 】

2. If  is the set of all possible values of , then the PMF values on  will add up to :

 

 

Lecture 6 二项/几何分布  
Random Variables：二项和几何分布
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6.1 二项分布  

Binomial Random Variable

We call  a  when  represents  over 
, each with a .

隐藏条件：试验次数  和每次的成功率  恒定；独立实验（如果是抽东西，需要放回，否则不是二项分
布）.

成功率  恒定，也暗示了各次 trial 之间独立.

 满足二项分布，简记： .

这里的每次  有两种 ，成功记为 ，失败记为 . 该  即  会提
到的 . 

Example 1: We toss  coins. The  is .

Example 2: We toss  dice. The  is . 

 

Counter Example:

We draw a 10-card hand from a 52-card deck. Let

.

Which one is the random variable ?

1. 

2. 

3. 

4. 

5. 

注意审题，看似是 ，实际上是 ，因为每次抽牌的概率不同（不独立）.

这实际上是超几何分布.

为什么不放回抽牌，各次抽牌之间是不独立的？

Proof: 

首先证明均匀分布（任意一个位置抽到  的概率都是 ）.

考虑从  张的牌堆里连续抽  张. 设  表示 “第一次抽到 ”，  表示 “第二次抽到 ". 

，

法二：选择  张  放在第  张的位置，有  种选择. 剩下  张牌任意排列，有  种排列方式.

第 次抽到

然后证明不独立：
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6.1.1 PMF  

PMF of Binomial Random Variables

The probability mass function (PMF) of a  is

 

二项分布才能用！各次 trial 不独立时（比如抽牌）不能这么算

 是从  到  的整数.

 

 

 

 

期望：

 

6.1.2 期望/众数/方差  

期望：

见 9.5 二项分布的期望 .

众数：

若  是整数，则有  两个众数

方差：

见 10.12 二项分布的方差 .

 

6.2 几何分布  

Geometric Random Variable（注意，不是超几何分布）

We call  a  when  represents  over 
 each with a . 

 first (smallest)  such that  (success). 

描述  次实验中，第一次成功在第  次的概率.

 满足几何分布，简记： .

Example 1: We toss a coin until we see the first Heads. The 
 is .

Example 2: We roll dice until we see the first . The  is 
.
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6.2.1 PMF  

PMF of Geometric Random Variables

The probability mass function (PMF) of a  is

这是一个等比数列，英文又名几何数列，因此这种分布叫做几何分布.

 是从  到  的整数.

 

6.2.2 期望/众数/方差  

期望：

见 10.6 几何分布的期望 .

众数：

方差：

见 10.7 几何分布的方差 .

 

 

Lecture 7 CDF 泊松 期望  
Random Variables：累积分布函数、泊松分布、期望

 

7.1 累积分布函数  

Cumulative Distribution Function

For a random variable , its cumulative distribution function (CDF)  is:

For a  random variable , the CDF will be

法二：

For a  random variable , the CDF will be
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注意，如果这里  很接近 ，例如  或 ，要用补集  化简.

Question: Alice randomly sprinkles  chocolate chips on  cookies. What is the random variable  on 
how many chips a cookie gets?

Answer:   

What is the probability a cookie gets no chips?

Answer:  

法二：  

What is the probability a cookie gets exactly  chips?

Answer:    

法二：  

What is the probability a cookie gets at most  chips?

Answer:   

 

Question: Alice randomly sprinkles  chocolate chips on  cookies. What is the Random variable  
on how many chips a cookie gets?

Answer:   

What is the probability a cookie gets no chips?

Answer:   

What is the probability a cookie gets exactly  chips?

Answer:   

What is the probability a cookie gets at most  chips?

Answer:   

计算机会溢出，需另辟蹊径：使用泊松分布近似.

2024.12.10：有个很尴尬的事，复习的时候用卡西欧重按了一次，直接算出来了...

 

7.2 泊松分布  

Poisson Random Variable

二项分布试验次数  足够大（相比期望）时，Binomial Random Variable  可以近似为 
 . 这时  与  不再是变量，只有一个变量 .

试验次数足够大是相对的，换句话说就是每次成功率足够小（远小于 ）

变量只有 ，意思是  和  的二项分布会有差异，但是泊松分布的
概率质量函数是完全相同的. 这里的  是期望.

注意，当使用泊松分布来近似二项分布，可能有不合常理的情况，例如能算出  有非零概率（虽然很
小，但也不符合实际情况，实际的二项分布是严格等于 ）

泊松分布继承二项分布的性质，因此也有隐藏条件：  恒定，独立实验.

 近似满足泊松分布，简记： .
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7.2.1 PMF  

PMF of Poisson Random Variables

A   has the PMF:

 是从  到正无穷的整数.

 

 充分大时，为什么可以近似成泊松？

Solution:

考虑二项分布 .

 

期望 

 时，

 时，

 

7.2.2 期望/众数/方差  

期望：

见 9.6 泊松分布的期望 .

众数：

若  是整数，则有  两个众数.

方差：

见 10.13 泊松分布的方差 .

 

7.3 期望  

数学期望，Expected Value of a Random Variable

这里讨论的

概率论中称为期望，统计学中一般称为均值 ( )，都是一种加权平均操作.

The expected value (expectation) of a random variable  with PMF  is

 使用中括号，因为里面是一个数组（随机变量 ）
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The expectation is the average value the random variable takes when the experiment is done 
.

 

7.4 单随机变量的函数  

Function of a Random Variable

随机变量的函数也是随机变量.

函数的意思是，把  的每个结果进行  映射，得到新的分布 .

 

7.4.1 PMF  

PMF of a function of Random Variable

If  is a random variable with PMF  , then  will also be a random variable with PMF  :

可能有多个  映射到同一个  上，需要把它们的概率求和得到新的概率.

