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1. Introduction

2. Mathematical Induction (MlI)

Lecture 1: EZI3985%
R, RITIeuEeEs, REBAtATLIA.
proposition

predicate

1818

A predicate is a proposition whose truth depends on one or more variables.
il
P(n) : "nis a perfect square"

P(4)is true, but P(5) is false.

P(n):..1+2+...+n:@,,

Principle of MI (Ordinary induction)
Let P(n) be a predicate. The induction priciple involves two steps:
1.(Base Case) : show that P(base) is true.
2.(Inductive Step) : show that P(n) is true = P(n + 1) is true for all n > base.
Then P(n) is true for all n > base.

i¥%, Base Case /1 base HEVEERIERE. 2158 n A 10 T4, base #EY 10.

Strong Mathematical Induction
Let P(n) be a predicate. The induction priciple involves two steps:
1.(Base Case) : show that P(1) is true.

2.(Inductive Step) : show that P(1), ---, P(n)istrue = P(n + 1) is true.

Fibonacci £

&

z? —z — 1 = 0 KR $1=%7$2= 172

AL, EXERIXMERERSTE, JaeRTHEE.
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3. Summation

Lecture 2: 3K#0

1. Distributive Law

Let ¢ be a constant. Then,

2. Associative Law

3. Close form formula

4. Perturbation Method

Bansik

rewrite it in two ways:

5. Geomatric Sum
30 5 CIR

Consider the sum

If z # 1, then

SEREREN (x £ 1) .

z = 1/, RMERAn.

6. Quadratic Series

ZIREDB

Sen=eYa

kek

kek

D ar+be) =) ar+ > b

kek

n+1

kek kek

n
a, + E ap = Spi1 = E Qg + Gni1
k=2 k=1

3
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Consider the sum

S, =) Kk
k=1

SEEIERTIX N Quadratic Series BYSKFIRIAS Perturbation Method

n+1
P4+ K =801 =S, + (n+1)°
k=2

RZHM :i(jﬂ)? :Sn+2ij+n
k=2 j=1 j=1
We obtain the formula
~ . n(n+1)
=1 ]_ 2

which is not the sum we want.
YWREREUERER, sum StEE, BRASBEIR—REBNRECKT,
IXFHFEEMER suggests that we should apply the perturbation method EEE—RINERHCKFIL, R, tothe sum

Cn= Zn: K
k=1

n+1
12+Zk3 =Chp1=Ch+ (n+1)°

k=2

n+1 n
3 1
N =Y (+1)*=Cn+3S, + Snn +1) +n
k=2 j=1 2
HEC, B3
5 n(n+1)(2n+1)
" 6
7. nRFE

Geometric Series

& a(r"tt —1
Zarkzi( ),7'751

pr r—1
RIS B0—HEUm, r BREGLE.

Euler's Trick

ik _ n(n+1)
=1 2

Quadratic Series

"N, n(n+1)(2n+1)
HT

Cubic Series

z":k3 ~ n?(n+1)°

8. Guess-and-Verify Method

BRTEE, FAMEALSEER, B induction AIE.



ff]: Quadratic Series
Since the largest term in S,, is n% and there are n terms in S,,, we have S,, < n3.
Suppose S, = a + bn + cn? + dn?®

KNSy, Sy, S3, S4Ba=0,b= %, c=%,d=

o=

_1 1,2, 1,3
Sp=gn+3n°+ 3n

This is still a guess, because we obtain a, b, ¢, d by considering S1, S3, S3, S4, and it is not clear whether these
values will work for n > 5.

Verify by induction
The base case n = 1 obviously holds. We then compute

Sni1=Su+ (n+1)* = gn+gn’ + 30 + (n+1)° = g(n+1) + 5(n +1)* + g(n + 1)°

9. Multiple Summation

ZEKRM
aip a2 -+ G1p
azr @z - G2p
A —
Aml  Am2 e Amn

n
Tj:aj1+aj2+"-—|-ajn:kz:1ajk

Szzlrjzzzajk
=

j=1k=1

31
n j—1
T=) > (i—k
j=1 k=1
n J-1 j—1
=>0i->_ k)
j=1 k=1 k=1
n .
- iG-1)
=2 00-1)-=5—)
j=1
1 n ) n
DML
j=1 j=1
B l[n(n+1)(2n—|—1) n(n—|—1)]
2 6 2
_n(n+1)(n—1)
B 6
Interchanging Order of Summation
ai a2 - G1p
a1 Gz G2
A=
am1 Am2  *° Amn
Ti=aptap e tan = ax S=371i=3 ) aj
k=1 j=1 j=1k=1

m n n m
Ck=ai+ay+ -t am =D aES=> ck=13 > aj
j=1 k=1 k=1j=1



NE!
M=
£

I
NgE
NE!
2

j=1k=1 k=1j=1
aijx A1z - aAin
G21 QA2 -°*  QA2n
Apl QAp2 *°*  QApn
n n
S = E Ak
J=1 k=j
n k
k=1 j=1
n J 1
. S = Z Z %

J

1k=1

n

n-th harmonic number. n AEFIEL H, = %
k=1
This sum has no known closed-form formula.

o S
1
1

= o=

o=

11 1
1 3 3 z_
n J 1
§=>> %
=1 k=1
_n n 1
k:lj:kk
N n—k+1
k=1 k
B SEor
=k = =k
(n+1)H,—n

floor function
TEEERL, SHTEREL
The symbol |z ] is usually read as "the floor of "
Definition: Given a real number x, define
| z|= greatest integer < z.
MR
If z is an integer, then z = |z].

For any real number z, |z| <z < |z| + 1.

Bl: S, = 3 |VE

k=1

where, for simplicity, we assume that n is a perfect square; i.e., n = a2 for some integer a > 1.
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.
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3 ala+1)(2a+1)
6

So far our discussion focuses on the case where 1 is a perfect square. Now, let us consider the case where nis not a

<
I
—_

+a

s}

perfect square. In this case, there exists an integer @ > 1 such that a? < n < (a+ 1)2. We break the sum as follows:

2

Su=S VR = SVE + 3 (V| =ad— 2o 4oy g g2)
k=1 k=1 k=a2+1
b
S, = 1
=1 k=32
=) (n—j+1)
j=1
1)(2 1
—a(n+1) - Mo Dt ])

sr, Y |VE| = |val(n+1) — Well/r e
k=1

XHERIEEEEL 1 AL

E\j |1 2 3 --- a—1 a
1 1
2 1
3 1
4 11
5 1 1
8
9 1
(a—1)%]1 1 1 1
a? —1
a? 1

f5l: Letn > 1 be aninteger and z # 1 be a real number. Find a closed-form expression for the following double sum:

S=> > kal

n J
=1 k=1

J



Solution:

—
(0]
—~
%)

—~
8

~—

I

(=

8
ol
I
8
i
8
&

Y kzt =28 (z) = a:~(na;”“(;£7;—)}—2l)m"+1)

Interchanging the summation order yields

n

S=3"Y k.
k=1j=k

Notice that for any integer k satisfying 1 < k < n it holds that

n n k-1
j_ i j_ 2_gntl _ z—zb _ gh_gntl
Zm —El‘ Zm - 1=z 1-z = 1l-z
j=k j=1 j=1
Equivalently,
2”: xj e N e
o 1-z - 1-z
j=k
n n
S = kx’
k=1 j=k
n n
= kY o
k=1 j=k
n k n+1
x T
f k‘ . 1
k=1 -z
1 n xn+1 n
=7 kz® — : Yk
= T4
1 z-(nz" —(n+1)z"+1) 2" nn+1)
Cl-xz (z —1)2 -z 2

4. Recurrences

#Bl3, Recursion

In mathematics, a recurrence relation is an equation that recursively defines a sequence, once one or more initial terms
are given: each further term of the sequence is defined as a function of the preceding terms. For example, the Fibonacci
recurrenceis: F(n+1) = F(n) + F(n — 1), F(1) = F(0) =1

In computer science, recursion is a programming technique where a function calls itself repeatedly until some base
condition is met. For example, recursion can be used to calculate a Fibonacci sequence number (inefficiently) like this:
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int fib(int n)

{

if (n <= 1) return 1;
return fib(n-1) + fib(n-2);
}

4.1 Linear Homogeneous Recurrences
HFRRIBA

T(n) =a1T(n—1)+aT(n—2)+---+aqT(n —d)
d is the degree of the recurrence and a1, - - -, aq are given constants.

degree: Bi#y, BIFXRS$, HEE T(n) SHRTEFILIBITAIZERSZ.

Example: Fibonacci #%
T(n)=T(n—1)+T(n—2)

d=2anda1:a2:l

4.1.1 Solving Recurrences
SHSTRBITNBIEL: BIRHMESTE.

BRI focus on $HESESTERNE (BLER, BLEHIR) MWRANEITER.
T(n)=a1T(n—1)+aT(n—2)+ -+ asT(n —d)
EZBATEREFIVIRENENER, g nis divisiblebyd, B
ciT(0) <+ <T(n—2d) <cT(n—d) <T(n)<cT(n—1)<T(n—2)<--- <
Hfic=a;+az+---+aa
ERMEHESFRE, BRT(n) = =", = AEFEE.

& = a1z -+ age™?

wd:almd_1+-~-+ad

ERXERRLL 2", EABRNBIAz £ 0 (T(n) HEH 0 BAHEREA, MERSZRERSHMEETEER,

EIRRBEIXT = B9 polynomial equation, WIUEIEIAXRAMSMERTE (characteristic equation) .

md—almd_l—--~—ad=0|

52 d MHIER (FJLAZSEHEES, BIBER)

MFLEMFIRBR, &d MERTREAIER, RERIFRX d MRILEMES, REBRERE (B d MIkE, Bt
dAd it LRI5RE, 18IFREH d N EE) .

IR BREHIRREERIMEE!

Example: Fibonacci %
T(n)=T(n—1)+T(n—2)

d=2anda1:a2:1
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BN 2=2+1

g = 50y = 1505

4.1.2 TEIR

T(n)=aiT(n—1)4+aT(n—2)+ -+ asL(n—d)

|mdfa1md71 7---—ad:0|

Theorem 1

Suppose that the roots ry, - - -, 74 of the characteristic equation are all distinct.

Ti(n) =}, To(n) =75, ---, Ta(n) =r}

all solve the recurrence. Moreover, any linear combination of Ty (n), - - -, Ty(n) also solves the recurrence. In other
words, for any real numbers 61, - - -, 84,

To(n) = 0177 + 0275 + - - - + 477} solves the recurrence.
R, FERHIBA TYBERLAXR, MEBETE WREEaREYE) .
XEBRE, NMRABLEEVE FTERNDERKHRE 0, --,00 (FE) .

Example
Fibonacci 2451
Tn)=T(n—-1)+T(n—2)
d=2anda; =a; =1

BESTE: a2 =2+ 1

RNTBESHT(1) =1, T(2) =2,

o (55) 0 (15
o (
w80 = -

V5

“)
S(155), 0= (50)
%ﬁT(n):L(1+2\/5>(1+2\/5)n_L(1—2\/5)(1_2_\/5)n

XAMERTREFISFRTEZIRY Fibonacci 8B AKR—H, RAXEFEA1,2,3,--- R/, RE 1, 1,2, - FBE, BEST
LSy (L5

n=n-1, F(n) = S50 (Binetast) , atEm
0SB T(0) o, KERANE1,1,2,3,- - 78, ZWSHIAEOE0,1,1,2,- - 7B

AEBUR TR, TREEREEER, 5N

1="Ty(1

)= 1+2 4 )
2 = Tp(2) = 0, (L4 2+92(1—V5)2

/N
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4.1.3 B&ER

Example: EELITEE

{T(n) =2T(n—1)—T(n—2) forn>2,
T(0) = 0, T(1) = 1.

