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Machine Learning: A Probabilistic Perspective (Adaptive Computation and Machine Learning series)
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Lecture 1 k128

1.1 H2RF>IR938

Types of Machine Learning

@ =53
Binary Classification Problems

core and important as tools for other machine learning tasks.

O

@SHE

Multiclass Classification

many applications in practice, especially for recognition.
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Binary Classification
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Multi-class Classification
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Regressions: to predict a continuous outcome variable

degree 1

@ TEEFS

Unsupervised Learning: Categorizing data points

degree 2
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Supervised Learning

Unsupervised Learning
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® iEYS
Semi-supervised Learning: leverage unlabeled data to avoid expensive labelling

FINEFIEIEL O BIRTEIRIIAR RN EETE, IBHREERE.

©® HiEFES
Structured Learning

SESGISESEIFESARE, SHEFINEETEERESHEBEEARIKERERRA.

POS Tagging

l l l l l T0
y: Yyi o Y3 o YL (sequence)

| like to read books

Part-of-speech
Protein folding

@ E:HFS
Active Learning

EFIEIENEEIEEEE RSN HTINE, MAZREIISEER. eRREETLIEE
EEFEA, BRtFIZEIEIDTHANILR.
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Inference %

N—

Unlabeled
pool
"~

Bt ES

Reinforcement Learning

If uncertain,

SEUFIRORERER (Agent) B3R (Environment) SRETIEFS. BREMRIESRPAS
(State) EEANE (Action) , IME/IRRE (Reward) FEBREFIRE. BIn2FI— R,

(EIREIRRAR IR AL

a "very different" but natural way of learning

What if we have X, and we don't have the exact labels of Y?

We have Rewards!

—>>

Environment

action

Reward
R:

Agent :

State
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1.2 (FRA-Fa

Credit Approval Problem, £&EEfJ—5335a)7A.

1.2.1 [REfER

Input
BRiRAFE d MEENERMAER, EEATEERERT:

T

)
x=|. |eX

Tq
XAV EEATLAR salary, debt, years in residence, etc.

We also called x as the features (4HiF) |

Output
FB +1 %= Approve, —1 37 Reject:

yc{-1,+1} =Y

Target Function
[ X—=Y
ideal credit approval formula
unknown pattern to be learned
A EERFENRE(E.
REEEANHMES IFAFERSA-E, but Banks have data to learn it.

B f igEETaL.

Training Data

D = {(x1,91), ---, (xn,yn)}

data in the bank
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Hypothesis
g: X—=Y
learned formula to be used

HZI f BT

. 1 ifz >0
sign(z) =\ 1 a0

2% ¢ = 0 jfE5R.

Machine Learning: use data to compute hypothesis g that approximates target f.

UNKNOWN TARGET FUNCTION

f: X—=Y
(ideal credit approval formula)
YUn — .f(xn)

TRAINING EXAMPLES
(x1,v1), (x2,92), ..., (XN, UN)

(historical records of credit customers)

.

LEARNING FINAL
ALGORITHM HYPOTHESIS
A g=f

(learned credit approval formula)

HYPOTHESIS SET
H

(set of candidate formulas)

Artificial Intelligence: compute something that shows intelligent behavior (e.g., human reasoning).

Machine Learning is one possible route to realize Al.

Statistics: use data to make inference about an unknown process.

Statistics have many useful tools for Machine Learning.

TENME—MERRNFEIRE.



1.2.2 RRHENZEIRE

perceptron B4N2%

d
h(z) = sign(z w;x; — threshold)

i=1
HMNESINEREE
wq
w2
W =
Wq

FIEFE threshold.

XE w ] threshold EERFEFINSE. HEEN, BIE x 0w HAE—MEE, 1B threshold I
BFEIKRFS:

eh g
x1 w1

x = | T2 , W = (%)
| L4 | W4 ]

<L zo =1, wo = —threshold, FJLIEEFIKTERAVIER.
h(z) = sign(w'x)
FFAEERFE, I k— term 2 &M% 6.1 0 WAKEX .

Each w represents a hypothesis h!

BRi& x B& zo SIMEREMEE, h(z) = sign(w + wiz) + wazs)
wo + wixy + woze = 0 BDRLL, BEREFRE 21, z2 FEN—FKELZ. FLATLASCIATRL:

(a) Misclassified data (b) Perfectly classified data
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This Hypothesis set is also called the Perceptron or Linear Separator.