Example:

Let 

 

7.4.2 期望  

Expectation of a Function of Random Variable

The Expected Value of  for a function  and random variable  is

理解：  从原本对  做贡献映射到对  做贡献，因此乘一个  因子.

 

Example

PMF of :
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For a general , 

例如上述例子，

线性映射可以取等，但最好还是认真计算.

 

 

Lecture 8 复习周  
期中复习

 

 

Lecture 9 联合分布  
注意，这里讨论的是离散.

复习：期望

The expected value (expectation) of a random variable  with PMF  is

The Expected Value of  for a function  and random variable  is

 

9.1 联合 PMF  

Joint Probability Mass Function

The joint PMF of random variables  is the bivariate function

 指  和  同时发生的概率.

例：摇多个骰子，多张卡抽卡

注意，此处并没有说  和  这两个事件是独立的.

 

9.2 双随机变量的函数  

PMF and Expectation of a Function of Two Random Variables

If  are two random variables with Joint PMF , then  will also be a random variable 
with PMF :

一个很好理解的例子是，投两个骰子，第一个 , 第二个 ,  是两个骰子的和. 
那么 
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The Expected Value of  for a function  and random variables  is

这和上面的 PMF 不冲突，对于可能映射到同一个  的不同  组合，这个求和都考虑在内.

不应该用  来算，因为求和符号的下标是 ，而不是 .

 

当然也可以写成这样：

注意，  如果有重复，只计  次.

或

 

9.3 期望的线性  

Linearity of Expectation

The Expected Value of , i.e. the sum of random variables  satisfies

注意：期望的线性对任意变量的线性组合都成立，但方差的线性要满足不相关前提.

 

9.4 伯努利分布  

Bernoulli Random Variable，又名两点分布，0-1分布

A   shows the result of a  where  for the  
with  and  for the  with .

注意只有一个参数 ，因为只进行一次实验.

The PMF of a  random variable is

The expected value of a  random variable is

方差：

见 10.12 二项分布的方差 .
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9.5 二项分布的期望  

Mean of Binomial Random Variable

A  random variable is the  of  independent  random variables 
. 因此，

.

The expected value of a  random variable is

.

注意：均值不一定等于众数！这四张图只是恰好相等.

期望：

众数：

方差：

 

9.6 泊松分布的期望  

Mean of Poisson Random Variable

The expected value of a  is

Informal Proof:  and so

 

 

Lecture 10 方差  
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10.1 方差和标准差  

Variance and Standard Deviation

Consider random variable  with . Then, we define the  of  as

Furthermore, we define the  of  to be

Note that  measures how close  and  are for a .

 

10.2 方差公式  

Another Formula for Variance

注：  是 random variable，每个 possible value 是  对应取值的平方.

证明：由期望的线性，

Example: 投一个六面骰子

法一：

法二：

 

10.3 条件 PMF  

Conditional PMF

The  is defined as

For a fixed ,  is a PMF as a function of .

Example: Roll two 3-sided dice.

(1) What is the PMF of the sum given the first roll?

The PMF of the first roll ：
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 \ 

 \ 

 \ 

The Joint PMF of the first roll  and the sum ：

The Conditional PMF of  given ：

 

(2) What is the PMF of the first roll given the sum?

待补充.

(2024.12.13) 复习补充

The PMF of the sum ：

The Joint PMF of the first roll  and the sum ：

The Conditional PMF of  given ：



 \ 

 

求解这类 Conditional PMF 问题，只需要按顺序列出三个表：

① 条件事件的 PMF（如果只有一个 possible value 就不用）

② 条件事件和待求事件的 Joint PMF

③ 待求事件在条件事件发生后的 Conditional PMF

Conditional PMF 表的画法：条件事件本身可能有分布. 定住 Joint PMF 表（表 ②）中条件事件的某个 
possible value，用这个 value 去查条件事件的 PMF 表（表 ①），查出条件事件取到该 value 的概率. 将表 
② 中 possible value 所在行（或列）的所有单元格除以这个查到的概率. 遍历条件事件的所有可能取值，得
到 Conditional PMF 表.

 

10.4 条件期望  

Conditional Expectation

The conditional expectation  of  given  is defined as

For a fixed ,  is a PMF as a function of .

 

10.5 全期望定理  

Total Expectation Theorem

For random variables , the following holds:

加权平均操作，类似全概率公式.

等式右边相当于 

 是一个值（条件期望值），  是一个分布，对于  的不同取值 ,  可能有不同
值 .

证明：
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Total expectation theorem can be equivalently shown for disjoint events  partitioning 
the sample space  as

 

10.6 几何分布的期望  

Expected Value of Geometric Random Variable

Consider a  random variable . Then, 

证明：use the Total Expectation Theorem

, 

 

，并没有给出证明. 

事实上，我们应该用法二先严格证明得到结论，然后反推出 （非记忆性，

Memoryless Property）

法二（严谨）：
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求导那步，严格写应该是  求导后代入 .  不是变量，只是个常数，不然一开始就不能移  个  到  
外面.

 

10.7 几何分布的方差  

Variance of Geometric Random Variable

Consider a  random variable . Then, 

证明：

其中，设 , 

此处应该有一个定义证明，时间不够还没写. 下次看到的时候，有空就写一下.

(2024.12.11 复习补充) 法二（严谨）：

已知  时，
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小技巧：含概率  次幂的项求导后数量级还是概率  次幂，趋于无穷后为 ，因此不妨在求导前就忽略这些
项，减小计算量.

 

10.8 独立分布  

Independent Random Variables

注意和后文的"独立同分布"区分.

 and  are called independent random variables if every outcome pair  and  are 
independent events for all  values:

注意要对所有可能的  都成立.

 

Note that the  of independent random variables  can be written as the product of 
their :

marginal 边缘，边际. 边缘分布和联合分布是一组相对概念，如果只有一个变量就不用强调边缘，直接说 
 即可.