KSR 22 —22+1=0
R 7y =7 =1 (BIR)

BATo(n) = 011" + 6,1" FRBRE (BARHEBRAXR, BRTERIEKRTEHE, SSEERN— TR HIERBRNIZ
BIFERRNES, JUBIFERERIEIENR.)

RRE— T A AR RERA R :
’l“?gl + ngz = 01
’I“?JAGI + 1"721+102 = 02

ry =ro B, BAKH, BATHSMREDIER, ri = ry S Mry &HEX (T8 n EA%) , ANHEAYIEERFE
HTEEREBIMATATE. ATHRRXNTE, FNIFTEKE d MEMERIN (B, d MRUTETREERS distinct, Hi%
nIRTHSEEMTR, EREERILE)

Theorem 2
BiglRr WEHm > 1, & Ti(n) =", To(n) =nr™, Ti(n) =n", ..., Tn(n)=n""1r"
ARERX m MEEMTXN, MESSEEMEBITXER T(n) = a;T(n — 1) + a;T(n — 2) + - - - + agT(n — d).
ST ERBA RIS AN X, WTFARAR, B n R5HE, BEEMEXT (BLE, MR r FE
> k+ LER, nfr HFRHBEEXE.)

EMTRENEBRER, > Ti(n) = 04BN ci =co =+ =cp = 0.
i=1
AEEr = 0 fUER. 7 Solving Recurrences —THfERY, " 2BNISHE (SBWRBRNES, EARNEEFXE
AR LIREES MR, EEiRASER, A —cCEFSRENER) MR =0, BSTEERE® T(n) =0
. IMIRESHSEEERFRIIN. BIIAENESETFRIESRE T(n) £ 0 IBER.
XEIRERATNRT SRS HERTE, ST ER, IBARBEEELERFERITE, ReBEINERTETLL
FREREEE k.

BB REAGERRN T
ERR: Er E2mER, f(z) = 098 f(z) TREEF (z — )™ 8 f(z) = (z — r)™g(z). XEHFE r B2

F¥(z) = 0fiR, ke [1,m — 1) EEUSESTE|2? — aie® ' — - —ay = 0], BD
" —ajz"l— - —az" =0, f(z) =2" —az" ! — - —agz" ¢
ar2ZAENm ER, U

nr"t —ai(n—1)r" 2 — .. —ag(n — d)r" 4t =0 (—B)

EEFIRHE f(2) =0, f'(z) =0, -, fB(z) =0, PABEHE [zg(z)]’ =0, Heh
g(z) = Li(z) f(z) + La(2) f'(2) + -+ + Li—1(z) f* Hz), BF L1(2),- -+, Ly_1(z) B = HERRSSER.

ERr#Enz” ' —ai(n —1)a" 2 — - —ag(n — d)z" ! =0, FHiLERT z KSNSEBAKE, B
nz" !l —aj(n—1)%22"% — ... —ag(n —d)?z" 41 =0

sz, BRIEW Y (z), B

nm—lwn—l o (11(77, o l)m—lxn—2 . ad(n o d)m—lxn—d—l =0

HERz, TAKRS (BRES rfifcsg7s)

nm gt —ay(n—1)™ "l — .. —qgy(n—d)™ 2z d =0
r BEXANSRERE T,(n) = n™ r" BERAXE. WF
Ti(n) =n*'r", ke [1,m]

HERIAXRAGERR, FaLERENSE, REER v BRSMEEESESITHI ¢ (z).
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Example: r UEEE 4, A n’r" EEBAXE T(n) = a1T(n — 1) + aaT(n — 2) + - -+ + agT(n — d).

BHETE f(z) = 2" —a12™ 1 — -+ —agz" =0

f(@) = (& —r)'g(x), f(r) = f'(r)=f"(r) = f"(r) =0

fl(z) =nz" ! —a;(n—1)z" 2 — .- —ayg(n — d)z" 4!

Fr HRS,

F(z) + zf"(z) = n2z" L —ar(n—1)%2" 2 — - — ag(n — d)2z" 41

T (BARIXANET 0 IR

ke r BHKRS,

fl(x) +3zf"(z) + 22 f"(x) = nz" ' —ai(n —1)%z" 2 — ... —ag(n — d)3z" 0!
T BARXNET 0 1R, ERHIT [ (x), FEESEEKRS.

Fex,

z[f'(z) + 3zf"(z) + 22" (x)] = ndz" —ar(n — 132" — ... —a4(n —d)3z" ¢
T BRARXANET 0 A,

ndrm —a;(n— 13" 1 — ... —ag(n—d)}rm =0

B8 n3rn BHERARE T(n) = a1T(n — 1) + asT(n — 2) + -+ - + agT(n — d).

4.1.4 Fi—RYERE
EEEREERRNFEENER T, BRENSE.
SMFEMERAT(n) = a1T(n — 1) + axT(n —2) + -+ - + aqT(n — d),

Suppose %?E)‘ﬁ%hd —az?t - —ay=0 | has t distinct roots 71, - - - 7, where the root 73 has multiplicity
my > 1fork=1,---,t.

dWEm5ER dMR (BEER) = mi +me+ - +my = d.

Any linear combination of ’%I&ZIX is a solution to the recurrence:

T (n) = 7‘?, T1,2(n) — nrfll’ e Tl,ml(n) _ nml—l,r,wlz,
T2’1 (n) = 7"3, T2,2(n) = nr;7 e sz2 (TL) _ nmz_l'r’g,
Tt71 (n) = 7‘?7 Tt72(n) = nr?, . fZ—’t,mg (n) _ nmﬁlr?‘

—Hdm, M EFER.

for any real numbers 011, -+, O¢m,
t m;
&% To(n) = >° 3 0;,Tjr(n)
j=1k=1

1R1E d MR ERFEREEK LR

Example: ERELITEIE

{T(n) =2T(n—1)—T(n—2) forn>2,
T(0) =0, T(1) = 1.

KA 22 22 +1=0
BER: 7y =70 =1 (BEIR)

BATo(n) = 011" + 6,1" F2BRE (BAREBRAXR, BRTEREKRLEHE, SZEERN— TR HIERBRIZ
BIFERRNES, JUBNHFERERIEIENE.)
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BERARDH, ri=1, m; = 2.

Tii(n)=r} =1, Tis(n)=nri=n

B To(n) = 011T11(n) + 012T12(n) = 011 + 0121
N initial conditions,

{O - TO(O) - 01,1
1=Ty(1) =611+ 012

8 T(n) = n.

4.2 Inhomogeneous Recurrences
IEFR
T(n) = aiT(n —1) + ayT(n —2) + - -- + agT(n — d) + F(n)
Example
XiEE: =iRiE, 18 n disks \—IRIFFREIS—RIEF, KA9REERVYEE.
HBn — 1 RBRIB—R, ERANBIIEE, Bt n — 1 RBIIEM
T(n)=2T(n—1)+1 forn>1
Hered =1, a; = 2, F(n) =1

4.2.1 Solving Linear Inhomogeneous Recurrences

SHUEFRBIAT(n) = a1T(n — 1) + axT(n — 2) + - - + a4L(n — d) + F(n) ROERET
SERILMETIRBIR T (n) = a1T(n — 1) + aT(n — 2) + - - - + agT(n — d) KEBRIN_ EZIESFREIR— MR
Theorem 1

To(n) = Th(n) + Tp(n)

UERR:

Th(n) = a1Th(n — 1) + asTh(n — 2) + - - + agTh(n — d)

T,(n) = arTp(n — 1) + asTp(n — 2) + - - + agTp(n — d) + F(n)

(Th(n) + Tp(n)) = ar(Tw(n = 1) + Tp(n = 1)) + as(Th(n = 2) + Tp(n = 2)) + - -+ + aa(Th(n — d) + T(n — d)) + F(n)

FORIBRRIBARNRI LT PR, IETRAEERIZN T :
In many cases, the particular solution will be of the same function class as the inhomogeneous term F(n).

FHRAOZE—RRANAESORIA F'(n) 200 B0, F(n) £ n 89t MBI, W T (n) will also be a polynomial in 7
whose degree is at least ¢.

Example
XS =HRIE, 18 n disks N—IREFBEIB—RIEF, KRAIREEHVATLE.
FHEn — 1 RBRE—R, BEANBIIEM, BEn — 1 BB
T(n)=2T(n—1)+1 forn>1
Hered=1, a1 =2, F(n) =1
F(n) = 1is a polynomial of degree 0. Try T),(n) = z, = 2EFEHE
r=2r+1=x=—1

T,(n) = —1is a particular solution to T'(n) = 2T'(n — 1) + 1.
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SHEIER T),(n) = 62"
Ty(n) = 62" — 1.

KAT(1) =1=T(n) =2" — 1.

R RRRMRR S

VRBIRIAIFEREIA, SEER Th(n)

2 REZAFRBIIO— MR Ty (n) (F—CEHEYE, REREBAXR)

3.T9(n) = Tw(n) + Tp(n), IREMARSHFIRERERERY, AERIROIEIR.

HABNARRRE— TR EAS AR, R —METRERETRRITETRAIEIRAME, BRISEETR
fRAVEAL ESINFTROZIMERTIN (RS TIRK) -

Theorem 2

T(n) = a;T(n —1) +ayT(n —2) + -+ +a T (n — d) + F(n)
Suppose that the inhomogeneous term F(n) takes the form

F(n) = (bo + bin + ban? + - - - + bynt)s™

for some real numbers by, by, ..., b; and s. If s is not a root of the characteristic equation associated with the linear
homogeneous recurrence T'(n) = a1T(n — 1) + ayT(n — 2) + - - - + a4T(n — d), then there is a particular solution

T,(n) = (zo + z1n + zon? + - - - 4+ 4nt)s",
for some real numbers zg, Z1,..., Tt
On the other hand, if s is a root of multiplicity m > 1, then there is a particular solution
Ty(n) = n™(zo + T1n + zon® + - - - + 24n')s",
for some real numbers g, 1, ..., Tt.
FUARGZSCHIBRR B R, EOHISRAORHRTREE check s REETHIBMRATINT K HSRAVEHER.

n"™ 2R TIRES INSRATORBELIDIR MAESE CORBRATI n™ 'r", THERIIANEFESIEn"s"
) .

5. Asymptotics

AT
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5.1 Orders of Growth
I
B A ERSISOER, WA R

5.2 {iiHfFS

5.2.1 Big-0

SRR LR

f(z) = O(g(z)) if Fe>0,29>0 suchthat Yz >z, f(z)< cg(e)
BA—ANREEIEE BigO, EESEERENER, LIRHEEHOGKEA.
R AT 0.

5.2.2 Big-{)
FRREUERATTR.
flx) =Q(g(z)) if Fe>0,20>0 suchthat Yz >z, f(z)>cg(x)

Theorem 1

f(z) = O(g(x)) is the same as g(z) = Q(f(z)).
O(g(z)) = 3e>0, g >0 suchthat Ya >z, f(z)<cg(x)

s
—
8
SN—"
I

1
& 3Je>0,290>0 suchthat Ve >wzy, g(z)> —f(z)
c

By taking ¢’ = 1 > 0, { = z¢ > 0, we have g(z) = Q(f()).

