ESTR3106 Cheatsheet
0. Scope S{HRRIAR

ZREHEE: denotational / axiomatic semantics; natural deduction rules, Toy language B9 syntax
/inference rules 248, RS,

{ERSElE: syntax valid? -> value/final? -> %5 small-step rule? -> FSHIMIE3E value = stuck; —EA]
step A2 = diverge; F—FEEEZ T next step = nondeterministic,

TOSmRARY —EEER

type safe well-typed programs do not get stuck = progress + preservation
not type safe 3% well-typed {B stuck AIRHI

typing derivation HEHNEER L, lambda TARERTENEREEHES AT SEER
small-step —RRFE—#; JE7 evaluation order ] side effects

Prolog facts + rules + query; unification + DFS backtracking

1. Operational Semantics

e e

small-step (e,s) > (e',s") , HA—HHUT

big-step (e,s) => (v,s") , EIEFIBEE; i\ big-step XS stuck/diverge
value Esenthoikst; Simpl g skip A value/final

stuck 3 value EIZEMNATA, #0 type error / missing case

diverge —EET—HEKEARLLE, # while true do skip . 0
deterministic BMEEES— next step

KERFERIERSFN store: (X' 3o 1x) {EERR 7 ; left-to-right B8
x=4 , right-to-left &£ x

Short-circuit: true or e -> true . false and e -> false , HIFRHYT, HBILENE
ATRE.

iEFHE/ desucaring REIEIT—H: el e2 =el + (-1 * e2) : not e = if e then
false else true ; el or e2 = if el then true else e2 ; el and e2 = if
el then e2 else false .

2. Types 5 Type Safety

5 Ix) + (x:

ies B

rre:T HELEFX r F, e BEE v

r, x:tl TERBERMARBSE x A context; FEZS
T -> T2 R 23 1, BE T2

unit REOBWERIERY;  skip : unit

type checking BEANEREENE

type inference Ba tfErre: T

Type safe = Progress + Preservation:

20 o320

Progress If - e: T, then e isavalueorexists e' suchthat e -> e'
Preservation If(Fk e : T)and(e > e'), then( e" : T).

&ie well-typed programs do not get stuck

LIEﬂﬁﬁg Progress A induction on typing derivation + e:T : @M tvping rule 4> case, FlIH
UEBHFaRIAE value B4 step. Presewatlonﬁﬁmduct\on on e -> e' B\ typing derivation; &
/> evaluation rule 43 case, VEBH step JGEBIAZE,

IHERRSE: KR tvDesafeiEl;Eﬁ FIINRLEEELY typing rule, M preservation vacuous,
progress trivial, fE}Efg eZoEs. oPing :

Store KAZ£: store = Iocatlon >va|ue location 2ATEE/E: aliasing = §Am§/§|ﬁ¥aﬂﬂ
Tlocation, # store BSZEHRIE typing context 5 store —&(: x I s /store typing.

3. Induction / Substitution / Lambda

= induction hvoothesis. HAIIFGNETEHFEEMR: HSRIFMERE—5 rule 9 case. HEIE:
Proof by induction on the derivation of ' e : T.

e i)

binder/scope Mx.e / [xle 3 x ; scope REMAMER

free variable QHART binder SEEAITRHIT

a-equivalence A bound variable £5: Ax.x =x Ay.y

B-reduction (Ax.el) e2 -> el[e2/x]

;ﬁgtsut‘rti—laiggwding %%?EEBE B RERAEAE binder i3k, YERISE alpha-

cgg%/cawlwazv CBV 5RiBEHOKpY value: CBN E% (N ﬁﬁijﬁ%, Iazy/cal\ by-need AEIZHE

—R, (A\x.1) o : CBN/lazyf§ 1 , CBV Q fdi
Q= (Ax.x x)()\x x ) , —$EEEES, %normalform,
Y combinator: Y A FOx ) . FOx x)) | MR Y f s f(y ), CBVTE
WY SR A A, PENEREA base case #i diverge,

Z combinator; ()\ FQy.x x y)) f(A DRI )\ 1B self-
apphcatuonL;E ﬁACBV Typed Fy’y/sumpylytyped ?%é%TﬁEZA x(x) KA El?ﬂ%ﬂ? 3
=a->8,