H = all possible perceptrons, so how to determine/select g?

e Want: g &~ f(hard when f unknown)

e Almost necessary: g =~ fon D, ideally g(x5) = f(Xn) = Yn

BEERT, 20FEGELS I g ~ f
e Difficult: H is of infinite size

e |dea: start from some gp, and 'correct’ its mistakes on D

Linear Separable

ZMrT o RIEHESE
(o]
x O «x 0
o o x o
o N, D
@]
(o) x N
x o %
N © x %
x ‘0

(linear separable) (not linear separable)

(not linear separable)

Linear separable D < exist perfect wg such that

Yn = sz’gn(waxn)

for each (Xpn,yn) € D.

RAlsRFIEE

The Perceptron Learning Algorithm (PLA)

HtatL:
w(l) =0
55 LIOHEIY, IE—RTRS KAUEIE (x,,y.) € D:
sign(w(t) - X.) # yu
BEENE:

w(t+1) = w(t) + yux.




MR v = +1 FM y = —1 ERER.
AL w kBN, F x £ w S ERIERIEE (IFskK) .
— AR T HMBIERD ENEIREIETRIERSE, FIUFEESRIER.

Yo = +1

Return the final w as the g.

Theorem: if the data can be fit by a linear separator, then after some finite number of steps, the
Perceptron Learning Algorithm will find one.

RNRRSAETE : NSRIIGEIRRLM TR, BAREATLMESIRSEAN, RIHEI—EEE
PRI REINUE. IRERLMEAT D, BiEASKEL, WHTTREFEEMEE (SRR
FMIBRESFREN) -

JUERR:

RIS SENX

@ R EMT D



FENERE w,., NTEEHER (x5,v:) €D, B
Yi (W*Txi) >0

FIEER, BIRTERASEIER.

@ 13—
AEHGER, IF—HRENNERE, B ||w.|| = L
IA—CXIERIDHBEIRB RN,

@ ENXIEE v
EXFEEARS BT ENS/INEE S

. T.
~ = min M = min y; (W, x;)
[[wl]

y; BTESIMS, IBEIEALE, K—RAETFTO.

AENERERAIAN, B y; B3HER 1.
@ EXHEABHNLR R
BRIRFTERA x; HE

il < R

© RAIRREHTRIN

H9aINE wy = 0.
BIRTES t RiERR, BA (x5, v;) BEBIRDZE, B
yi(we x;) <0
N TEH:
Wil = W + YiXj

TR, BAREERERD KRR TIEN.

UEBRE
EEE L OERSE, MBTRGEIEE w1 ERERENE W, EA0RS w1 W,
THR:

Wil We = Wil Wy + ¥iXi  We > Wil Wy + 7
>ty

FExTw, = woIx;

L5



Wi Wy < [[Wegr]]|[wa]]

= [[Wegal|

=/ ||[we + yixi[2

- \/HWtH2 + 2y;weTx; + R
\Iwell? + R?
<VtR

ZAETR, ty < wiTwy <VER =1t < (%)2

IA A

IR, SREHILEIHAN Y, BANTREERS, RREFTENELMERABRERSHE, &
BEERIUR.

t < (£)? SARIE I AR 2B — MEIRARE (£)7, BiE (£)” Srsiisn (%3
—MEBS KA IS AINERR W) .

TR, FNRISEERD R AHITIEN.

Lecture 2 5524

2.1 ZREZIP

Outside the Data Set
Does the data set D tell us anything outside?

e |f YES, we have learned something!

e [fNO, learning is not feasible!

The whole purpose of learning is to be able to predict the value of f on the points that we haven't
seen before.

IGEREN, RED)I4E ERIBFEHEREN, EEMNEESIERITIRANEEA.

The performance outside D is all that matters in learning!
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Did you say f = 1?
fis measuring symmetry
Didyou say f = —1?

f only cares about the top left pixel

SAMBIFIREE, B—MIGERTIIGEAEIER, O SRR, (BT REALN
TBSRAR AL

X y Jg fy fg fa fs fs fs 5 fa
000 | o |l oo © o © © o o o
001 | x| x X X X X X X X X
D 010 | x | x |[ *x x x x x x x X g=f
011 | o o o o o © ©o©o o o o
100 | x X X X X X X X X X
101 ©o o o ©o X X X X
110 o o X X o o0 X X ng()
111 0O X 0 X ©o X o0 X

BRI GEURTTRABUHIRAFARIER. V2 IS ERRCAIRER—H?