5.230
BERSHE O 0 2 95, FRREUSKATHIIM.

f(z) = ©(g(z)) if f(z)=0(g(z)) and g(z)=O(f(z)).

f(z) =0O(g(z)) % f(z) = g(x). It just means that
Jep,e0 >0, g >0 suchthat Ve >xzy, ci1g(z) < f(z) < cag(x)

REeREA f(x) f g(z) ER.

5.2.4 Small-o
FREEER (FHEERM) | L Big-O EFEERAE.

f(@) = olg(x)) if lim &5 =0.

EMTF
f(z) =o0(g(z)) if Ve>0,3zo>0suchthat0< f(z) < cg(z) forall z > xy.
FREMFRIAHRER ¢, 9(z) Btk f(z) BMAHE.
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5.2.5 Small-w
FTTHETR (FHEERH) | L Big-Q EI&HIRE.

f(z) = w(g(z)) if lim L =o.

EMT
f(z) =w(g(z)) if Ve>0,3zg>0suchthat 0 <cg(z) < f(z) forall z > zy.
FERMARUBERES ¢, g9(z) B f(z) BNAHR.

f(z) = w(g(z)) = f(z) = Qg(z))
f(z) = Qg(z)) # f(z) = w(g(z))

5.3 Properties for Asymptotic Analysis
BT HTAIMERR

o {EiEME (Transitivity)
If f(n) =1II(g(n)) and g(n) = II(h(n)), then f(n) = II(h(n)), where IT = O, o, Q, w, or ©.

o JMEZEN (Rule of sums)

f(n) 4+ g(n) = I(maz{f(n),g(n)}), where Il = O, Q or O.

e 3EXEN (Rule of products)

I 1(n) = I(g1(n)) and fo(n) = I1(ga(n)), then £ (n) fa(n) = I1(g1(n) ga(n)), where IT = O, o, 2, w, or
0.

o EEEIIFRIE (Transpose symmetry)
f(n) = O(g(n)) iff g(n) = Q(f(n))
f(n) = o(g(n)) iff g(n) = w(f(n))

o B (Reflexivity)
f(n) =TII(f(n)), where Il = O, Q, or O.

o XIFRE (Symmetry)
f(n) = ©(g(n)) iff g(n) = O(f(n))
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5.3.1 SIANRSHRE

Polynomial-time complexity

o ENHO(p(n)), HY p(n) BEXFHAIUE n HISTRRE

5.3.2 ERREIEKELLER
MNERS
. mHEH: 0(1)
o WEEE: O(log n)
. BIEEE: O(n)
o SUIEEE: O(n logn)
. STREE: O(n*)
o fEEIRE: O(27)
. WREE: O(n))

Increasing n —

5.4 Relations Between Order-of-Growth Sets

R—>R

O(/) Q(f)

f
(f)
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6. Set Theory and Counting Principle

6.1 Set Theory

6.1.1 ESHIENX

Aset S'is a collection of elements, in which each element appears only once.
TTEAEE

Examples:

S =1{1,2,3,4,5} setoffirst5 positive integers

S ={0,1,2,---}  setofall non-negative integers

S ={a,b,c,---,z} setofalllower-case alphabets

S ={00,01, 10,11} set of all binary strings of length 2

S =1{1,1,4,5,1,4} is not a set, as the elements 1 and 4 are repeated.

6.1.2 BRIEN

Given a set S, the number of elements in .S is denoted by | S|. The quantity |.S| is also referred to as the cardinality of S.

6.1.3 %K, F&

A set with no element in it is called an empty set and is denoted by ). Naturally, the cardinality of an empty set is 0.

Given two sets S and T, we say that T' is a subset of S, denoted by T' C S, if every element in T"is also in S. It follows

thatif 7' C S, then |T'| < |S].

6.1.4 3T, HE

Let S7 and Sy be two given sets.

@ The union of S7 and S denoted by S1 U S5, is the set containing all elements from both S7 and Sb.

@ The intersection of S7 and Ss, denoted by S1 N Ss, is the set containing all elements that are common to both Sy

and Ss.
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TR, ESTTRRRRE—

6.1.5 £E5¥I%S

Let S be a setand m > 1 be an integer. A partition of S into m parts is a collection of m subsets of S, denoted by
S1, -+, Sm, with the following properties:

@ (Exhaustion) S = S; U Sy U---US,,.
@ (Non-Overlapping) For ¢ # j, we have S; N S; = 0.

ER, XBH subset FEKIFE. —NMEESTLUKEB CH— 8D 2 M5

6.2 Counting Principles

6.2.1 IiEIRIE
The addition principle states that if Sq, - - -, S;,, form a partition of .S, then

IS| = [S1] +[S2| + -+ + S

6.2.2 SEEIRIE

The multiplication principle states that if each element in S can be generated by performing an ordered sequence of
actions, say, A1, As, - -+, Ay, and action A; has p; choices, wherei =1, ---, N, then the cardinality of S can be
computed by

S| =p1xpax -+ xpy

6.2.3 Permutation

Consider a set of n elements, say, So = {1, cee ,n}. We call Sy the ground set. Also, let 7 > 1 be integer. An r-
permutation of the n-element ground set Sy is an ordered selection of r elements from Sy.

R — A r {FIRE (n+) FHHER =R — A,

Let S be the set of all different r-permutations of the n-element ground set Sy. We are interested in determining |.S| for
general values of n.and 7. Let P(n,r) denotes this number. Observe that an r-permutation of the ground set

{1, s ,n} can be generated by performing the following ordered sequence of actions, where we also record the
number of choices for each action:
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action number of choices

A pick the 1st element n
A,: pick the 2nd element n—1
A, pick the rth element n—r+1

Thus, by multiplication principle, we have

P(n,r)=n(n—1)---(n—r+1) = 2

(n—r)!

6.2.4 ¥PEE

Let S be asetand A C S be a subset of S. The complement of A in S, denoted by A4, is the set that contains all the
elements in S but notin A.

By definition, A and Aforma partition of S. Hence, by the addition principle, we have

S| =14] + 4]

6.2.5 % RIE
The subtraction principle is simply the inverse of the above relationship; i.e.,

Al =S| - |4]

6.2.6 [&i%[RIE

The division principle states that if S is partitioned into k equal-sized parts, then

. 5|

number of elements in each part



af://n718
af://n726
af://n733

6.2.7 HRERIE

Pigeonhole Principle
[z] = least integer > x
|z| = greatest integer < z

Suppose that n objects are placed into k boxes. Then, at least one box has at least [%] objects.

Proof: We prove the proposition by contradiction. Suppose that the conclusion is false. Then, every box has at most
[ %] — 1 objects. Since there are k boxes altogether, we have

total number of objects < k x ([ ] — 1)
Now, for any real number z, it can be easily verified that [z] < @ + 1. It follows that

total number of objects < k x & =n

which contradicts the fact that the total number of objects is n.

6.2.8 Combination

Consider the ground set Sy = {1,---,n} of n elements. Let r > 1 be integer. An r-combination of the n-element
ground set Sy is an unordered selection of 7 elements from . Let S be the set of all different r-combinations of the n-
element ground set Sj.

n

We are interested in determining | S| for general values of n and r. Let C(n, 1) = ( ) denote this number.
r

The definition implies that

B 0 ()

By convention, we set

n
( ) =0 wheneverr > n.
r

n

For general values of n and r, we can determine ( ) by relating r-combinations to r-permutations. Indeed, observe
r

that each r-permutation of S can be generated via the following ordered sequence of actions:

Aq: pick r elements from Sj.

As: order the r elements chosen from A; to form the desired r-permutation.

n
Note that A; has ( ) choices, while A5 has 7! choices. Hence, by the multiplication principle,
r

P(n,r) = (:) x 7!
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Since P(n,r) = #‘7‘)' it follows that

ny n!
r)  rln-n)!

*6.3 ATEIER

Countable Sets. Lecture 10 ¥\ zAES

Countable set:

Any finite set or

Any countably infinite set:

There is a one to one correspondence between elements of the set and Natural numbers

EERTREB R — X R,

BRI

p— |

— D

—_ W9

/
/
/.

— |
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Rational Numbers:

U

Correspondence: \
3

»
PR i
»

Positive Integers: 1, 2,

*6.4 RETEIER

Uncountable Sets

A set is uncountable if it is not countable.

Theorem:
Let S be an infinite countable set
The powerset 29 of S is uncountable

BE (Powerset) B— N EANTEFEAMINES.

Proof:
Since S is countable, we can write
S= {81, 52583, }

We encode each element of the power set with a binary string of 0's and 1's

Encoding
Powerset
element Sl SZ S3 S4
{Sl} 1 0 0 0
{S’2 253 } 0 1 1 0
{Sl 9S3>S4} 1 0 1 1

IE%: {Rig the powerset is countable.

BRIERL&IE
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1y 110@1-.-

B bits BVAMD, MEFEE trew = 0011. ..

# powerset AJ#, M £pe 2 powerset FIFANITE L.

ERIBAEIE, tnew MISE i S ¢, M98 ¢ (UMER, R/RERTA ORI, FE.
FEUFFSATEEERY powerset RATEL.

7. Binomial Coefficients

n
Recall the quantity ( ),which is known as the binomial coefficient, arises when we count the number of different
r
unordered selections of r elements from a n-element ground set. As it turns out, the binomial coefficients satisfy many
n
useful identities. These identities can be proven either by invoking the formula for ( ) or by using counting
r

arguments. The former gives rise to algebraic proofs, while the latter to combinatorial proofs.

7.1 Binomial Identities

Proposition 1

For any integers n,r > 0with 0 < r < n,
n n

@ =
r n—r

Algebraic Proof

This can be done by simply invoking the formula

n _ n!
r)  rln-n)t

ReRETREFREXMEFIHENX.
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Combinatorial Proof

The idea of a combinatorial proof is that both sides of the identity @ are supposed to be two different ways of solving
a counting problem, and our task is to explain

(i) what is the counting problem and
(i) how the two sides of the identity are solving the counting problem.
ESIEARZL . IERIEE RN ERAR I IR R A

To proceed, let us define the counting problem for @. It is simply counting the number of different unordered selections
of r elements from an n-element ground set. This number is, by definition, given by the LHS of @. Now, observe that to
select 7 elements from an n-element ground set is the same as to select which n — r elements to be excluded. The

number of ways to perform the latter is precisely ( ) . It follows that @ holds.

n—r

nErEMFnikn —r ETHE, FFrN)

Theorem 1

Pascal's Identity

Foranyintegersn,r > Owithl1 <r <n —1,
n n—1 n—1

@ = +
r r r—1

Algebraic Proof

n
Using the formulae for < ) and n!, the RHS equals
T

(n—1)! (n—1)! B (n—1)! 1 1
T e e T e Sl e T e § YL e

Combinatorial Proof

Again, the LHS of @ suggests that the counting problem is simply to count the number of different unordered selections
of r elements from an n-element ground set. To facilitate our proof, let S be the set of all unordered selections of r
elements from the n-element ground set {1, 2, ..., n}. By definition, we have

o= ()

What would be another way to determine |S|? The RHS of the identity @ involves the sum of two terms, which suggests
that the addition principle is at work. Following this line of thought, let us partition S into two parts S7 and S2, where

|S| = |S1| + [S2]-

Now, observe that an alternative description of Sy is that it contains all unordered selections of r elements from
{2,...,n} (since “1"is not allowed to appear). Thus, by definition,

151 = (")

For Ss, since “1” appears as one of the r elements in the selection, we can only select » — 1 more elements from
{2,3,...,n}. There are ("_}) ways to do this. Thus,

|Sa| = (I2}).-

Putting everything together yields the identity @.
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EOTTEREIE, RN TERRIE

Theorem 2

Binomial Theorem, “IAEE
Letn > 1 be an integer. For any real numbers z, y,
"\ /n
x4+ n_ mk n—k
o @y =3 (3)e"

The Binomial Theorem generalizes the well-known expansion (z + y)2 = x? + 2xy + y%. As before, it can be proven
by both algebraic and combinatorial means.