 

① 判定：条件 PMF  

Independent Random Variables and Conditional PMF

Random Variables  are independent if and only if for every outcome  the conditional PMF  
is the same as 's PMF :

这里需要同时满足任意的  和任意的 .
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② 判定：期望  

Independence and Expectation

 and  are  if and only if for  we have

证明待补充.

(2024.12.12) 直观理解：

独立性是全局性质，  和  独立意味着它们的所有可能行为（包括分布）完全解耦，即  的任何信息都不能影
响 ，反之亦然. 这种全局性质需要通过对所有函数  和  的验证来确保.

数学证明：

左边相等意味着  与  的任意函数都是解耦的.

其实我还是没太搞懂.

Note:  is not enough to guarantee  and  are independent.

只能说明不相关.

For example, for random variable  with ,  and  
satisfy

 However,  and  are not independent in this example. 

 

10.9 协方差  

Covariance 

The  of random variables  with expected values  and  is defined 
as

The covariance can be also found using the formula

证明待补充.

(2024.12.12) 复习补充：
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10.10 不相关分布  

Uncorrelated Random Variables

We call random variables  and   if their （ ）or 
equivalently .

 Therefore, every   will be , but the converse of this statement is not 
always true.

独立一定不相关，不相关不一定独立.

 

10.11 方差的线性  

Variance of Sum of Independent Random Variables

Suppose  are independent. Then,

Note: The above identity holds only for  , and it does not hold for  random 
variables.

等价于协方差为 .

只要不相关就成立. 独立是更强的条件，只要独立就不相关. 自然也成立.

证明：

当且仅当  时（不相关）， .

注意， .

 而非 ，是因为  相当于  个  相加，而  与  显然是相关的，此时方
差的线性不适用. 特别地， ，因此 

.

推广：

Suppose  are pairwise independent random variables, meaning for every ,  
and  are independent. Then,

 

10.12 二项分布的方差  

Variance of Binomial Random Variables

Suppose  is a  random variable. Then,

Proof: We know  is the sum of  independent  random variables. 
Therefore,
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证明：  的方差为 

 

10.13 泊松分布的方差  

Variance of Poisson Random Variables

Suppose  is a  random variable. Then,

Informal Proof:

 and so

 

 

Lecture 11 连续分布  
Continuous Random Variables

 

11.1 均匀分布  

Uniform Random Variable

A uniform random variable  over internal  satisfies

基于这个定义，无法计算  大于等于某个值的概率.

但是可以计算左开右闭区间，例如 .

结合下面的点概率为 ，可知加不加等号无所谓.

The probability mass function (PMF)  because  for every 

 

11.2 累积分布函数  

Cumulative Distribution Function.

注意这里不仅是均匀分布，其他分布也涵括在内. 之前研究离散变量已提过 CDF，见 7.1 累积分布函数 . 

The  of random variable  is 

Every CDF  must satisfy the following properties:

①  is monotonically increasing.
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② 

③ 

Exercise: Find the CDF of a  random variable.

前面已写过.

 

11.3 均匀分布 CDF  

CDF of a Uniform Random Variable

The CDF of a Uniform random variable over interval  is

实际上，均匀随机变量就是用累积分布函数定义的.

 

11.4 概率密度函数  

Probability Density Function (PDF)，和离散变量的 PMF 对应的概念.

For a , we define its probability density function (PDF) as the 
:

Note: For a small , we know  and so for small 

The PDF of the  random variable is

A PDF can take any non-negative value  and its value can be .

 

11.5 对 PDF 积分  

Integral of PDF and Probability Calculation

For a continuous random variable , the probability of an event  can be calculated using 
. Therefore,

这条对应离散变量中的概率总和为 . 见 1.3 概率公理（一） .
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11.6 连续分布的期望  

Expected Value and Variance of Continuous Random Variables

注意，这里讨论的是连续变量，关于离散变量的期望，见 7.3 期望 . 

求和变成积分，待补充.

(2024.12.12) 复习补充：

这里  积分范围一般是 ，但对于某些特定分布，有大量 PDF 为  的区域可以略去不算. 

 

11.7 连续分布的方差  

求和变成积分，待补充.

(2024.12.12) 复习补充：

注意， 10.2 方差公式  可以拓展到连续变量：

 

11.8 均匀分布的期望  

Expected Value and Variance of Uniform Random Variables

Consider a Uniform random variable  over internal . Then,

The PDF of  is

期望：

 

11.9 均匀分布的方差  

方差：

(2024.12.12) 法二：
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Lecture 12 指数/正态分布  
Continuous Random Variables

 

12.1 指数分布  

Exponential Random Variable

Rain is falling on your head at a rate of  drops/sec. How long do we wait until the next drop?

将  秒分为  个小区间，下一个雨滴落在第  个区间（  可以大于 ）的概率是：

其中 

将离散概率值转换成连续概率密度. 除以步长 

An  random variable has the following PDF:

The  random variable  satisfies:

The CDF of  is 

.

The expected value of  is 

The variance of  is 

The standard deviation of  is 
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12.1.1 指数 vs 几何  

Exponential vs. Geometric Random Variables

待补充.

这个图有点问题，几何分布应该从  开始. 不过无伤大雅.

注意这里  是一个缩放因子，横向压缩为原图的 . 至于纵坐标貌似不同，因为  是离散分布，给的
是  图像.  足够大时，  值除以单位区间长度  就得到右下角  的 PDF 图像.

这个  作用在变量上，而不是 PMF 函数值上：

除以单位区间，并令 ，得到 PDF：

注意这个值为 .

和指数分布的 PDF 对比：

发现只要在对几何分布抽样的时候，把变量乘 ，当  时就与指数分布表现一致了.