Fortunately, learning is alive and well. We can infer something outside D using only D, butin a
probabilistic way. We will start with the simplest case of picking a sample.



2.2 BIN {&8!

The BIN Model

2025.1.15

BIN

Our Observation!
SAMPLE

v = fraction of red
marbles in sample

E A A A 4 A ATTA A A 5

i = probability to
pick a red marble

HEAR ST AR,
The BIN Model

e Bin with red and green marbles.

e Pick a sample of N marbles independently.
W probability to pick a red marble.
v: fraction of red marbles in the sample.
Sample — the data set — v
BIN — outside the data — 1
Question: can we say anything about p (outside the data) after observing v?
Answer: we can get mostly green marbles in the sample, while the bin has mostly red marbles.
possible, but by no means probable.
WinERBATERE, EHFRR(E.

Then, what does the value of v tell us about the value of p?
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2.2.1 B=RiR (LR

Probably Approximately Correct

PAC, HlanZIBEEMS. MITERIEESR Leslie Valiant 7£ 1984 SR, A2 F I EERIBES.
OB BIESEEERIRIGEAIHERE T, FE—MIAIERIRE?

@ BFHE

1.

Probably (i)
SR [BlR] ZE—MRRIERIREL

. Approximately GFE{AERR)

BRFINEELRER [FEZAI] |, BNVTENMRESE .

. Concept Class (#f:&28)

PAC HIBRIRTFE— T BEREE (BTN |, X1 BRI EIERERIERRE. FIEERT
Bir@A— S (FJRERIRES) PHEI—MRABERRERIRIR.

. Sample Complexity (FEARS L)

FIGEREZIOHER, FASHEFR— MELIERIIERE.

=
. Computational Complexity (tEEZE)

BEEE LREET.

@ EiSER

£ PAC |, RIREUERMNRAIST D PRIES T (1.d) RER. BRI —MRIREE h, F5E
AR EERR A sl BiReRE) f RS RE.

Bk

IRDZEE (erron) ENREST D £, RIQERE h FIERREL f FOUA—EAIHTE:
error(h) = P,.plh(z) # f(z)]
PAC Z3JEK:
1. FIEEEBAREAMTENER, sEBmE—MRIRERE h.
2. RMBRIRRERNR D R H LA T FRM
error(h) < e
Hep, ¢ 2—MORESE

3. LEERMLUEHE (2401 - 6) iz, 62— MIMEER.

PAC Bifx: NIAE| EAER, FIFZFBESIOHA (HAERE) URFESOUERR ((HEER
E) .
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® BIF
BRIRHNEFI—NMERN " HREE: FENKRE [ER] BR [BF] . BindBIEREAIZ
H—12RER, BELISMERIERRD FHKR.

1. Probably: (I EHLENEFNE [HFR] 7, LINERSEEEE 95% HER.

2. Approximately: EAIRIFDERBFE—FEIRE, LIRS 5% HIDRER.

3. Sample Complexity: PAC ISR LU BIEANTE, YD EEFELS VAT BERIE LA BR.

4. Computational Complexity: PAC ISR AT LA 10 252809 | 5B AR B/ ITE L 71T

@ =X
1. BEEIRTH: PACIECIRE T — M IFER, BTHMENZIORESEERES I ERR
TEARERY.
2. HFERESIT: EILESBENSHT ARIZEINRFRNSEINETE.
3. HiZiRitiES: PAC BIgHLUESHANRITEHRIEIFE.

OfE

PACHIIMCAEZIBLIER, BRI TEEEM. IAYSEIBTIFZET PACHY RIS, fla:
e PAC-Bayes IEig: 55 PAC FINNRHEHRHERT, ATONERMEERZILEESD.
* 85 PAC #3558 PAC 23 fHAFIEEERRIREMMRFM TRIRIL.