Algebraic Proof
We proceed by induction on n > 1. For the base case, the RHS of ® equals
1
1
> (Dot —ats
k=0
which is the same as the LHS of 3.

For the inductive step,

@t = ety =@y (et

— n
~(n+1 gyt (7 FI\ o (mH i
= J n+1 0

(5T T Pascal's Identity)

n+1
Z(n+1) Jomn— ]+1

Combinatorial Proof

To gain some insights into the structure of the expansion of (z + y)™, let us first consider a simple case where n = 3.
The LHS of @3 can be written as

(z+y)(z+y)(z+y).

Observe that the expansion of the above expression can be done by taking one of x or y from each (ar: + y) term. For
instance, if we take the bolded terms below

x+y)(z+y)(z+y)

and gather them, we get the term zy2. Of course, we get the same term if we gather the bolded terms below
(z+y)(z+y)(x+y).

Thus, the terms in the expansion of

(z+y)(z+y)(z+y)

can be obtained as follows:
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choice term

(x+y)(x+y)(x+y) z?
(x+y)(x+y)(z+y) 2%y
(x +y)(z+y)(x+y) 2%y
(z+y)(x+y)(x+y) %y
(x+y)(=+y)(z+y) zy?
(z+y)x+y)(z+y) zy?
(z+y)(z+y)(x+y) zy’
(z+y)(=+y)(z+y) y*

(z+ y)3 is simply equal to the sum of the terms in the second column of the above table.

Motivated by the above observation, let us now tackle the general case. Consider the term z*y™* in the expansion of
(z 4 y)" where 0 < k < n. Such a term can be obtained as follows: Out of the n (z + y) terms, we need take an
from k of them and a y from the remaining n — k of them. By definition, there are (Z) ways to perform this task. Hence,
the term

(et

appears in the expansion of (ac + y)". By summing the above over k = 0, 1, ..., n, we obtain the desired identity 3.

Interestingly, the Binomial Theorem can generate many new identities by substituting various values of  and y. For
instance, by setting ¢ = y = 1, the identity ® gives

Combinatorial Proof

Now, to generate a subset of Sy = {1, ..., n} with k elements, we need to select k elements in Sy to form the
subset. Thus, there are (Z) different subsets of Sy with k elements. Since a subset of Sy canhave k=0, 1, ..., n
elements, by the addition principle, the number of different subsets of Sy is given by the RHS of @.

On the other hand, a subset of S, can be generated via the following ordered sequence of actions:

action number of choices
A;: decide whether "1" belongs to the subset 2
Aj,: decide whether "2" belongs to the subset 2
A,,: decide whether "n" belongs to the subset 2

Hence, by the multiplication principle, there are 2™ different subsets of Sy, which is the LHS of @.

Theorem 3

Multinomial Theorem

Letn > 1 be an integer. For any real numbers 1, Z2,..., Tk,
n _ n! ny N2 Nk
(ml t+z2t + mk) - "1"22: o nylxXna!x- - xny! Ty Ty Ty -

ni+ngt - tngp=n

As an application of the Multinomial Theorem, we can see that the coefficient of (B%l’z.’lﬁg, in the expansion
(ml —+ x9 + $3)4 is
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4
211 12.

This, of course, can be verified by directly expanding (z1 + z2 + z3)*.

7.2 Bookeeper Theorem

Now, let us count the number of different sequences that can be obtained by permuting the letters BOOKEEPER. Note
that there are 9 letters in the word BOOKEEPER, yet not all 9! permutations give rise to a different sequence, as some of
the letters are repeated.

To tackle this problem, we first observe that each sequence is completely determined by the locations of the distinct
symbols. For example, the sequence OBOKEPEER can be specified by noting that

symbol locations
B 2
E 57,8
K 4
(o) 1,3
p 6
R 9

The number of different sequences that can be obtained by permuting the letters BOOKEEPER is

9!
IRV TN

8. Elements of Discrete Probability

8.1 Basic Definition

Def 1 f{2=23[A)
Definition 1: A probability space is a pair (S, p(-)), where
e Sisthe set of all possible outcomes of the random experiment and is called the sample space,
e p(-)is a function that assigns a number to each outcome in .S such that
@ p(s) > 0 for each outcome s in S and

@ the sum of p(s) over all outcomes s in S equals 1;i.e., Y p(s) = 1.
seS

The function p(-) is called the probability function and the requirement @ is to normalize the numbers assigned
by p(:).
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Example 1

Consider flipping a coin once. The set of all possible outcomes is usually taken as S = {head, tail}.

As for the probability function, there is some flexibility in assigning numbers to the above two outcomes. For instance, if
the coin is fair, one would set

p(head) = 0.5, p(tail) = 0.5.
On the other hand, the assignment
p(head) = 0.6, p(tail) = 0.4.

indicates that the coin is biased. Note that both of the above assignments satisfy @.

Example 2
Let S be a finite set of possible outcomes of a random experiment. We say that every outcome in S'is equally likely if
p(s) = ﬁ Clearly, such an assignment satisfies p(s) > 0 for each outcome s in S. Moreover, we have
Sps) =3 =k D=k X8| =1.
seS seS seS
1 L
2 75 = s 2 ]
seS seS

This is due to the fact that each summand is the same and is equal to %‘ which means that it can be taken out of

the sum by distributive law.
1 1
seS

To get this equality, recall that ) 1is interpreted as the number of terms in the sum. Since there is one term for
seS
each outcome in S, we conclude that > 1 = |S]|.
sesS

As an aside, in order to know the probability assigned to each outcome, we need to know |S|. This is related to counting.

Example 3

Consider two rolls of a 6-sided die. Then, the set of all possible outcomes are given by

S ={(1,1), (1,2), (1,3), ..., (1,6), ..., (6,1), (6,2), ..., (6,6)},

where (, j) means that the first roll gives the value ¢ and the second roll gives the value j. Suppose that every outcome
in S'is equally likely. Then, the probability of the outcome (%, 5) is given by p(z, j) = ‘% wherei =1, 2, ..., 6and
j=1,2, ..., 6.Now, using the multiplication principle, it can be readily seen that |S| = 6 x 6 = 36.

Oftentimes we are interested in the probability of not just a single outcome but a collection of outcomes. For instance,
when rolling a 6-sided die twice, we may be interested in the probability that both rolls are even. In this case, the
outcomes of interest are

T= {(2’2)a (274)’ (276)a (4’2)’ (4’4)v (476)7 (672)’ (674)5 (6’6)}

This motivates the following definition.

Def 2 iR

Definition 2: Let (.S, p(-)) be a probability space. An event T'is simply a subset of S (i.e., T' C S).

The probability of an event T'is given by

p(T) = >_ p(s).

seT

As a quick illustration, consider the setting in Example 3. Then, the set
T={(2,2), (2,4), (2,6), (4,2), (4,4), (4,6), (6,2), (6,4), (6,6)} is an event. Its probability is given by
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T
PT) =S = 1=fg=d%=1%
seT seT

Note how the cardinality of T' comes into play in the calculation of p(T").

%3

Consider two rolls of 6-sided die. What is the possibility that the sum of two rolls are 7?

(1,6), (2,5), (3,4), (4,3), (5,2), (6,1)

6 _ 1
36 6

Consider two rolls of 6-sided die. We are told that the
outcome of at least one die is 5. What is the possibility that
the sum of two rolls are 10?

(5,1), (5,2), (5,3), (5,4), (5,5), (5,6), (1,5), (2,5), (3,5), (4,5), (6,5)

—
»—tl’_‘

An urn contains 6 white and 9 black balls. If 4 balls are to be randomly selected without replacement, what is the
probability that the first 2 selected are white and the last 2 black?

(6/15)(5/14)(9/13)(8/12) = 6/91

(4)

AERXMEIE, K tricky.

8.2 Further lllustrations

Example 4

Poker

A hand of 5 cards is drawn from a standard 52-card deck. Suppose that every hand of 5 cards is equally likely. What is
the probability of getting a hand with all distinct face values?

Define the event of interest 7" and determine its probability.

In this problem, we are interested in outcomes in which all 5 cards have distinct face values. Hence, we can simply let T’
be the set of all possible hands of 5 cards whose face values are distinct. To determine its probability, we need to
compute |T| Observe that each element in T can be generated via the following ordered sequence of actions:

action number of choices
A;: choose 5 distinct values to appear in the hand (153)

As: choose one suit for each of the 5 distinct values 45
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By the multiplication principle, we have
13
IT| = () x 45

It follows that the desired probability is given by

1 Tl (5) x4
p(T) = p(s) = — 1=— == ~0.507.
2L T @
R SRR
PI) =1x(1-2)x(1-5&)x (1) x(1-L2)~0507.

Consider distributing 5 cards (one hand) each to two persons from a deck of 52 playing cards. What is the number of
distributions that both persons receive a ‘Four of a Kind,' i.e., the hand of 5 cards contains all the 4 cards of the same
face value, e.g., it contains all '3's from Heart (¥), Spade (4), Club (%), Diamond (¢)?

—&IE 52 5K, 2 ASHE 53K, FERHEEINFRIHTE.

The sample space is the ways to distribute the cards, .S. The cardinality of S can be calculated by

5] = 52 y 47\ 52!
~\5 5/ 5l51421°

Since each distribution is equally likely, the probability function is uniform. For each s € S, P(s) = KR

The event is when both persons receive a ‘Four of a Kind.' There are
13 x 12 x 44 x 43
possibilities.
e 13 x 12: select face values,

e 44 x 43: select the remaining 1 card.

Thus the size of the event is calculated by
|T| =13 x 12 x 44 x 43.

The probability is

T 13 x 12 x 44 x 43

5] T

P(T)

Example 5

Monty Hall Problem

You are on a TV show, and the host shows you three identical boxes—A, B, and C. One of the boxes, say, A, contains
the grand prize and the rest contain nothing. Of course, this is not known to you. After you pick a box and announce
your choice, the host opens one of the empty boxes that is not picked by you. She then offers you the option to change
your choice. The question is: Should you change?

Of course, whether you change your choice or not, you cannot guarantee that you will always win the grand prize. Thus,
your goal is to determine the strategy that will maximize the probability of winning the grand prize. Towards that end,
we first observe that the sequence of actions in the game can be described by a 3-tuple (u, v, w), where

e u = your initial choice,
e v = host’s choice of the empty box,

e w = your final choice.

For instance, if your initial choice is box A, the host opens box C, and then you decide to change, then the sequence can
be described by (A4, C, B). Now, let us consider the two strategies.

Strategy 1: Always change V.S. Strategy 2: Never change
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Strategy 1: Always change

In this case, the sample space is given by
S= {(A’ B, C)? (A’ C, B)? (B7 C, A), (07 B, A)}

Following Example 4, our next step is to assign probabilities to the outcomes. Since we are only concerned with the
winning probability, let us first determine which of the outcomes will result in winning.

Obviously, both (B, C, A) and (C, B, A) are winning outcomes, while both (4, B, C') and (4, C, B) are losing
outcomes. In particular, you will win if your initial choice is either B or C, but you will lose if your initial choice is A.

Since the three boxes are identical, it is fair to assume that every box is equally likely to be chosen by you at the
beginning; i.e., each box has probability % of being chosen.