通过均值和方差的计算，也可以说明  的正确性. 设 ，则

下面两个正是指数分布的均值和方差.
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description number of events within time unit time until first event happens

expectation

variance

12.1.2 指数 vs 泊松  

Exponential vs. Poisson Random Variables

泊松分布算单位时间内事件发生频率，指数分布算事件下一次发生的时间.

 

12.1.3 无记忆性  

Memoryless Property of Exponential Distribution

The Exponential distribution is memoryless (the past has no effects on its future), which means for every 
expotential random variable  and constants :

同理，

 

 

12.2 正态分布  

Normal Distribution as the Limit of Binomial Distribution，也叫 .

We define the normal (Gaussian) probability density function (PDF) with parameters  and  as

Note that the parameters  and  in the above definition are equal to the  and  of the 
normal random variable :

注意，泊松分布和正态分布都是二项分布的近似，但有诸多不同：

① 近似条件不同. 泊松分布：  且 ，但  为常数；正态分布：  且  不取极端值.

泊松分布是二项分布的稀疏极限，正态分布是二项分布的大样本极限.

② 适用场景不同. 泊松分布：描述稀有事件的发生频率；正态分布：描述大量随机变量的总体分布. 

③ 变量类型不同. 泊松分布：离散分布，只能取非负整数；正态分布：连续分布，可以取任意实数.

④ 数学性质不同. 泊松分布：均值 ，方差 ，不对称；正态分布：均值 ，方差 ，对称.

 

af://n1332
af://n1354
af://n1363


12.2.1 标准正态分布  

Standard Normal Distribution

Standard normal is the distribution of a normal random variable  with parameters  and , 
i.e. with  and , as

CDF 表  

标准正态分布  的 CDF 记作 .  没有解析解，实际计算依赖于数值

方法或近似公式.

同时，查表也是一种常用方法：

 

12.3 标准化  

Normalizing a Normal Random Variable

Suppose a random variable  has expected value  and variance . Then, random 
variable  has  and , i.e.,

标准化对任意分布都适用，但是有些没什么意义.

例如，

，但  不再是 .

If random variable  has a normal distribution with parameters  and , then random variable 
 has a standard normal distribution.
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12.4 正态近似  

Normal Approximation of Binomial Distribution

① 棣莫弗-拉普拉斯  

DeMoivre Laplace Limit Theorem

If  is a  with  and , then for every 
:

 where  is the CDF of standard normal distribution.

注意，  的二项分布，标准化后是最接近标准正态分布的钟形曲线的，但是  时，只要  足
够大，仍然可以很好地用正态分布近似，能否近似的重点不是  等不等于 ，而是  够不够大. 即使 

，只要  不够大，看起来仍然是离散的点.

对于  的情况，二项分布的正态近似在均值附近区域的效果更好，在尾部近似误差会增大（偏态）.

注意，题目求的可能是  的概率，不能直接把  当作 ，要先标准化再代入  函数.

查表得到  函数值. 见 12.2.1 标准正态分布 CDF 表 . 

Note that  has  and  for every , and the above theorem shows 

the CDF of  converges to the CDF of standard normal.

 

② 连续性校正  

上面的公式是  的情况，通过二项分布的收敛特性，可以直接取等号. 但是，当  是一个有限大的值时，
即使我们用约等号，也不能直接约等于 ，而是需要一步连续性校正. 理由如下：

离散分布中，

近似转换为连续变量：

 转换为连续变量时要进行校正：

这里默认  是整数，如果不是，也是校正到 

如果  且  (例如  是常量)，且  和  和均值的距离足够大时，则校正是无关紧要的，因为
加减  的影响相较于  和  和均值的距离可以忽略不计. 例如，均值 ， ，则 

 近似成连续变量，严格来说要校正为 
，但标准化后为 

 ，误差已
经小于 CDF 表的精度（0.01），和不校正，用  计算没什么区别.
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joint PMF

Probability of 

Marginals

Independence

Expectation of 

 

 

 

 

 

 

 

 

 

 

12.5 多连
续变量

 

Multiple Continuous Random Variables

 

12.5.1 双离散变量  

Formulas for Two Discrete Random Variables

 

12.5.2 联合分布  

注意，这里讨论的是连续变量.

 

① CDF  

Joint CDF and PDF of Random Variables

A pair of random variables  can be described by their  which is defined as:

② PDF  

Also, we define the  using the  : 
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可以理解为面密度.

 

Example: Rain drops at a rate of  drop/sec. Let  and  be the arrival times of the first and second 
raindrops. Find  and .

有争议，答案有点问题，应该用条件概率.

待补充.

(2024.12.12) 复习补充

当 ，

当 ，

当  或 ， ， .

综上所述，

图像（ ）：



Probability of 

Marginals

Independence  for all 

 

12.5.3 边缘分布  

Marginal and Joint Distributions

注意，这里讨论的是连续变量.

① CDF  

Suppose  is the  of . Then, the marginal CDFs  can be found as

② PDF  

Suppose  is the  of . Then, the marginal PDFs  can be found by the integration 
of joint PDF

两边同乘一个 ，然后用面积来理解.

 

12.5.4 公式表  

Cheat Sheet for Two Continuous Random Variables

待补充.

(2024.12.13) 复习补充

 continuous with joint PDF . Then,
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Probability of 

Expectation of 

 

 

Lecture 13 中心极限定理  
Multiple Continuous Random Variables, Chebyshev’s Inequality and Law of Large Numbers

 

13.1 连续独立分布  

Independent Continuous Random Variables

Random variables  are called independent if their   is the 
:

The above definition is equivalent to the   being the :

Example: The joint PDF of independent normal random variables  with mean  and variance :

Random variables  are called uncorrelated if they satisfy

If the above does not hold, we call  and  correlated.