Church numeral:  0=Af.\ Sfox, 2= M‘ AL FCF x) o DmE:
An.Am.Af.Ax. n f (m f x) . 5’61&5( m /A, ﬁm

Church-Rosser / confluence: 7<) reduction B&ZrICE:; Enorma\ form 774, MKE—E) alpha-
renaming,

Curry-Howard: #pRRBPER!, EBRENRERS, MOiEHH R ERNTE PR ISIERARS R AR
4. Polymorphism / Subtyping / Data

e i3]

parametric FE—EHERERE—TE: 'a > 'a

polymorphism

ad-hoc polymorphism R &R arity %ESEH, 40 overload, tree/1 5
tree/2

subtype polymorphism subtype EIFBTERRE supertype [t

product type T1 % 12, pair/tuple

e e

sum / ADT —MERFEA variant Z—, IHEEARER
nominal typing BEASRE/HT

structural typing BFBYEERREICE

Subtyping #ily: T <: T' Fx T WETRLH(E ' A, Record: FEREZM record <:
FERE/Y record, Reference subtyping i invariant, BUESAFRE,
Function subtyping TEFNY: SR, REMHEE,

igiz: int BIEJ4A Animal -> int , EBELIEETE Animal RIEEREAERLIR
Dog. agﬁﬁamxx % unsound,

PracnceAEw # zero <: int BRMEBEINZE, W OMf. f 1) Ox. x) EJHEiEH
type zero , {BLfR evaluatesto 1,

5. Practice Patterns
Py /Typed Py:

=izt EhSTH e zorsd]
Ox. 1) ("1") 141" not well-typed
stuck
x.2) ("1 2 well-tvoed, type int ; B4
x:string
Ax.x(x)) diverge not well-typed: self-application
x.x(0)
%) () (1)) 1 well-typed, int
(%) O )) (D) 1 well-typed; FEE— x BHEA

Ap palrlanguage unityped all FZ=e, kA 1 + (2,3) well-typed but stuck, LLi&
it: dint ; pairtype T1¥*T2 ; +,-,* FOARE T, &R T,

Week 13 process language: composltlon | rlght associative; [x]e binds x , scope RE
|5 : <e> send. [Ixle receive; z :: zs ZIF=list, head z:int _ tail zs:int
list ., (skipl|stop,[]) ?{'Ealwaysstuck [Eshs nondeterminism A% stop B}
skip o

6. Prolog
B b33
fact parent(alice,bob).
rule H - B. BFHIfB; , Rand
query 7- p(X). KEFLEZE
identity predicate = name/arity , % tree/1
execution MEEIE. MEEIT. DFS + backtracking
unification X = 243 4R, THE
arithmetic X is 243 SEHAMN, 15 x5
failure integer(hello). fail, EHAE type error
cut ! RESRIN, MELLENIRIREHN

Binary tree / max:

Treel ) IIPHREE, treen.

max,treegx X)) i- dnteger(X).
max_tree((L, R) M)
max_tree(L ML), max_tree(R,MR), max2(ML,MR,M).

max2(A,B,B) :-
max2(A,B,A) :-
max2 (AL A A) .

A < B.
B < A.

EE (L,R) £compoundterm, RElist [L,R] , tBRRELE tree WISEL
7. Language Comparison

Language HitiEd
ocaml static + ype inference + ype safe; compiled successfully => BET
static/runtime typing errors; = equality, := Sref, | iEref, not

pure, & mutation/l/O

Python dynamic typing; EI4RiE; EfTEIAFIAA Typekrror; objects + first-class
functions
CHt static; compiled successfully => FGE1E static type error;

pointers/casts/UB fEE7 fully type safe; & ObjEC[S/fUn(t\Oﬂ pointers
Java static; mostly type safe; casts AJ#E runtime ClassCastException

Prolog logic programming; facts/rules/query; unification/backtracking; FoEi@a%
HEEUE, RS mismatch £ fail

EDUFET: statically typed = C++/ OCaml/ Java; possible compiler I= statically typed; pure
functional = none;” has objects = C++/ Python 70Caml /Java; pattern matching = oCaml /
Prolog,

8. ESTR Practice Exams 1-4 {R{E&&EE

Exam 1: Booli + 0OCaml

Boohsvntax stmt ::= stmt;stmt | if(bexp)stmt | x:=bexp | skip ; bexp
::= true|false|!x|bexp or bexp .