Thus, we have reached an important conclusion: If your strategy is to always change your choice after the host's
announcement, then you will win with probability % + % = % and will lose with probability %

Strategy 2: Never change

Following similar lines of reasoning as above, the sample space in this case is given by
S={(4,B,4A),(4A,C,A),(B,C,B),(C,B,C)}.

From the above, it is easy to see that you will win if your initial choice is A, while you will lose if your initial choice is B or
C. In this case, your winning probability is only %

Exercise 6

Binomial Distribution

Suppose that we flip a coin n times, where each flip is independent of one another. Furthermore, suppose that the
probability of getting a head in a flip is p (and thus the probability of getting a tail is ¢ = 1 — p). What is the probability
of getting exactly k heads, where k =0, 1, ..., n?

Step 1: Specify the sample space.

Here, we let S be the set of all length-n sequences of H and T, where H means a head and T" means a tail. For
instance, when n = 3, we have

S={HHH,HHT,HTH,HTT,THH,THT,TTH,TTT}.

Step 2: Specify the probability function.

Since each flip is assumed to be independent of each other, the probability of a given sequence of H and 1" can be
obtained by simply replacing H in the sequence with p (the probability of getting a head) and T" with g (the probability
of getting a tail). For instance, when n = 3, we have

p(HTH)=pxqgxp=p’q, p(THH)=gqxpxp=qp’

etc. Clearly, such a probability assignment satisfies the non-negativity requirement. We shall verify that it also satisfies
the normalization requirement shortly. Thus, the above is indeed a legitimate probability assignment.

Step 3: Define the event of interest S’ and determine its probability.

The event of interest is simply the set of all length-n sequences of H and T' that contain exactly k H's. For instance,
whenn = 3 and k = 2, we have

S' = {HHT,HTH,THH?}.
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In general, since each sequence in S’ has exactly k heads and n — k tails, the probability of each sequence is pFg™ .
Moreover, we know that |.S’| = (Z) since each sequence in S’ corresponds to a selection of k out of n positions to put
an H. Thus, we conclude that

n— n n—
p(S") =8| x pFq"F = (k)p’“q R,

Now we can verify that the probability assignment defined in Step 2 satisfies the normalization constraint. Indeed, the
sequences in S can be partitioned into Sy, S1, Sa, ..., Snp, where Sy is the set of sequences that have exactly k
heads. By the binomial theorem, we have

Soae) =S oas0 =3 (7)ita = k0 =1,
k=0 0

seS k=

Exercise 7

Birthday Paradox

There are n people in a room. We are interested in their birthdays (just month and day). For simplicity, let us assume
that a year only has 365 days, and that every day is equally likely to be the birthday of a person. What is the probability
that at least two people have the same birthday? Of course, we assume that n < 365, for otherwise the answer is trivial.
Again, let us follow the steps in Example 4 to tackle this question.

Step 1: Specify the sample space.
We are interested in the possible birthdays of n people. Thus, let
S = set of all possible sequences of n birthdays
and note that
|S| = 365™

by the multiplication principle.

Step 2: Specify the probability function.

We assume that every outcome in .S is equally likely. Thus, for each outcome s in S, we have
1
§) = ——.
p( ) 365n
Step 3: Define the event of interest S’ and determine its probability.

The event of interest is the sequences in .S in which at least two birthdays are the same. Let T' be such an event. Then,
the desired probability is given by

T
p(T) = -
5]
To determine 7', let us consider its complement TinS. By definition,

T = set of all sequences of n birthdays in which at most one birthday is the same
= set of all sequences of n birthdays in which all birthdays are distinct.

Note that |T'| = P(365,n), as each sequence in T is an ordered selection of n birthdays out of 365 days. Thus, by the
subtraction principle, we have

- 365!
IT| = |S| - |T| = 365" — —— .
(365 — n)!

The desired probability can then be computed from p(T') = %
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To appreciate the significance of this result, let us consider some concrete values of n. For n = 23, p(T') > 0.5; while
forn = 30, p(T') > 0.7. Thus, the probability may not be as small as one would think even when n is small compared
to 365.

AHERORS, BEREERISERTERRTE.

9. Introduction to Graph Theory

9.1 Definition

A graph consists of a nonempty set V' of vertices and a set E of edges, where each edge in EZ connects two (may be the
same) vertices in V.

Let G be a graph associated with a vertex set V' and an edge set E.

We usually write G = (V, E) to indicate the above relationship.

Examples

® ©® Gy @ @ve
©® O ® @ o‘a

e

Furthermore, if each edge connects two different vertices, and no two edges connect the same pair of vertices, then the
graph is a simple graph.

EERE: A28%, FA82E (FR) 4
BERILIAZE. FEHE—IEFIE=1EERE simple graph.
MNFLRERE, RMIRZERE—5E; YTFERERE, JUENEL, BIUE—FRUN u il v, 5—FEMN

viEM u.

9.2 ARE

Directed Graph

Adirected graph G consists of a nonempty set V of vertices and a set E of directed edges, where each edge is
associated with an ordered pair of vertices. We write G = (V, E) to denote the graph.
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Examples

QONNO @—
® ® 0=—0

@W+—0
W=

9.3 THE

Undirected Graph
Let e be an edge that connects vertices © and v. We say

i) eis incident with uw and v
ii) w and v are the endpoints of e ;
i) u and v are adjacent (or neighbors)

(
(
(
(iv) if u = v, the edge e is called a loop.

The degree of a vertex v, denoted by deg(v), is the number of edges incident with v, except that a loop at v contributes
twice to the degree of v.

Suppose we have a simple graph G with n vertices. What is the maximum number of edges (G can contain, if

(i) G is an undirected graph?

(;) - 2!(:12)! - "("2 s

(i) G is a directed graph?

2% (3) =n(n—1)

Example 1: R(3, 3)
KAl AIESTEL, AESTER

Proposition: among 6 people, there will be ‘3 mutual acquaintances’ OR ‘3 mutual strangers’ (both can happen at the
same time).

UERR:
Consider a graph G = (V, E) where V is the set of people, e.g.,
V = {Adam, Betty, Charles, Debbie, Ed, Fiona}.

FE indicates the acquaintance (e.g., friendship). E.g.,
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s
Flowa 2
3 mutual acquaintances «—— triangle
3 mutual strangers «— 3 mutually disconnected vertices

Consider a particular person, e.g., Adam, we note that
neighbors of Adam + non-neighbors of Adam =5
As a consequence, either

neighbors of Adam > 3 OR non-neighbors of Adam > 3

Case 1: neighbors of Adam > 3. Let i, j, k be the neighbors:

If (¢,7) € EOR(j,k) € EOR (i, k) € E, then we have a triangle formed by Adam and two members from 2, j, k.

Otherwise, (¢,j) & E AND (j,k) € EAND (4, k) ¢ E, then 1, j, k are 3 mutual strangers.

Case 2: non-neighbors of Adam > 3. Let 1, j, k be the non-neighbors:

- .
.Oa,
”~~ ~
- i

7

\
h!

N

)

!

)

)

)

)

)}

o

r

o

A doum

If (¢,7) € EAND (j, k) € EAND (%, k) € E, then we have a triangle formed by i, j, k.



Otherwise, we see that Adam and at least 2 members from 4, j, k form a group of 3 mutual strangers.

Handshaking Theorem

Let G = (V, E) be an undirected graph with | E| edges, then

S deg(v) = 215]

veV
BRINREFRIRITEL

Corollary: An undirected graph has an even number of vertices of odd degree.
n
2B =Y deg(vi)
i=1
N deglo)+ Y. deg(wi)

i: deg(v;)=odd i: deg(v;)=even

CLEBH, ALETEEE, Bt Y. deg(vi) 2BH

i: deg(v;)=odd
ST SHIOTIAEE, BEATHEEE (AMESYY) |, At

the number of odd-degree vertices is even.

9.4 HERIEE

Simple Paths

A simple path in GG is either a single vertex or an ordered list of distinct vertices vg — v1 — ... — Vg.

ZEENR, TEEL.

9.5 EIRERE

Acyclein Glisa pathvg — v; — ... — v such thatvg = vpand k > 3.

KIRFEF, WANTRRRERLA non-cycle.

The length of a path / cycle is the number of edges in the path.

9.6 Some Properties of Graphs

A graph is connected if every pair of vertices has a path between them.
A graph is acyclic if it does not contain cycle.

A connected, acyclic graph is called a tree.

a leaf of a tree is a vertex of degree 1.
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9.7 Some Special Simple Graphs

EES:
complete graph

A complete graph on n vertices, denoted by K, is a simple graph that contains one edge between each pair of

distinct vertices.

Examples:
O Oo——-=0 CA) E @
Ky K> K K, Ks

n YEE 5

An n — cube, denoted by Q,,, is a graph that consists of 2™ vertices, each representing a distinct n-bit string. An edge
exists between two vertices < the corresponding strings differ in exactly one bit position.

Examples :
10 11
L1
o—0
0 1 00 01
Q, Q, Q,
—5HE

A bipartite graph is a graph such that the vertices can be partitioned into two sets V and W, so that each edge has
exactly one endpoint from V, and one endpoint from W,

Examples:

bipartite graphs non-bipartite graphs
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abd—4A

Theorem: A simple graph is bipartite if and only if it is possible to assign one of two different colors to each vertex, so
that no two adjacent vertices are assigned the same color.

IENIE
regular graph

IEMUE (Regular Graph) : S THsESL (Degree) 1HE.

HE
Complement
taE—NEETHE G = (V, E), HiME (Complement Graph) B8 G & G, XM

o WEG5FE GHHEHAMRE V.
o B G° LKk B B8RE G RFAFERS, Bl
o MRBu,ve VEu #v, W{u,v} € E°HANRE {u,v} ¢ E.

G IR BN =LE K, hibs, BEE G nE.

9.8 EFHA

Graph Isomorphism, 15FNERIRINEIEER.

EX
Graphs G = (V,E) and H = (U, F) are isomorphic if we can set up a bijection f : V' — U such that z and y are
adjacentin G < f(x) and f(y) are adjacentin H.
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Example

Ex : The following are isomorphic to each other :

M XA A N

Petersen graph

The following graphs are isomorphic to each other. This graph is known as the Petersen graph:

7

=]

A ESHER

How to show the following are not isomorphic ?

B mHIRT
£ (2,2,3,3,4,4)
HE: (2,2,2,4,4,4)
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EER (RKHSERE) Fi
RETBNKA 1, EEERN 4, AEERER 3.

AT BRI
EENTRERE 34, ARRE 24

TRSRBLHIT
£E: F-oE
BE: —5HE

AT BRI
EERE=TREE, GERE.

9.9 Euler Paths and Circuits

RIS EHFaRE.
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GiFIaRR

BN NG EMCA

_l;...:.. = & ) ) . o

¥

X2 18 R BRI E. IRiEh o AIuEES, FEESFImRELS. SR CEFNBFRATUEE. [7: 85EM
iR, wHEEERT exactly once, AEEEIRS (—EHETH) ?

BRI ST B R TR R

EZEpthEE, L2
IR :

Find a circuit that travels each edge exactly once.

Euler shows that there is NO such circuit.

Ty¢ iV T8 avd
Euler Paths and Circuits

An Euler path in a graph is a path that contains each edge exactly once. If such a path is also a circuit, it is called an
Euler circuit.

AR AtIR A E—EE, BAEREREIRREVETRIER.
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4
I, 4
[ /]

1 I \\
I I 1
I I 1
1 I 1
1 1 1
'. | |

1
\ 1
‘\ ) ‘\ 1
\ ! \ A
S~ B —— - ’,

Euler path Euler circuit

Theorem: A connected graph G has an Euler circuit <> each vertex of G has even degree.