222 EXTAFR

Hoeffding's Inequality

Hoeffding's AFENEMRICHH—MEBEENETFFN, BA—EEEIRZBERAIEINZENMN (5F
WE) REEEEEMRRERM T — LR
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@ #FFE
RRENER X1, Xo, ..., X, HEMYZ, BEFENE, #HE
X € [ak,bk]

WNFESIEEE, BUATAZFIUNIL:

< 2t
P (;(Xk — E[X}]) > t) < exp <— ST (br — az)? )

B, MhalmEDLiL:

n 2t2
P (k_l(E[Xk] — X}) > t) < exp (— ST (b — 1)’ )

BESHMTRZ, mAMEI e NEAERES

2t
" ( - t) e (‘ Sl a@?)

n

> (Xi— E[Xy])

k=1

@ iEBB
SINREZEMBIR
% X1, Xo, ..., X, EEEMIHHENEE, 849 X B8 Xk, € [ak, b © Y, = Xi, — E[X4],

s E[Y;] = 0, BAt Y BVEREHA Y € [ar — E[Xk], by — E[Xy]], ElESEERAAT
(b, — ay). BAIWEFRIEBRETFt >0, B

= 2t?
P (; Y, > t) < exp <— ST (b — Clk)2>

FUF Chernoff 15 (I5EEA5X)
JTFFHEZ N > 0, 1R Markov R~&=,, B

P (i Y, > t) =P (exp ()\zn: Yk) > exp (At))
k=1 k=1

Elexp (A Y5, Vi)l
exp (At)

= exp (—At) ﬁ E[eM]
k=1

HTRENEEREMRN, ERARHE LIS NS BRIRER.
{EF Hoeffding SIIEXIEA YV, ROEERMBREHITRE
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Hoeffding's Lemma, W 2.2.2 ERTA%N o ERTIIH .

WENZE Y, BE EY:]) =08Y; € [ar, — E[Xi], b, — E[X)]], B

E[e™] < exp (M)

8
12 < exp [ 203 (b - ar)?
k=1 B 8 k=1

SHASFAHERRESH
B E—SERRNB SR F:

P (i Y, > t) < exp (—)xt + %2 i(bk - ak)2>

k=1 k=1

<

ﬂAL:—Aﬁ+%;§éwk—awz

k=1
XE— MO R TREREL, 4
B _i B 4t
24 9
> (b — ax)
k=1
i, f(A) B&IME
dac — b2 B 2t2
4 —  n
¢ 3 (be — ax)?
k=1
FE5EE
P ETL:Y >t ] <exp 2t?
k= = o n
k—1 Zk:l (bk - a‘k)2
POL AN

BT AR LAERRER T EARZE, BD

n 2t2
P (kz:; Y, < —t> <exp <— ST (br — az)? )

o1) <o 2t2
ex —
=) =P TS ok — an)?

Eitt, XHEIHmES:

(X — E[X}])




©) 313
o (REAEE=M

Hoeffding's AEZREE, n MNMRIMFEHZEATFIREHZRIMRZEEESMDR. XEHREREZE/NG
RE, KREHRBGIFER.

o ERFMEZ

WAFHXRERENEZERR, MAFTERRENRMERIIRES . XEESEERSHS (FINERN
PTERT) EBRERXUER.

@® KM
Hoeffding's A AESMURAIEEE(EA, Hiu0:

o FTFMMERC: AT LPMEENEERA, MR YENTHRESEIIFREMI.

o NIZEI: EEIEICH, SHAKERLIEXISE/IMY (Empirical Risk Minimization, ERM) A9
Zige, MminBR)IZRREFNESDRE 2 BRVERZ 01/

o EIEEIS: ERENENEDH, Hoeffding's FERESR BT ENKAIH SHEHENE M REMR,
PN a = er = Ly

® EXT vs ILLEX

XF Chebyshev's Inequality, Tl ESTR 2018 #%it 13.6 DT RA%ER .

I E SR R S AT 248 R B L 5.

Suppose X1, Xa, ..., X, are lID with mean E[X;] =  and variance Var[X;] = o2 Then,
Chebyshev's inequality shows

R 2
P<|X1—|— +Xn_ﬂ|26>§°'_2
n ne

XMAZET BN, ERTESESERSERPRIESMENEZE, FEKBEEERER.

BN _MEEFOME, RI77E BT _MERERI EFKRENR, RACRERNDMAY [FK
REntt] |, MTAHBIERARRIENS, ShIERD RRETZERENFR, SRR LR

EXTASA R ERMENZEN—FEFAREL. 880 X, 8HE X, € (a4, bi], 7S
X- 1 X,
n =

LRENEEMIE, T EEe > 08
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= 2n2e?
P(|X —ul >€) <2exp | ——
> i1 (bi — ai)?