这里把相关概念拓展到连续变量. 关于相关性，见 10.10 不相关分布 .

Note: If  are , then they will be . However,  random 
variables may not be .

 

13.2 条件 PDF 与独立  

Conditional PDF and Independence

For random variables , we define the conditional PDF  as  

此定义的合理性证明，见 ESTR 2020 统计 1.2.2 贝叶斯推断  .

① Independent Random Variables:

 for all 

② Total Probability Theorem:

③ Total Expectation Theorem:
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13.3 连续分布贝叶斯  

Continuous Bayes Rule

回忆离散事件的贝叶斯公式：

Consider Events  and . Then,

More generally, if  partition the set of possible causes ,

推广到连续变量：

For random variables , the conditional   and  satisfy

此处  可以仿照贝叶斯的做法代入全概率：

 

13.4 卷积  

PDF of Sum of Independent Random Variables

The  of the , the  of independent random variables , is the 
 of the marginal :

Corollary: The sum  of  
 is a  with mean  and variance 

:

注意前提：独立.

(2024.12.13) 复习补充

卷积公式的严格推导，需要引入狄拉克  函数.

狄拉克  函数是一种广义函数（或称为分布），具有以下两个主要特性：

① 在  处取无限大值.

② 在整个实数轴上积分为 .
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可以理解为一个无限窄且无限高的矩形面积为 .

考虑  落在一个小区间  的概率：

这个概率也可以用指示函数表示：

 是指数函数，变量  位于  时为 ，否则为 .

当  时，指示函数可近似为狄拉克函数和  的乘积：

这里的狄拉克和严格的  有些区别，这里可以认为  在  到  时  取一个很大的值 （这
样  时就能满足  函数定义）.

代入指示函数，

消去 ，

利用狄拉克  函数消除变量 ，

狄拉克  函数是偶函数.

代入 ，

这正是卷积的定义.

 

(2024.12.13) 以下关于卷积的知识不考，仅作补充.

定义  

① 连续卷积  

对于两个实数函数  和 ，它们的卷积记作 ，定义为：

解释： 
卷积操作相当于“滑动”一个函数 （通常称为卷积核或滤波器）沿着另一个函数 ，在每个位置  处计算这两个函
数的重叠程度.

 体现翻转，  体现平移.
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关于为什么要翻转后再平移，而不是直接 ：信号处理中，卷积用于描述信号的「系统响应」或「滤

波过程」，就此目的而言，翻转更有物理意义，若不翻转，则变为互相关的定义（互相关用于衡量信号的相

似性，自行查资料）. 此外，翻转确保了卷积的数学对称性，即交换律 .

② 离散卷积  

对于离散值的序列  和 ，它们的卷积定义为：

解释： 
类似连续卷积，离散卷积在每个离散点  处计算两个序列的重叠和.

 

应用  

① 概率论  

概率论中，卷积用于计算两个独立随机变量之和的概率分布.

(定理) 如果  和  是两个独立的连续随机变量，且它们的概率密度函数分别为  和 ，那么它们的和 
 的概率密度函数  就是  和  的卷积：

这表示  在  处取值的概率密度是  和  不同值的所有可能组合中，满足  的概率密度之和.

例 ：

假设  和  都服从均匀分布，  在  上均匀分布，  也在  上均匀分布. 则  的 PDF 为：

其他

这个结果可以通过对  和  进行卷积计算得到.

例 ：

 服从指数分布，参数为 ：  

 也服从相同的指数分布，参数为 ：  

 和  相互独立. 求  的概率密度函数 .

根据卷积定理，

积分区间简化为 ：

因此，
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此结果符合伽玛分布. 两个独立的指数分布随机变量之和服从参数为  的伽玛分布，形状参数 . 

 

② 信号处理  

在信号处理领域，卷积用于描述一个信号通过线性时不变系统（Linear Time-Invariant System, LTI）的响应.

如果  是输入信号，  是系统的脉冲响应（即系统对单位脉冲的响应），则系统的输出信号  是  和 
 的卷积：

表示系统的输出信号可以看作输入信号与系统特性的一个叠加、平移后的“混合”.

例：假设输入信号  是一个矩形脉冲，脉冲响应  是一个单位脉冲. 则输出信号  仍然是矩形脉冲，因
为单位脉冲不改变形状.

 

③ 图像处理  

在图像处理中，卷积用于应用滤镜（如模糊、锐化、边缘检测等）到图像上.

对于二维图像，卷积操作扩展到两个维度. 设  是输入图像，  是卷积核（滤镜），则卷积 
 定义为：

卷积核在图像上滑动，对每个位置的局部区域应用加权和，生成输出图像.

例：使用高斯模糊核对图像进行卷积，可以有效模糊图像，减轻噪点.

 

性质  

① 交换律  

② 结合律  

③ 分配律  

④ 傅里叶变换  

傅里叶变换把信号从时域转到频域，时域中的卷积对应于频域中的乘法.

 

13.5 马尔可夫不等式  

Markov’s Inequality

Suppose that random variable  only takes non-negative values. Then, for every 
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Proof: The proof follows from the total expectation theorem:

However, this inequality only applies to non-negative random variables.

非负值是为了保证 .

注意，这里要求 . 

 

13.6 切比雪夫不等式  

Chebyshev’s Inequality

Suppose that random variable  has a mean  and variance . Then, for every 

Proof: The proof follows from Markov's inequality for random variable . We know that 
 and so

Chebyshev's inequality applies to every random variable, even if it takes negative values.

 

Example:

(a) Find a bound on the probability of  heads in  coin flips?

Solution: 

找到一个上界 ，即概率不大于 .

注意切比雪夫不等式覆盖了双尾，如果题目求单尾可以结合相应分布的性质进一步缩紧不等式.