B, MR—MEEEEANHELE, BBATLUMERES— N RERFN— 1 RUIEEE.

\\\\\

FEBER) .
=&, B vertex Y degree ¥90{8%4.

9.10 Hamilton Paths and Circuits
ERAREERY, INE/RIMESEEENT verter MIE edge HIEIRIER.

Beijing

Hong Kong

Taipei
Moscow
Manila
Frankfurt
Melboume

London  johannesburg

The above is a regular dodecahedron (12-faced) with each vertex labeled with the name of a city. Can we find a circuit

(travelling along the edges) so that each city is visited exactly once?
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Beijing
Hong Kong
Tokyo
TBipei
Mosocow :
Manila
Frankfurt
Melbourne

London Johannesburg

The right graph is isomorphic to the dodecahedron, and it shows a possible way (in red) totravel.

Example

Traveling Salesman Person

9.11 Graph Representation

BRI UMRTNE. BIRESREENE.
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Undirected Graph Adjacency Matrix
X Y 7 W v
. . X0 1 1 0 0
‘ ’ I ; Y[1 00 11
ZIf1 0 0 1 0

71— W / Wlo 1 1 0 1
v _ll 1 0 1 0_

Access O(IV]?)

Insert/Delete. O(1)

9.12 Tree Structure

Binary Tree
lewsed = -m v =

D
leoed 2 - ~ ~ %— F

At each level, half of the search space is eliminated.

G

Adjacency List

0 [ x |~[v]—~[7]
¥ [ j—{w]—{v]
2] 2 [~ x]~{w
w{wi—[v}—~[z]—~[v]
[ ¥ [y J~{w]
O(IVI+|E])
O(IEI) il

At eaci vedtex
Smatter ladoels g
bo W lefty (ocger
| @laee 80 o e
Y“Q(S\,\X‘

Worst case complexity to locate a file = no. of levels = 3

Leafs of the above tree: A,C, E, G

9.13 Graph Search

A graph search is a systematic procedure for visiting all vertices of a graph.

Fundamental to many graph algorithms, e.g.,
e Dijkstra's single source shortest paths algorithm,
e Prim's minimum spanning tree algorithm,

e Topological sort,
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Efficient if it visits all vertices and edges in linear time.
* Simple or complex - allin O(|V| + | E|).
Two efficient methods

e Breadth-First Search (BFS) - queue FIFO
e Depth-First Search (DFS) - stack FILO

Breadth-First Search

Input:

Graph G = (V, E), either directed or undirected, and source vertex s € V.

Output:
d[u] = smallest distance from stou, forallu € V.
m[u] = the predecessor of u.
(7[u], w) is the last edge on shortest path from s to u.

Set of edges {(n[u],u) : u # s} forms a tree.

Idea: Send a wave out from s.

@ First visits all vertices 1 edge from s.

@ From there, visits all vertices 2 edges from s.

® Explore all vertices at distance k from s before exploring all vertices at distance k + 1.

EIRIEE R BHERET A RRER— .

Implementation:
Use FIFO queue @ to maintain wavefront.

v € Q if and only if v has been discovered but not explored yet.

Traversal Example

Graph 6 Adjacency List
—[8]—~[c]—~{0]

—~[a}—[¢]
[k} [el-~[F}[e} (1]
—~[i}—[i]

N
EEEEEEE

g

7

-]

!
i
[=]
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source: A

A ERFEBF R RCHEE(REREERE,

N\

0 o I
Queue
—— A ——

A B CDETFG H

IIIIIIIII
Queue

-=+ BA =
Queue

=g ERE ==
Queue

- = DCBY, —-*
A B CDETFGH

FUAJLAHBA.

Queue
==+ EDCH, --~+



o /0
N\

RBF: FRESIRARE

Lee's Maze Router

Queue

-=+ FEDC =—-—+
Queue

== GFEQL ==
Queue

--*HGFED\S\--*
A B CDETF G H

lnnﬂﬂlﬂll
Queue
==+ HGFER — =+
Queue

-=+ HGFR

Queue

-=+ |HGR

A B CDETFG6 H

Queue

| H6,

Queue

Queue

—— ——

——

Predecessor
A B CDETF GG H I

2 3 & 5 67 8

Distance
A B CDETFG H I
2 3 & 5 6 71 8

Lee's Maze Router 2— PR SIS RENE, TEMTHRBRIRITFIHEEE. ZEETLE— N "EREF, HEIN

EREZANREREZ, FETLMRERINREERIMN (EFER) .

Search) IEX.

CEETFTEitIEE (BFS, Breadth-First
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1. BR5NAES
Lee's Maze Router SAIFITEEMBEIRITFH7&IAM, FINE PCB (ENRIFBERIR) st A REBEBART =T, HE—5Kg
BIPSEER. XA AR LIRS A— NEE, HF:

o BRFRNMESHERS.

o BRFRNMESHERS.

o ERYMFRSLEIBINXE.

o BERFETRRAIILMZEHREIRILE.
BRItLZSh, Lee's Maze Router tBR]LARIFIFRE RFIDRHNEZA IS ZHE).

2. giEEE
Lee's Maze Router ZEFT ELHZR (BFS) &L BEZE, mOBER:

1. POHSIEIR:
o IGIAIRA KN BT AL — N RIS,
o BAMISRITA— IR, NIEHIESYINCARAIREE.

2. RAAEHE:
o NEmFtta, MIUEY R’ (L TFEEalANER) |, BERCEIANMSERTISH (HIEE) .
o X REMTKKAIERE, EILFRIRRAEHE.

3. IgEE:
o HROMtRICHS, WBEKRE T Bfrm.

o HREFHCHIZH, NERIGERERERMIER, MR
4. SIBFTCREMER :
o MR RBE 7 BN MIBMAREEIARR, RPRENFT.

3. HESR

BN
o Wt grid, HPIRCTEMR. LRFIrEEY.
o FBAAMR start, ZRPMAMFR end.

i
o WNRIEEZEFE, NIREINEREILELRIEER.
o WREEEAFE, WIRE"FTH

BRESR:
1. ¥Mbadk:

o BIE— "M distance, YIRHATH K (Fkipa) .
o MHERAY distance[start] RE 0, FEELIA—IBAGI queue.
2. iRRAERE (BFS) :
o MBAFUFRENH—MRIEERTT current , HEEPIMESBERTT:
" JIRAEMRTELER, WEIHER.
= ANSRAEIBERTTARBINIAI B ERESY, WARCHEERE Y distance[current] + 1, FREEMIABATL.
3. BRI

o BERRREFEA—TIE.
4. ThRER:



o WMRPFIAZEREERNXAL R, MIRETCHE .

4. BRES

o HESHE:
o ERINERT, EASIHAMNEHNENET—R, EREN OV +E), HF v 2RIEHITIAE (rows x
cols) , E B (BIPRESHE4£D) .
o TESHE:
o FEMTIFIEIEEERAN BFS BAGI, SZER O(V).

5. ffifkes
A=W
1. BRffit: Lee's Maze Router REERBIMNERZIRSIRIEIRZE (NREFHE) .

2. EEplE: BIAET BFS, BSSLIIAHER.
3. Bl ERTAESRIMIEHIIEES M.

1. BERERR: T AAUERNE, IRACETREIFRE, THERERS X

2. B RFESESFKER, BEALARERMEN (NEERE) ERRIEE.
3. IEGA: TEIYMFIEIESEN, NEERRKA

Depth-First Search

Input: G = (V, E), directed or undirected.

Output: 2 trmestamps on each vertex
d[v] = discovery time.

flv] = finishing time.

Idea: like wandering in a labyrinth with a string and can of paint. As soon as we discover a vertex, explore from it.

Unlike BFS, which puts a vertex on a queue so that we explore from it later.
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Traversal Example

Maze Prohlem

e

] -

‘

discover finish

A
D

O,
O

._‘D:]
.

source: multiple (LRMLZIRFREFRF, N A TR, RERG)

d
d

HE)—C8

0

Graph G
(]5) Predecessor
e o ABCODETF 6 H
[ [a[afslofo] [s]
01 2 3 &5 67
0 6 0 -0 HunmanED
1hs)  giscover time
Time Stamp
ABCDETF G H
A G e— 2 3 & 5 67
B - Hes Ilﬂlﬂllﬂlllﬂlﬂ

) O e
Ayttt finish time
A B CODTETF 6 H

2 3 & 5 6 7

18 R25 F35 RAT B58 RGN R74 KGR 98 M04 M) 1124 M35 M1&) M5 516


af://n1679

BFS + DFS Rif: HELEERMEE
Soukup’s Maze Router

Soukup’s Maze Router 2—FMEUHAIMISIRME;L, ©2E1E Lee's Maze Router Efli EHIUTIRAY, BT ERANIEHIIRE
BREREE, THEERRIGTHPIHRERE. Soukup NEERFREBEYRAMERNRENE, ESNR. (BRENEERTEE
TREBRMN (RETHEBRELD, THEARLBRENRR) .

1. EE5NBES
Soukup's Maze Router RIFHERT ZHEMEHEINE (AENRIBEIRE S FHhsk)  HEEEHHEREHR Lee's Maze
Router VS EREY B
£ Lee's Maze Router 1, A RERANANAME (LETARA) BRHTHN, XMEARAEER, ([ErfsteEMIgHr=4ErNE
R, THREISEMNEZRERRTH, X2SHEERCERE, FREFERESERIER .
Soukup FIBGHEIL S IN—FhERIEFERIEREE, MO TRVERY B, NiEs 7TE LS.

2. Soukup Bz BE

3. BRffse: KT R, MSTHEERAERRNART R, ARG Lee's BIXBMFHESMRITN AT R,
o N, WMRBREAT, WAKRAFHTT R,

4. BRAVEMER. B ISHERPERRAREAE, EERSTSERARNRKEITEER, NS T HEE.

3. HiEPR
BN
o —THEWIE grid, He:
o 0 FTHKXIE.
o 1 RNESY.
o fEr start fI££M end.
i
o NERIIZSIRERE (NREE)
o WMREEAFE, WRE"FTHE"
BEEGRLR:
1. Whadk:
o BUE—MAFI queue , FEIER start MABAZIL
o BIE—NTHEHE distance , ¥MIIAATH K, BFICREMERTEERANERS.
o J& distance[start] ®EAHO.
2. B SRS

o REMMERSE (ETAER) , FRERSINESEHHF, EENLERERIEREE (Fldl, MNRERE
AT7, WIRERREMT) .

o MBAFIFERHE— MR current , Eid@ONAEYT E:
= WIRBMETETHXIFERGEE, WEFHFHEIEEA distancelcurrent] + 1, FIEENNABAZL.
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= JIRAEMEITRLER, WELHER.

3. EREREE:
o MNEBKRAMAE, WNESFFE, BEESZEH DA EEZRES, SRR
4. THRER:

o WMRELLBHIAE, NIREFHE.

4. SREDF
AESHE:

e 5 lee’s Maze Router {1, RIANER MIEBBHENMIE (ELEAT) , WESEZES OV +E), HF v =2
(rows x cols) , E B (BITPRERSHE 4590) .

TRSHE:
o TFREIEEAEPERIBAT RIS AISZRE S O(V).
g, BT Soukup EXARRERRENARE, BWESLRETH, BROKEEEL Lee's i)\, BEXES.

1. EES BYARMERLER, RO TEAKEIER, B TEREE.
2. @t BTEERIEAREL (0 A* &%) |, Soukup BISCHULSAMERI B,
T

1. BB Soukup M MMMARETERRELIES, EHFAEREIEINSH, BEEREER FaIeniE
BAERF.
2. ERAMAR: SAEREEEIRNMNETE—ERT, EEFESRMNMSERETTEIR.