SNERFFE X, #EYEE [0,1] A, W
P(IX — pl > €) < 27

XMERIGH T IRMSRAIHER L.

i
o MRS
o YILERAFNEKRMENZEEFBRYENSE, AAFENEEREEE.
o EXRTAFHNEKMENEZERECECH, BE X, BRENL TR
o MRERTRANER:
o YPHKERFENAHMNERE =, B8 n A, THEEESHRES, ABE O(+).

o EXRTAZHE0,1]1ERT, éAtﬂaﬁtﬁE 2e ¢ | EEFMEISHRN, FEIIITEAR n 3k
i, = FRITTNFIERAER S HRE.

EERER:
o PIHEXRAFRHENE—MRABRNR, EBACRFBTHERER.

o EXRTAFAFATHNEZENERE, EMERFNRM TREBEIENEHIFR, X—R
ERRFEADITHILNEER.

TEREINEZEZRT, EXTAFAE R B

® EXTSIE
Hoeffding's Lemma

gHENEE X BE X € [0, BE[X] =0, WNFEREIER, B

Elexp (AX)] < exp ( 42 (0 a)2)

8
SIERR :
BN R
¢(A) = In Elexp (AX)]
Eaelio)
¢(0) =log E[1] =0
¢'(0) = E[X] =0

HETMSEH
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¢" () = Varg, (X)
_ BIX?M] (E[X&X] )2
Bl B[
L b-a?
-4
Heh Q) 2IEHIRRA (exponential tilt) AIHEIRER.
ATHERVEAR, BITER EEESIEEIEHAFRRNE Q\ T, BINEE X NEETS
BIRE.

1ZUEER.
FRRSAERFESE o(\) LR
Taylor BRSO RITEZL
FF— NN AREE ©(N), £ = 0 FHEHY Taylor BFAISE
A
o(N) = 9(0) + ¢ ()X + / (A — 6)¢" (t)dt
#25IERE.
8T o(0) = 08 ¢'(0) = 0, {LEREEE
A
o() = /0 (A — 8)¢" (t)dt
A N2
g/ P Gl
0

4
_ N(b-a)
-8
ERERRGOEREAR
LE=CieR,
2(p — )2
In Elexp (AX)] < w
BEEE15E!

Elexp (AX)] < exp (A%>



@ BIN {28

BIN

Our Observation!
SAMPLE

v = fraction of red
marbles in sample

i = probability to

pick a red marble
[EZ] BIN =2, ERNEXRT AFH

2t
" ( § t) e (‘ St ))

BATEINS SRR EE—RESTI ST, B R
X_:{1 WIS § UCHBI R

n

> (X — E[Xy)])

k=1

0 MRS i KiFIRR

BFasA X, € [0,1] B E[Xi] = p.

METEE N ANRERA, HATEREE
Sy=X1+Xo+ -+ Xy

LTEREEAI

B E[SN] = Nu, E[v] = p.
BAEERTLhI v, 15

1 N
P(|V_N|>6):P<FZ(XZ‘_N)

N
= (Z(Xz — K

Bp
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Pllv — p| > € < 2%V for any e > 0
Pllv—pl <e>1- 2e 2N for any € > 0
REEFEBR, HERFHAITEER.
e Valid forall N and ¢
e Does not depend on y, no need to know p

e Larger sample size N or looser gap € = higher probability for v ~ u

e Iflarge N(N > 6%) we can probably infer unknown g by known v

2.2.3 BIN 5#128%3

Relating the Bin to Learning

® ML Lt BIN
Target Function f Fixed hypothesis h
(0] (0]
IS S
g g
Age Age
Unknown Known

In learning, the unknown is an entire function f; in the bin, it was a single number p.
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green “marble”: h(x) =
red “marble”: h(x) #
BIN: X

.% Eout(h) — Px[h(x) 74 f(X)]
A

out-of-sample

Income

Age

UNKNOWN

If we pick x at random according to some distribution P over the input space X, x will be red with
some probability, i.e., 4, and green with probability 1 — .

IBZWIRE Eou(h) 5 BIN &R 1 BXEEESE.