 

13.7 大数定律  

Law of Large Numbers

Imagine you observe Independent and Identically Distributed (IID) random variables  
distributed according to   with . The goal in the Law of Large Numbers 
is to show:
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13.8 独立同分布  

Mean and Variance of the Empirical Mean of IID Variables

Suppose  are IID random variables with mean  and variance . 
Then,

What is the  of ?

What is the  of ?

Because the variance of the  is the :

 

13.9 弱大数定律  

Weak Law of Large Numbers (WLLN)

Suppose  are IID with mean  and variance . Then, Chebyshev's 
inequality shows

① WLLN  

Suppose  is a sequence of IID random variables with  and 

. Define . Then, for every :

 

② 例子  

Examples of the Distribution of Sum of Independent RVs

几个图像，待补充.
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上述图像随  增大，形状都趋于正态分布的钟形曲线：



揭示了更深层次的性质——见 13.11 中心极限定理 .

 

13.10 标准化  

Normalizing the Empirical Mean Random Variable. 关于标准化， 12.3 标准化  亦有提及.

Suppose a random variable  has expected value  and variance . Then, random 
variable  has  and :

Consider IID random variables  has expected value  and variance 
 and define

Then, random variable  has  and .

 

13.11 中心极限定理  

Central Limit Theorem (CLT)

中心极限定理说明了一组独立同分布随机变量的平均值在  时趋于正态分布，无论这些随机变量的原
始分布是什么.

Consider IID random variables  with expected value  and variance . 
Then, if we define

the CDF of random variable  will converge to the CDF of a standard normal distribution , i.e. for 
every 
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Therefore, according to the central limit theorem, the sum of  will 
approximately have a .

 

 

 

 

 

 

Extended class  
 

 

Class 1  

1. return to Origin

odd：0%

even: head & tail 个数相同

n/2 head 和 n/2 tail

取head 分析

总个数：2^n

head n/2 个数：

概率：

注意外国教材上下角标是相反的。

 

验证：

when n=2 , 

when n=4, 

 

Teacher:

1. 列样本空间 the size of  

 

 

enhanced: 第一次回到原点

 

recursion: 考虑 t=1 和 t=n-1
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Class 2  

 

 可以回到中间，且单侧

 不可回到中间（0），且有双侧情况

 

 

 

Class 3  

Week 4

康托尔集

 

 

 

Class 4  

Week 5: Bayes' Rule in Machine Learning

 

Bayes' Rule (Lecture 4)

Consider Events  and . Then,

 

 

 

 

 

Class 5  

Week 6: Independence of Multiple Events and Secret Sharing

 

回顾：Independent Events（Lecture 4）

We call Events  and  independent if
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or equivalently

 

回顾：Three Independent Events（Lecture 4）

We call three events  independent events if these four conditions are satisfied:

1.  and  are independent: 

2.  and  are independent: 

3.  and  are independent: 

4.  we require 

前三个条件不能充分说明独立性，前三个都满足的情况下第四个条件也可能不满足。

四个都满足，才能证明三个事件是独立事件。

 

Can we design 4 events  such that every two of the events  are independent, but 
every three of the events  are not independent?

The answer to this question could be useful for secret sharing. Each event  can be thought of as a part of 
a secret given to individual . 

We consider the modular arithmetic with mod 5, i.e. we replace every integer in our calculation with its 
remainder to 5:

 remainder when  is divided by 5

Solution:

We toss two 5-sided dice and suppose we have equally-likely outcomes in the sample space 

Define Event  as the occurrence of  for the output of die 1 ( ) and die 2 ( )

可以证明：

1. For every ,  and  are independent.

2. For every triple ,  are not independent.

 

 

 

 

Class 6  

Week 7: Independence and Graphical Models
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Class 7  

Week 9: Independent Events and Fairness Notions

 

Class 8  

Week 10: Probability and Game Theory

 

Class 9  

Week 11: Inequalities in Probability

 

 

 

 

 

Homework & Quiz  
 

 

Homework 1  

 

Q1. In how many ways can we roll four dice so that

1. The face values of the dice are all different?

2. The face values of the dice are increasing (e.g., 2356 but not 3516, 1224)?

Solution:

1. The first die has 6 possible outcomes. For each of them, there are 5 possibilities for the second die 
that are different from the first, 4 possibilities for the third die different from the first two, and 3 
possibilities for the last die different from the first 3. The total number of possibilities is therefore 

.

(法二) .

2. We are choosing 4 distinct face values out of the set  and then writing them down 

from smallest to largest. This can be done in  possible ways.

 

Q2. A bin contains 10 black balls and 10 white balls. You draw three balls at random without replacement. 
What is the probability that all three balls are black?

Solution: The sample space  consists of all  arrangements of the balls. We assume equally likely 

outcomes. The event A consists of those arrangements in which three balls appear in the first three 

positions. As the other 7 black balls can appear anywhere in the other 17 positions, A has size . By the 

equally likely outcomes formula,
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. 

想象 20 个空槽，把黑球放入其中（放完黑剩下全白，不用考虑白球）。

本质是给抽的顺序编号（第一次抽，第二次抽...）

arrangements: 放法，排法。

(法二) 

本质是给 20 个球编号

 (法三) 

条件概率

 

Q3. ENGG2760A has 109 students this year, including Alice and Bob. The students are randomly divided 
into four tutorial sections with 28, 27, 27, 27 students, respectively.

1. What is the probability that Alice and Bob are both assigned to the 28-student tutorial section? 

2. What is the probability that Alice and Bob are assigned to the same tutorial section?

solution: In the following, we use the definition of the multinomial coefficient as 

The above multinomial coefficient counts the number of partitioning of  different objects into groups of 
size . Note that here we suppose .

1. The sample space  consists of all possible  of the 105 students into four tutorials 

(subsets) of size  and . There are  such partitions. The 

event  of interest consists of those partitions in which both Alice and Bob land in the 28-student 
tutorial. The size of  is the number of ways to partition the rest of the students into the remaining 

tutorial slots, which is . Therefore 

.