3. TERELBERME: SEEACHIRBIIUROAOENER, BERBT ERRMEETEFESRITHRAIER (BN
REFTRENER; AT ST ER LRSS SESSEIR)

9.14 sRiEiEE

A graph is said to be strongly connected if every vertex is reachable from every other vertex. The strongly connected
components of an arbitrary directed graph form a partition into subgraphs that are themselves strongly connected.

SREE: (ERMRZEEH LN ERARERE.
HMEREEXAHMS, MEREREEX (TREMELHENE) -

mEESE
Strongly Connected Component, SCC

MFHEE—EEE (AEEFEXSREEN)  JLSEMSAETNFE, S/ FENEREEN. XLREBEITE,
MREESE.

FEXEERL: —MEAEESMES (TR HKEFARE) |, 8 o RBTEREE, EeiIZEfREER.
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SEIEIE BRIME:
o BEENEEMMER, AR MNEEES BT AIREEEINR.
o BMEEESENSEEEEN, EoEZARRIRBREEE.
o SREEDELISENED RS T AEREFEL

Strongly Connected Components Condensation

Strongly Connected Components Condensation

S

9.15 &=

Articulation Vertex

BELEEEE G = (V,E), NRRRENTS v € V URSZREENEINE, BNERSSOTHER (AEES
SEHIEM) , BRAIRR v HE— Articulation Vertex.

MR- EREBRIRMER (WEMER) |, BFACIREEIR

SHHI: DFS

\\\\\
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DFS Ordering

9.16 faFhHER

Topological Sort

T RERE X RDA].

EX
15 ER (Topological Sort) 22—t xIBRFIRE (Directed Acyclic Graph, DAG) MUTR=HEFS % TISEFRIFFETR
AHBIR— N, R RG:

MREPFE—FMRS v EIRR v (B8 (u - v) |, BAERMNEFD, MR v BOEMEIRR v BYRIH.

25/26((socks) 15124 (shorts) ¢ ¢
5‘(@; bo/x 4@
v

18721 @ cC—0

19720 (leg pads The following are two possible topological orders:
@ hoabcdg,if,e.
@ a,hbc,d g,if.e.

An ordering that is not a topological order:

@ a.h.d,b.c,g,i,f, e (because of edge (c,d)).
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Topological Sort

DAG
X — ¥ —I1

finish time: X>Y > 1
FREELAE, BRERMNEER

%l“\

1. 3NEF REERTRMERE (DAG) |, WIRETFER, KiEEN.
2. =N ERTHREEE S R RRIMNEFESR.

RzF3
1 ESRE: SESZEFERNERB (FIES A DEESS B ZRISSE) |, MR LBEES T
2. fRiFARIRE: EAmFCISRT, FINEFF AT LARSRBITIRIREN S BRI K.
3. IRIEREE: MRREZEELERENNIR, TR RERENZF I INF.
4. BERGIT: ERTHRIRE, INEFR LB ST E SHUEREITT.

9.17 Shortest Path Problem

SEE, ERIER, TRAESREE.

how to find the shortest path on a large graph?

9.18 Dijkstra's Algorithm

TTEARSES INE D BAEAI M ZRA.

Initialize:

(A) maintain a table of cost ¢(v), where starting vertex has cost c(vg) = 0, others have cost ¢(v;) = 00, i # 0;
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(B) maintain a set of visited vertices S = 0.

Iteration:
Choose the unvisited vertex with minimum cost - denote it by v, and set S = S U {vmm}.
TEXBEREARRETRIIERRE F—MRREBR, I (FED)
For every neighbors of vy,p, set
c(v;) = min{c(v;), c(Vmin) + W(Vmin,vi)}, Yv; € Ny
BN, AE/NSBND.

X—LTHENARE, TESIEER.

End when all vertices are visited, i.e. S = V.

Return:
a table of cost ¢(v) with the shortest path distance.

BRRESARF—IRIREE, BIXEERTREISEEEXMAIKE.

9.19 Relax
FARBIEE.

Relax is a common operation that is used in the three algorithms.

MSEABERR . MRETEFDIUMKEERERE, REMREEITHE

Example
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Relax
Relax













9.20 Minimum Spanning Trees

To interconnect a set of n nodes, we can use an arrangement of n — 1 wires. (many possible arrangements)
Which arrangement uses the least length of wires?

HEREEEPRE T REE—EN L, NeERIENENSR/IR.

EX
Given an undirected graph G = (V, E) with weights on the edges, a minimum spanning tree (MST) of G is
an acyclic subset T' C E that connects all nodes in V" and whose total weight

w(T) = > w(u,v)

(up)eT

is minimum.

151
7] = [V] -1

n nodes, n — 1 wires.
M ST might not be unique.

FIREESHE. LR Prim BiRERE Kruskal Hi%, EETREMZIZSNMR/IMERIER, BEXREEZREMERP—F.
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9.21 Prim’s Algorithm
REEEE, NSBFHREEE, Prim EIRRAER—NEBDBAEMN, TXEEEE.

TREERIERE, BRMURSSSIESIRSIORIFEES.

s EE

E—NEBIIMERES, FERRRESKIS AR NTERES FRA—MID) R —RANEREH SRS
BN, BBAXFBUIAB T RN R/ NERM.

RIFIERE: IS0 < BLARBERINRER, MITRIEMN, BABRMEILIERXMERS NS PR ERIMI
—FKTH (MMRESEK, WESH) .

Prim &%
Prim's Algorithm (BERIBHX) E—FEHNRMVERR (MST) &%, BFA—MIEREFKEI—RE/NERN. &
INERRREREFFRIERRIN— N TE, THE:

1. B— 5 (FH) .

3. IDAIRLEFNS/N.
Prim EELIBEY BHAE0G, BERORE, SREFENESR/NIL, BHETRIINERR, M ERINE Y.

ERAR
o A —MNEBRIMEREE.
o WtH: —MRE/VER, BERERR, BIAEMSR.
o EF:
o EATMEIRITIERE, FINEBMIRLT, JEFHR. HMHAMEE.
o EWREIEEN. NREEE, Prim EiERRSER—MNEES BRI,

gizRe

Prim EiEM— NIRRT, ELERNER/NIL, BRDEDNIRRIIAERN. HZORBI R ORRELSY RN,
BRSSO BERN, NMREEBRML.

RIEDDEE, SN0 —ERERLRER, KAEFEEERMIRDHIR/IMIERIE.

Prim @R ELEEEEAIN TR, (RIE2ERIE.

BiZSR
RREPE v MRS E KA
4Rt

1. IEFHEE— N IRRIEERR, SEINERM.
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2. QIE— A mincost[] , IERBNTNREIERNINS/IMIER, YIRER « (BHKX) . WERIRRIRES 0.
3. QE—MEREAE invsT[] , IERBANTIRERCEAEEMNTD, ¥IRES False.
EEIR:
1. MRIONERAIEITRRE, 1563% mincost[] (BRI u.
2. 8T u IOINERR, FHHRIC inmMsTul = True.
3. BRI u RIFTEREIR v !
o WRAR v RIMAERN, FHEIB u - v BIE/NF mincost[v] , & mincost[v] A8 u -~ v HINE.
XER R NIR(E.
4. B FASE, BRFETREHRINERN.
i :
o B/NERIMETNES, URSIE.

BiESRE
1. RESRE:
o WNR{EAMEIEIERTE, FNRERRIVEREESEZES 0(V?).
o UNR{EFAMBEERTTRE, SMAN (F/E) , BRERIENR/IMINESE O(log V), SEZYE O((V +
E) log V).

2. FESRE:
o FTEFHE mincost[]. inMsT[1. parent[] E2{H, THEEHRESN OV).

Prim &XRIERS

1. BRSLH, EAWEE (LSHE) .
2. AILASHENIES, IBTTERE (HDME) ERSER.
Hhe:

1. X THRERE, (EFRBEERFSEIIATERRR (E3E 0(V2) .
2. MNREREE, Prim EEREEER—MEBESBRERN, TEEEENE.

Example
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EEE=LIET ciRBIL b, BIT 1SR

9.22 Kruskal's Algorithm

AL REEE.

Kruskal EiE2—FEHBNROEE, BTRRARNMERR (MST, Minimum Spanning Tree) [G#. BRYZOBAEEIRIN
WINBIKHES, BEISIIMNERR, FERSEBRIEZAIR. B, Kruskal ESETTLAEREIRIS/INERR (BLFRE) .

|ixBE
Kruskal EiAA9TIEANEETBRIERE, MAREK Prim EIEMFETIRINYT B, BRSEINT:
1. HEiF: BRELENENNEIAH.
2. BEMAB:
o MIEESR/MIAFIR, ORISR
o BRIMA—FAON, MERESEE. NREER, NBHLiZA.
3. ELESME:
o HAERMMEE v - 1 K (v AR B, BEER, WHEEGIEL T R/INERMN.

Kruskal Si%RIKEER
1. iBAYHER :
o ENEMNNAIASIFEIETHERE, X2 Kruskal E3EE—%, thE TS EM S ENEER(E.
2. TREGHE :
o {FAHAHEE (Union-Find iEEH) KESHIMINIA—SBEET ST
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o HESHFESIMIRMBIEESE, BIAMMRFNIRINRERCEER—EESET, KRERESWEE.
3. ILREE:

o ERERAFIEINER/NL, HBRE—SIIUZHNERTEN, REEMITNESRRMN (ROREINEE) .

HiZSR
BRES v N=M £ &8, EEFRSERNT:
1. ¥4t

o KRB ENNEIAHER.
o YAHHESR, BTTRER—MEEDE.
2. MERIMBFFIRSLIE:
o WHHFRINAES, WFEHRAE (u, v
o ERFESFET u 1 v ERER—NEESE
" MRAEEEENE, WEZBIMAERN, HEH u fl v IEEESE.
» IRAER—EESE, VWkdizd (BN .

3. EREM:
o ZEMNEART v - 1 KM, I (BRMERMIIENZEBERSS v - 1 Ki) .
4. thEER:

o IREI4RANAES REEINE.

SRESR
1. B4R
o XFE E FUIRINEHRF, RESZERN oE Tog E) .
2. HESIRE:

o XFEIMAT Find Al union BMF, (ERBRFEEMENERSHIOFESIINASN, HESRERE o(«(®) , Hf
o BRMAESFEE, ELRHVFEFEE

3. EERE:
o HIFESENEZE, HEtHESZES:
= O(ElogE), Erh £ 2%

Kruskal SiEAIRERS
ffiea
1. ERFESE:
o Kruskal EiARTLMMEEEEFFEBE. MNRERIFEEN, B2ER—RIMERFN (BENEESENR/IVE
B .
2. HREESY:
o XNTFHHE (LFm/NFIR=EI¥r) | Kruskal BiAHUERERS, RACHERETERGTONHE.
3. SR
o Kruskal ELAEXNEM, ETFORRE, EEHERIONE.



1. HFRAS:
o WARILHIFRFLIEEENEERE, ESUHKPHIE.
2. (KERHES:
o Kruskal BiEFESMAIFAEELIRIGNIR, BUEENERSMHE.
3. FESTHEE:
o WTHREE (LEIZRINRERITFS)  BIHERS, HIFMAERRFINAARS, Prim BiEAREEES.