Q BEES R

Qla F#f 5 4 string & x:=true and... no; skip;skip yes;

syntax £ Booli stmt true or true or true no, RE bexp ;
if(true)x: _truﬁe; fa]se no; x:=true;

Xi=X Or X N

Q1b(i) semantics nondeterministic; or BJ4E//4 step; il
deterministic? or !v B[ x:=false or !y B
X or true

x



af://n0
af://n4
af://n26
af://n52
af://n92
af://n120
af://n151
af://n180
af://n215
af://n236
af://n237
af://n467

Q BEER R
Q1b(ii) FBR AF(1x) x:boo] ref i Ix: boo1 . false:bool ;
x:=false well- xi=falserunit ; Fi TIf fB486K unit
typed under
x:bool ref
1 biii Booli- type safe? es, EBA progress + preservation; ski
et » finl; ‘seqht/or f IH; 7 assignment AL
store EARIE
2 OCam| libra piky no slatlc errors; OCaml t
Q complied st a o R Sime typing ervbrs: 5
typing error? GIf ﬁzﬁ non typing exception / logic bug /

nontermination

Sea progress ##g: # stmtl=skio FJSeq-Skip; BMHIHE stmtl->stmtl’ ﬁ«}FH:'.
stmtl;stmt2 -> stmtl';stmt2 , Seqpreservation: inversion SFiA unit

stmtl‘ : unit , B TSeq,

Exam 2: Py / Typed Py + Pointer + Church

Py {&: string/int/lambda; CBV, Typed Py: fEjfRsaS3ER!, ASZi5is|aseay,

Q FEXMES R

Qla Ox. 16 ("1 stepsto 1+"1" then stuck

E1

Qla x.2)("1") evaluatesto 2

=

Qla X x00) . x (X)) diverges

E3

gja %) (. x) (1)) evaluatesto 1

Q1b static typing Elno; E2yes int , A% x:string ;

E3n0, x(x) requires o-a->p ; E4yes
int

Qlc OCaml AST string of string | 1Int of int | var
of string | Plus of ast*ast | Lambda
of string*ast | App of ast*ast

Qid Z combinator in Typed Py? No; & x(00 , swmply typed system 75
SARVERRSY; Python SEIIE dynamic
typing

Q2 C++ pointer int* x=&y; z=*x prints 2 ; *x=1;

cout<<y prints 1 , aliasing

Q3 mystery=An.Am.AF.Ax.n f mystery 1 2 -> A FCFCF X)) =
 f %) 3 ; IMRER Church addition

Z/Python Fi#4): Python checks x(x) only at runtime; Typed Py must type-check the
expression before running and rejects self-application.

Exam 3: Ap Type Safety + Prolog

Ap: e ::=z | el op e2, op=+|-|*|, ; , builds pairs, EEXIREH pair
elementwise,

Q BEES ER
Qla Charlie unityped No ﬁw 1+ (2,3) welltypedas all but
all £% type safe stu
b i&it& 2 type system T o= int | 11612 1nt, . 4
9 CHEEEERS) product;  +,-,* ﬁﬁﬁ . é’?; T
Qlc IEBA type safe progress + preservation by induction on typing

derivation / step; pair case fJ IH; op case B[
&, value RSN EHII

Q2a Prolog tree/1 tree(X):-integer(x). tree((L,R)):-
tree(L), tree(R).
Q2b Prolog max leaf max BE; pair @3 K ML/MR B max2
Q2c tree/l1 5 ad-hoc polymorphism / overloading; E&FRE
tree/2 arity

polymorphism

max2 :

max2(A,B,B):- A < B. max2(A,B,A):- B < A. max2(A,A,A).