(法二) .

条件概率

 

2. Now the event  of interest is a union of four disjoint events  and  consisting of those 
outcomes in which Alice and Bob are assigned together into the first, second, third, and fourth tutorial, 

respectively. By a similar calculation as in the previous part, . 

As  we get that



.

(法二) .

全概率公式 + 条件概率

 

 

Q4. A six-sided die is rolled three times. Which one is more likely: A sum of 11 or a sum of 12?

solution: Let  and  be the events of a sum of  and a sum of , respectively. As the outcomes are 

equally likely, the probabilities of the two sums are  and  so we need to determine which of the 

sets  and  is bigger. The set  can be partitioned into  up to  depending on the first die roll. 
Similarly,  can be partitioned into  up to . Now  has the same size as  as they both share the 
same pairs of values for the second and third dice. By the same argument, , , 

, and . Comparing  and  therefore amounts to comparing  and . For 
an outcome to be in  the remaining two rolls must add up to , while for  they must add up to . 
Therefore  and , so  is the larger set and a sum of  is more likely.

：(1,4), (2,3), (3,2), (4,1)

：(5,6), (6,5)

 

ESTR 2018 Extra Question:

Consider a random walk on a line where we begin the walk at the origin . At each round, we toss a fair coin 
and move one step forward (i.e. we add  to the number) if we see Heads or move one step backward 
(i.e. we add  to the number) if we see Tails.

1. Which integers could possibly be the output of the random walk at Round ?

2. What is the probability that at the th round we will go back to the origin 0?

3. What is the probability that at the th round we will go to an arbitrary integer ?

solution:

1. The possible integers to arrive at Round  are those integers between  and  that share the same 
parity with , i.e.,

 

2. Going back to  at Round  is only feasible for even 's. Here the sample space is 
. Then, for going back to  we require 

 i.e. we have exactly  's and   's. The number of such outcomes 

is  for even 's and so the probability will be:

3. Considering the sample space , to arrive at integer  we need 
. This equation can be true only if  and  share the same parity, i.e.,  is 

an even number. Then, we need precisely  's and  's. Therefore, if  is odd we 

have no outcomes that the random walk arrives at  and if  is even we have  outcomes 



that the random walk arrives at . Therefore, the probability to arrive at  at Round  will be

 

 

 

 

Homework 2  

 

Q1. Alice, Bob and Charlie hold a lucky draw for two tickets to a concert with the following odds:

The probability that Alice gets one of the tickets is 60%.

The probability that Bob gets one of the tickets is 70%.

What is the probability that Alice and Bob both get tickets?

Solution: The sample space consists of the three outcomes , where  represents Alice and 
Bob getting the tickets, and so on. Denote their probabilities by  and . The event "Alice gets one 
of the tickets" is  so . Similarly . Since the probabilities must add 
up to one,

.

 

 

 

Q2. Alice flips seven fair coins. Let  be the event that the last flip is a head and  be the event that at 
least one flip is a head. Calculate

(a) ;

(b) ;

(c) .

Solution: The sample  space consists of all sequences of seven heads or tails, namely . All 
outcomes are equally likely.

(a)  is the event "all flips are tails", so . 

(b) From the complement rule . Then

. 

(c) . This is sensible: Given that the last flip is a head, at least one must be 

a head with probability 1.

 

Q3. The Los Angeles Lakers and the Boston Celtics play one  game in each city. Each team wins their home 
game with 70% probability. There is a 40% probability that both win their home games. The Lakers win their 
home game. What is the probability that they win in Boston?
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Solution: Let  and  be the events that the Lakers and Celtics win their home games, respectively. We are 

told that  and . We are interested in . By the 

axioms of probability , so 
. 

 

 

Q4. There are 6 red balls and 1 blue ball. Each ball is randomly placed in one of two bins.

1. What is the probability that the bin with the larger number of balls contains  balls (
)?

2. What is the probability that the bin with the larger number of balls contains 3 red balls and 1 blue ball?

Solution:

1. The sample space  consists of all sequences of length 7, where the value of each position can be 
either  or , denoting which bin the ball goes to.  has size . Let  denote the event the bin with 
the larger number of balls  contains  balls. Then  consists of strings that contain  s and  s, 
or  2  and  s. Therefore, by the equally likely outcomes formula, 

. 

k=4567 分别代入

 

2. Let  be the event of interest. We represent the blue ball by the first position in the sequence. Then  
consists of those sequences that start with a  and have exactly four s or start with a  and have 

exactly four s. By the generalized multiplication rule, . By the equally likely 

outcomes formula .

 

 

 

ESTR2018 Extra Quetion: Let  be the event "Peter will have installed a home alarm by the end of next 
year" and  be the event "Peter's home will be burglarized by the end of next year." The psychologists 
Amos Tversky and Daniel Kahneman carried out a survey in which 131 out of 162 people said that 

. Prove that this is impossible. How do you explain the 
results of the survey? As a possible project you can read up on this and other experiments in which human 
intuition is at odds with probability theory. [Exercise 2.14 in Blitzstein-Hwang "Introduction to Probability" 
textbook]

 

 

Homework 3  

 

 

Question 1

There are  red balls,  blue balls, and  green balls in a bin. You draw two balls from a bin. What is the 
probability that:
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1. Ball  is red?  

2. Ball  is red given that ball  is red, if the balls are drawn with replacement?  

3. Ball  is red given that ball  is red, if the balls are drawn without replacement?  

4. Ball  is not blue given that ball  is red, if the balls are drawn without replacement?  

5. Ball  is red given that ball  is not blue, if the balls are drawn without replacement?

Solution: Let  be the event “ball  is red” and  be defined similarly,

1.  as the outcomes are equally likely.  