Example

O—0@, ,O—fQ, 054,
e@c&‘b@ edo@ [ edo@be
82” RO e 82”’

@ Alternative Solution:

b (Cm==(d)
0 2

FEE 9. 10 WEEET (a, h) TIE (b, ¢), LTS
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9.23 Prim 5 Kruskal S;XLbE%

151 Prim &iX

IEn= M—NERFHE, BEY R,

iR (R SEATSRE R R R/ MU EID.

ERinR BEE (LZHE) .

BIESZRE  O(V2) (9BERERE) B¢ O((V +E)log V) (§BfEER + 1) .
EMERE  ENER

9.24 MST F0 SPT Eb&k

Kruskal &%

R EHFR, BSIMNERN.
(EFRFEEIGNER.

HE (A0E) .

O(E log E) (izfff/7) +O(ElogV) (FEL) .

RExR, FELMFEE

Cost(SPT) may be Q(|n|) times larger than Cost(MST).

Minirn spanning Shortest path
tree (MST) tree (SPT)
-l
6 + I
HT) <= (1 +ER n 4 4
3 3
2
212
€=0 €=
Cost =17 Cost =15
Radius = 6 Radins = 10

R B&MFE.
ZHe= 00, T2RA SPT, kI WRT REIEbRRIRERKE.

FRERN, BARE.

He= oo, TElmE MST, RicH/IMLSIBR.
HREEK, SHRARN.

Cost(SPT)
Cosi{ MST)

=G(n)

€ = infinite
Cost = 14
Radius = 14
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10. Advanced Graph Theory

10.1 Z 53 Ei#HBj

1\
EX

A simple graph G is bipartite if V can be partitioned into two disjoint subsets V; and V5, such that every edge connects
avertex in V7 and a vertex in V5. In other words, there are no edges which connect two vertices in V7 orin V5.

Example

Show that Cj is bipartite.

Vi Vs
vy s J Vs
V3 V4
Vs [ Ve

Solution: We can partition the vertex setinto V3 = {v1, vs, vs} and V5 = {vs, v4, vs} so that every edge of Cg
connects a vertex in V7 and V5.

€5

Show that Cj is not bipartite.

Solution: If we divide the vertex set of C's into two nonempty sets, one of the two must contain two vertices. But in C
every vertex is connected to every other vertex. Therefore, the two vertices in the same partition are connected. Hence,
Cj is not bipartite.
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— 5 ErEe

Bipartite graphs are used to model applications that involve matching the elements of one set to elements in another,
for example:

Job assignments - vertices represent the jobs and the employees, edges link employees with those jobs they have been
trained to do. A common goal is to match jobs to employees so that the most jobs are done.

Marriage - vertices represent the men and the women and edges link a man and a woman if they are an acceptable
spouse. We may wish to find the largest number of possible marriages.

FREASIH—NMER: FANMZNIE, F8EESTRRSLE—RIRIRET, KEIRSHTE?

EAEHIE

Maximum Cardinality Matching

Given an undirected G = (V, E), M C Eis a matching if and only if at most one edge of M isincidenton v, Vv € V

LECEEPRSOMAAER (REHZERR)
M is maximum matching if and only if |[M| > |M'| V matching M.

=P NI Sy =S S (U

A PN

Maximal Matching FRNERILEONHERS, MEMIELETERY R, BIREERR RPN ETEmRAFSILENE
X.

IMI =2 IMI =3 M = 2 Ml = 3
Maximal Maximum
matchi matching
Maximal
matching
L R L R
bipartite matching Maximum general matching .
matching @

TR, XEAFERTSE, mMEEETHE.
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RAEH " SIE

IMI=3 fl=73

L R L R
bipartite graph G flow network G’

Given a bipartite graph G = (V, E), V = L U R, construct a unit-capacity flow network G' = (V', E'):
V' =VU{s,t}

E' ={(s,u):ue L} U{(u,v) :u € L,v € R, (u,v) € E} U{(v,t) : v € R}

The cardinality of a maximum matching in G = the value of a maximum flow in G’ (i.e., | M| = | f)).
Time complexity: O(V E) by the Ford-Fulkerson algorithm.

Value of maximum flow < min(L, R) = O(V)

10.2 Network Flow

Mg directed G = (V, E)

EX

capacity c(u,v): c(u,v) >0, V (u,v) € E; c(u,v) =0, V (u,v) € E.
BE: DEESNREARE.
Exactly one node with no incoming (outgoing) edges, called the source s (sink ?).

R s fICR ¢, BURERERAMES.

Flow f: V x V — R that satisfies
e Capacity constraint: f(u,v) < ¢(u,v), Vu,v € V.
o Skew symmetry: f(u,v) = — f(v,u).

e Flow conservation: > f(u,v) =0, Vu eV — {s,t}.
veV

BRTYRAMICR, FrERRETE (RAFTRE, $Rtn0)
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Value of aflow f. [f]| = Y  f(s,v) = > f(v,t), where f(u,v) is the net flow from u to v.
veV veV

BiRrmEACRICARN SR E.

AT
The maximum flow problem

Given a flow network G with source s and sink ¢, find a flow of maximum value from s to ¢.

Hsinchu " Taichung

Taoyuan Chiayi .- Juw, visefu, v)
fis,v2) =8, ofs, v2) = 13,
Jiv2, v3)= -4, fiv3d, vi) =4,

fr="a9—

B, ZREICRAREEAILBH ARSI

Given a flow network with sources S = {s1, s2, ..., S} andsinks T = {t1, to, ..., t,}, introduce a supersource
s and edges (s,;), i =1, 2, ..., m, with capacity ¢(s, s;) = oo and a supersink ¢ and edges
(ti,t), =1, 2, ..., n,with capacity c(¢;,t) = oo.

HIE, SIN—LERAYE AR

fFX,YCV, f(X,)Y)= Y ¥ f(z,v).

zeX yeY

“EwG=(V,E), f: flowinG
OVXCV, f(X,X)=0.
OVX,YCV, f(X,Y)=—f(Y,X).
OVX,Y,ZCVwithXNY =0,

e f(IXUY,Z)=f(X,2)+ f(Y,Z) and
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e f(Z, XUY)=f(Z,X)+ f(Z2,Y).

Value of flow = net flow into the sink:

|f‘ = f(Vat)

lfl = f(s,V)
:f(V7V) —f(V—S,V)
=f(V,V—ys)
:f(V,t)ﬁ*f(V,V*S*t)
= f(V,t)
ERTRESTE

Cancellating flow going in opposite direction:

2/10 cancellation 5/10

O——=® > O=——=O

Basic Ford-Fulkerson Method

Ford-Fulkerson-Method (G, s, t)

1. Initialize flow f to 0
2. while there exists an augmenting path p do
3. Augment flow f along p

4. return f

Augmenting path: A path from s to ¢ along which we can push more flow.
IETERER.
Need to construct a residual network to find an augmenting path.

TR,

RRBE

Residual capacity of edge (u, v), cf(u, v): Amount of additional net flow that can be pushed from u to v before
exceeding ¢(u, v):

cr(u,v) = c(u,v) — flu,v)
Gy = (V, Ey): residual network of G = (V, E) induced by f, where B¢ = {(u,v) € V x V : ¢f(u,v) > 0}.

BEIEBNHARHSINT.

The residual network contains residual edges that can admit a positive net flow (|E¢| < 2|E|)
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AR, SRR (u, v) TS RRERBAREL.
i FrLaTRREAEE, cf(u,v) = c(u,v) — f(u,v)
RE: FRETUERSARE, o/

Let fand f' be flows in G and G, respectively. The flow sum f + f: V x V — R:
(f + fl)(ua U) = f(u,’U) + f,(ua U)

is a flow in G with value | f + f'| = |f| + |f']-

(b) residual network of (a) and an
augmenting path <s, v2, v3, t>

An augmenting path p is a simple path from s to ¢ in the residual network G'.
e (u,v) € Eonpinthe forward direction (a forward edge), f(u, v) < c(u,v).

¢ (u,v) € Eon pinthe reverse direction (a backward edge), f(u,v) > 0

[REa: Zaimd—L, IETLIEER.

Residual capacity of p, cf(p): Maximum amount of net flow that can be pushed along the augmenting path p, i.e.,
cs(p) = min {cf(u,v) : (u,v) isin p}.

B RENSERA TR, BIRAIKE.
Let p be an augmenting path in G¢. Define f, : V x V — Rby

cs(p), if (u,v) is on p,
fp(u7 'U) = 7Cf(p)7 if (Vvu) is on p,
0, otherwise.

BhE: SRS REERT AL, MENRRE. NRERERLHEINRE.

Then, f, is a flow in G ¢ with value | f,| = c¢(p) > 0.

Ll LLfLe
() (b} residual lljetwork of (a)and an (&) push a flow of 4—unit along the
augmenting path <s, ¥2, v3, &= augmenting pach found in (b}

RPILERIE
Acut (S, T) of flow network G = (V, E) is a partition of Viinto Sand T' =V — Ssuch thats € Sandt € T.

st (S, T) 4 V SERFBARERTE, BSUT=VESNT =0

Capacity of a cut: ¢(S, T) = 3 c(u,v)
(uv)€E, ues, veT



REESHT (E@iL) FE FEEREIL

f(S,T) = |f] <c(S,T), where f(S,T) is net flow across the cut (S, T).
f(S,T) RELr&mE.
BMEEFRTERAMRIRE LR (BN S T BORAATRERE) .
FEREERSRE EREARIER. LRnEEREMEERRS, RETRARR/NEIEE.

EXiEEIEE
Max-flow min-cut theorem:
BXiRE (WRA s BiCA 1) FTFREHERINSNSE.
The following conditions are equivalent
@ f is a max-flow.
@ Gy contains no augmenting path.

® |f| = ¢(8,T) for some cut (S, T).

10.3 Perfect Graph
—ME G BB, IRNT GBI TE (81 G F58) | #HiEE:
x(H) = w(H)
Hep:
X(H): FE H e BRsOmeEss H MHTEe, SEmaammerm.
w(H): FE H WA 8 H (SAE (clique) BITIRER.
B: EEHEG = (V, E) &, AR—NAHTEC C V, #8 C hiyEEm NS S EHEE.

10.4 Independent Set Problem
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EX
o [FIEEEA:
BE—NEEE G = (V,E) iI— M EEH K, A8 G h2GFE— g V' C V, #E:
o ST V' hEUHIRATRAZEERREN (B V' 2T hssiagE) .
o KUMREN: |V'| > K, BPMSIERANEDE K.

e JU37EE (Independent Set) :

o BiF:
HREHREMARITE, BERAMIRSTERAIN.

ISTERSIMsEE

One meeting room
Reservation:

— Gary 10:00~11:00

— Mary 10:30~12:00

— Jones 13:30~14:30

— Amy 14:00~15:30

— 11:00~12:30

— Tom 12:00~14:30
To satisfy as many as possible

The conflict graph

EFREHRYFZRE (Conflict Graph) 2—MEMARIGIF:

o BAMTREFRTIRA (LN Gary ROFRZIRIIE /S 10:00~11:00) .

o MIRAMANEEEE, URNMTRZEE—FE (RNHR) .
HEERIEN

o FWMAZEEILRAENIHR, FERNZHHER—NRINEF.

o H—MRVE, MEEKR—EENTRIMY (AIXLMAZERBNES) .

FEER
o HE—PIRE
o (EIRSZEEAIAR/INRATRER, MMERAWATHERITRLIEE.
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An independent set

. Another independent set

A maximum independent
set

1. EgES

sz
e IV =1

iHRIE

BIRf: the set of all passwords of length 4 over the symbol set S such that all symbols in a password are digits and such
that adjacent symbols are distinct.

HEBIARE # FrEEAR, FeEESLEMESTTR, ETLBE L.
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