Exam 4: Mul + Subtyping + Language Compare

Mul: e ::=z | x | el¥e2 | Ax.e | el e2 , values z | Ax.e .
Q HEES -2
Qla grammar yes; 31 1%2*3 AIL/ALE; x y z HASH
ambiguous? parse
Q1b iven e —> e' small-step, ERRE—S

& alibigr”

Qi) £/ typable B RE (Int) rezzint ; Ftyping
preservation var/lambda/app/mul
Q1c(i) type safe? yes; well-t A integers, B4 value;

progress o8 preservauon vacuous

Q1 ciii) SCFNG no; 14 192 . M.x ER2IEF

1d(i R (BIE

ULy e s AR (e S
c]

Q1d(ii) pe zero fA Qf. 1) Ox. )

evaY ates to

Q2a EEME static: C++/0Caml; can compile: all three; pure
functional: none; objects: C++/Python/OCaml;
function pointers: C++

Q2b TRERBE only Python:  x=1; x="hello" ; C++ int x;
compile/run ;;"heﬂo" no; OCaml x=int ref 5 stringlt
no

Subtvoing PAIHES: Ax.x : zero->zero : 2 covariance B _zero <:
zero->zero <: int->zero , Bkl Ax.x : int->zero ; T (Af.f 1)()\x x)
zero , {BiEfTE) 1.

9. Progress + Preservation ZHRiR

In this exercise, you will consider the following small-step semantics and type system for the
RPN language:

Semantics

(PLUS-1) —2=%

ereat—eiert
er—e)
(PLUS-2) -0
(PLUS-INT) 2129+ — zif 2 = 21 + 23
(PLUS-FLOAT) f1fo4+ — fif f=f1+ f2
e1—re]
(TIMES-1) 25—
2—ve)
(TIMES-2) - -==2r
(TIMES-INT) zy20% — zif 2 = 21 X 25
(TIMES-FLOAT) f1 fo% — fif f = f1 x f>
Types
7 ::= int | float | string
Typing Rules
(T-INT) + z: int (T-FLOAT) I £ : float
(T-PLUS) "7 _tear  (TUTIMES) -t _ter
Does the type system above make RPN type-safe? If so, prove it. If not, give a counterexample to
type safety.
Solution: Yes, the type system above make RPN type-safe.
Proof: to prove type-safety, just prove progress and preservation.
@ The RPN language has the preservation property.
Proof. By induction on the derivation of - e : 7
Case (T-INT), Case (T-FLOAT): ¢ is an integer zor float f. It is a value and cannot step,
so the property vacuously holds.

* Case(T-PLUS): e
analysis on e —

1€+ for some ey, ey, Twith-e; : Tand - ey : 7. By case

o Case(PLUS-1): ¢’ = ejes+ande; — €. By IH, - €] : 7. By (T-PLUS),
Felest 7.

o Case(PLUS-2): ¢’ = ejey+and ey — €. By IH, - €} : 7. By (T-PLUS),
- ejeh+ : 7.

o Case (PLUS-INT): 81 = 21,63 = 29,and e’ = z. We already know 7 = int.
By (T-INT), - 2 : int

o Case (PLUS-FLOAT): ey fl,ez fz,ande = f. We already know
7 = float. By (T-FLOAT), F f : fl

« Case (T-TIMES): The ?roof\s identical to Case (T-PLUS), replacing + with * and
invoking ( TIMES 1), (TIMES-2), (TIMES-INT), and (TIMES-FLOAT).

@ The RPN language has the progress property.
Proof. By induction on the derivation of - e : 7
*  Case (T-INT), Case (T-FLOAT): ¢ is an integer z or a float f. It follows that e s a value.

« Case (T-PLUS): e = ejeq+ for some eq, eo, Twitht ey : Tand ey :
© (Casee is notavalue: By IH, e1 — €. By (PLUS-1), € — efea+.

© Caseej isavalue, but ey is not a value: By IH, ez — €b. By (PLUS-2),
e — ejeht.

o Caseéj and €3 are both values: Because there isno (T-STRING)
introduction rule, the type 7 must be either int or float .

= If 7 =int, e; and ez must be integers 21, z» derived by (T-INT).
By(PLUS INT), e — =.

» If 7 = float, e; and e must be floats f;, fo derived by (T-
FLOAT). By (PLUS-FLOAT), e — f.

* Case (T-TIMES): The proof is identical to Case (T-PLUS), replacing + with * and
applying the corresponding TIMES semantic rules.