2. . Owing to the replacement the color of the first ball does not affect the 
color of the second ball.  

3.  because after the first ball is drawn there are  red balls to choose out of .  

4.  because after the first ball is drawn there are  non-blue balls to choose out of .  

5. The conditioned sample space given  is partitioned by the events  and . By the total 
probability theorem,

.

 

 

 

Question 2

Alice, Bob, and Charlie are equally likely to have been born on any three days of the year. Let  be the 
event that Alice and Bob were born on the same day. Define  and  analogously. Which of the 
following statements is true:

1. Any two of the three events  are independent.  

2. , , and  are independent.  

3.  and  are independent.

Solution: Our sample space will consist of all triples of possible birthdays  where , , and  are 
numbers between  and  (we exclude February 29 to keep things simple). We assume equally likely 
outcomes, so all triples occur with probability .

1. True. The intersection of any two events is the event that all three were born on the same day. There 
are  such outcomes, each occurring with probability , so 

. 
On the other hand, the probability that any two of them were born on the same day is 

. 
Since , the two events  and  are 
independent, and similarly for the other two pairs. 

² ⁻¹
⁻²

2. False.  is also the event that all three were born on the same day, so 
. On the other hand, , so 

the three events are not independent.  
⁻² ⁻³

3. False. The event  happens exactly when all of Alice, Bob, and Charlie have the 
same birthday, so . Using the union rule, 

. 
As , the events are not independent.

⁻²
⁻¹ ⁻²

⁻¹ ⁻² ⁻¹ ⁻²

union rule, Inclusion-Exclusion Principle, 容斥原理

 

 



Question 3

Cup  contains  blue balls and  red balls. Cup  contains  blue balls and  red balls. We choose a 
random cup and draw a ball from it.

1. What is the probability that it is blue?  

2. The ball is blue. What is the probability that it came from cup 1?  

3. I draw another ball from the same cup without replacement. What is the probability that it is also blue?

Solution: Let  be the event “cup  was chosen”,  be the event “the first ball is blue”, and  be the 
event “the second ball is blue”.

1. By the total probability theorem: 
.  

2. By Bayes’ rule: 
.  

3. By the complement rule:

. 

We use the total probability theorem again, now conditioned on : 

.

 

Question 4

Computers  and  are linked through seven cables as in the picture. Each cable fails with probability  
independently of the others. Let  be the event “there is a connection between  and ” and  be the 
event “the middle vertical cable fails”.

 

1. What is the probability of C given F?

Solution: Let T and B be the events that a connects to b via the top and bottom paths respectively. 
Conditioned on F, events T and B are independent so 
   P(C|F) = P(T ∪ B|F) = 1 − P(Tc ∩ Bc|F) = 1 − P(Tc|F)P(Bc|F). 
   Both T and B are independent of F, so by the algebra of independent events, P(Tc|F) = P(Tc) and P(Bc|F) = 
P(Bc) and we get that 
   P(C|F) = 1 − P(Tc)P(Bc) = 1 − (1 − 0.9³)².

2. What is the probability of C given Fc?

Solution: Let c be the top middle node. Conditioned on Fc, we can contract the top and bottom single 
nodes and picture the network like this:

Let L and R be the events “there is a connection from a to c” and “there is a connection from c to b”, 
respectively. They are independent so 
   P(C|Fc) = P(L ∩ R|Fc) = P(L|Fc)P(R|Fc) = (1 − P(Lc|Fc))(1 − P(Rc|Fc)). 
   The complement of L (given Fc) happens when both of the connections from a to c fail. Since they are 
independent, 
   P(Lc|Fc) = 0.1 · (1 − 0.9²). 
   By symmetry, P(Rc|Fc) = 0.1 · (1 − 0.9²), and so 
   P(C|Fc) = (1 − 0.1 · (1 − 0.9²))².

3. What is the probability of C?

Solution: By the total probability theorem: 
   P(E) = 0.1 · (1 − (1 − 0.9³)²) + 0.9 · (1 − 0.1 × (1 − 0.9²))² ≈ 0.959.



 

ESTR2018 Extra Question

Can there be four events  so that every pair  is independent but every triple 
 is not (  are distinct indices)?

Solution: We can use modular arithmetic with mode  to answer this question. 

We toss two 5-sided dice and suppose we have equally-likely outcomes in the sample space 
. 

Define Event  as the occurrence of  for the output of die  ( ) and output of 
die  ( ). 

The events satisfy the independence conditions stated in the question.

 

 

 

Homework 4  

待补充.

 

 

Homework 5  

Question 1. A point is chosen uniformly at random inside a circle with radius . Let  be the distance from 
the point to the center of the circle. What is the

(a) CDF

(b) PDF

(c) expected value

(d) variance

of ?

Solution:

The PDF of the point is uniform over the circle which has area , so it has value  inside the center and 
zero outside. The event  consists of all the points in the circle that are at distance less than or equal 
to  from the center, which is itself a circle of radius . 

(a)(b) Therefore the CDF is , and the PDF is  for 
.

(c)  

(d) 

 

 

Question 2.
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Bob's arrival time at a meeting with Alice is  hours past noon, where  is a random variable with PDF

1. Find the value of the constant .

Solution: （归一化条件）By the axioms of probability, 

2. What is the probability that Bob arrives by ?

Solution: The CDF is . So 

3. What is the expected time of Bob's arrival?

. So Bob is expected to arrive at .

4. Given that Bob hasn't arrived by , what is the probability that he arrives by ?

5. Given that Bob hasn't arrived by , what is the expected time of Bob's arrival?

Bob's conditional expected arrival time is about .

 

Question 3.

The joint PDF of  and  is

Find

(a) the value of C

(b) The conditional PDF .

Solution:

(a) 归一化条件

(b) 
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