Sir}ce we have proven progress and preservation, we can conclude that the language is type-
safe.

10. £ Type System 15itR

This question is about the toy language AP, whose syntax and semantlcs are shown below. The

metavariable » ranges over the set of integers Z = {... 1,0,1,2,...}. All operators are
left-associative.
€ (expr) u=z | e1(op)es (op) =+ — | |,

AP Operator Precedence Highest precedence: * Middle precedence: +, — Lowest precedence:

)
The set of values in AP are given below: v ::= z | v1, vy

AP Small-Step Operational Semantics
e1—rel e

OrD)  oreame (0P sy
(Op-Pair)  (v1,02)(0p) (v3,04) — (v1(0p)vs), (v (0p)vs) for (op) #,
(Plus) 21 +29— 23 ifzzg=2+2
(Minus) z; — 29 — 23 ifzz=21—2
(Times) 2y %2y — 23 ifz3 =2 %2
Charlie has proposed adding a type system to the AP language. His proposed type system makes
AP a unityped language - all expressions in the language have a single type all, and contains only
the inference rule shown below:T" - e :
(a) (10 marks) Give an example demonstratlng that the typed version of AP using Charlie's
inference rule is not type safe.
(b) (25 marks) Design a new type system for AP that meets the below requirements: It makes AP
ﬁpe -safe; It is such that any AP expression € that evaluates to a value in zero or more steps of

e semantics is well-typed in the type system.
(c) (35 marks) Prove that your new type system makes AP type-safe.

Solution
(a) The type system is not type-safe because it violates the Progress property. Under Charlie's
rule, the expression 1 + (2, 3) iswell-typed (I -1+ (2,3) : all). However, it is neither a
value nor can it take a step (it gets "stuck"), since neither (PTus) nor (Op-Pair) canapply
to an integer and a pair operand.
(b) We introduce two types: integers and pairs.
Types: T :=Int | T} x Ty
Typing Rules: (T-Int) =  (T-Comma) I
Trey T TheyT

(T-0p) et~ for (op) € {+, =4}
Note: The (T-0p) rule ensures that arithmetic operations only occur between structures of the
exact same shape.
(c) To prove type safety, we prove Progress and Preservation.
1.Progress: If ) e : T, then eis avalue ore — e’
By structura\ induction on the derivation of 0 - e : T":

Case (T-Int): e = z, which is already a value.

Ti<T

« Case(T-Comma): e = ey, e,. By IH, e; and e; are values or can step. If e; steps, e
stepsvia (0p-1) .Ife; = vy and ey steps, € steps via (0p-2) . If both are values (
vy, v2), eis a value.

« Case (T-Op): e = e1(op)es with (op) € {+, —, *}. By IH, e1, e2 are values or step. If
either steps, e stepsvia (0p-1) or (0p-2) .Ifboth arevalues (e; = v1,e5 = va
) since they share the same type T, their shapes must match (Canonical Forms):

o If T =1Int vy =2 and vy = zp. ltcanstepvia (Plus) , (Minus) ,or
(Times) .

o IfT =T x Tp,v1 = (V14,v15) and vy = (vaq,vap). It can stepvia (op-
Pair) .

2. Preservation: If 0 e : T'ande — €/, then O e’ : T.
By induction on the derivation of e — e:
« Case (Op-1) & (Op-2): e1(op)es — €} (op)es (or vice versa). By IH, the stepped
fube¥resswon retains its type. Reapplying the respective typing rule yields the original
ype

«  Case (Plus)/(Minus)/(Times): z; (op)zp — z3. The original expression has type Int
via (T-0p) .Theresult z3 has type Intvia (T-Int) .Preserved.

*  Case (Op-Pair): (v1,v2)(op)(vs,va) — (vi(op)vs), (v2(op)va).
° From (T-0p) ,weknowt (vi,vs): T and b (vs,vs) : T

o By (T-comma) inversion, T =T} X Ts, where - vy : 1, vy : Ty,
g : Ty, and vy : Ty

o Using (T-0p) ,we get - vi{op)vs : T1 and b va(op)vy : Th.

o Using (T-Comma) again, we combine them:
t= (v1(op)vs), (va(op)vs) : Ty x Th. The type T'is preserved.
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