XE P ERERIDMAT, PIIERNTREFETIRE, ERERL T EEP. SRAMEYIRER,
p 7 RET B EFRR A

AR ZHIRERMRE f(x) FEERY, REERHEAEA Bin REULHRE (REMIGXIESLL)
BEE f(x) 8, f(x) ASEFRMM.

lgn, FAME X EREHIREE 90X, &I h#0 f BOFIEE 2 XAE.



Target Function f

x o °© (o) 0 ©
o) O
£ £
3 o S o
£ £
x x x - O
x x
x %
Age Age
ab]
=
o
&)
£
@ 218 & TIRE

216122 F;,(h) = fraction of red data in sample

Fixed a hypothesis h

IR LRRE, HATRIER IBXKERTRRRD X

Em(h) -

1
N

N

n=1

(h(xn) != f(%n))

X h(xn) = f(xn) EfRRFER, trueikE 1, false ix[E 0.

iZ

MR EFARPIRD IR L.

SFHRE Eou(h): AL
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RIS LANRE.

BIN
° SAMPLE
g g 23312 2 m el ee
£ % J& £ ° v = fraction of red
marbles in sample
e m— | e " eec
p o= p‘robability to
Unknown f and P(x), fixed h pickired macble
Learning Bin Model
input space X Bin
x for which h(x) = f(x) @ green marble
x for which h(x) # f(x) @ red marble
P(x) randomly picking a marble
data set D sample of N marbles
Out-of-sample Error: Eq.(h) = Px[h(x) # f(x)] p = probability of picking a red marble
In-sample Error: Ey(h) = + z [h(x) # f(x)] v = fraction of red marbles in the sample

XHEEFE the learning problem ZtF a bin problem:

the inputs in D are picked independently according to some distribution P on X. Any P will
translate to some p in the equivalent bin.

HZIE learning problem AYISRESIFRIRAIHE. RAEIGHAEBS, HERFZHER.

BESA BIN Model AJLABBER T AEFZRIRT v #1 p B9{mZE, HBA learning problem E#RILAREXRT A
EARRFIERREINZHWRENRE, REXRTAFAKEEES MEARTREE E;), F1 Euy BRE
FErESEEN.

With this equivalence, the Hoeffding Inequality can be applied to the learning problem, allowing us
to make a prediction outside of D.

I8, HARBARZRIE T EXEHAR CRREBBAETHERE LAER, AEHARER R —
’WEEE’\JTii TEREA BT ARV EE@ISY K Hypothesis Set ilizSHIHE (EEETEEE
£k, BRIREEXAH) .

@ {EIE ML {EZ8

Revising the Learning Problem: Adding in Probability
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UNKNOWN TARGET FUNCTION

fiX =Y

— UNKNOWN

[ =) | INPUT DISTRIBUTION

(x)
TRAINING EXAMPLES l
(xlayl)a(XQSyQ)w"5(xNayN}4_x11x21"'1xN M
9(x) = f(x)
LEARNING FINAL
ALGORITHM HYPOTHESIS

9

A

HYPOTHESIS SET
H

TR, XBERTHERNE [ AR, ERIEETETRSM PR, P RSEENGRIERGIL
it ENBEFIFRENE P AAEE, REGABRNTIGHE, EXLHRSE P ESTHA
PRIFSEIRIEIRT, RAXEHEARMENLEIE, BEAFS P oM.

LR, XEWEFINBEIRE—SEMEIA g(x) f f(x) £ P LRRERE/N. EERTHENS
.

@ EXTHHA
In-sample error E;,: fraction of D where f and h disagree.
corresponds to v in the bin model

Out-of-sample error E,,;: corresponds to w in the bin model

Eout(h) = Px(h(X) 7é f(X))
1 N
-~ ; 1= f(xn))

For any fixed h, when the sample size N is large, the in-sample error Ej, is probably close to out-of-
sample error Eyy; (within €)

Eou(h)| > €] < 272N for any e > 0
Eou(h)| <€ >1-2¢%Y  foranye>0
e Valid for all NV and €

e Does not depend on E,,;, no need to know Ey;
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® H$HEg
Verification of One h
T BREBRIRFIS R ZRERNXSI, W Assignment 1 Question 5 .

For any fixed h, when the sample size IV is large, the in-sample error E,, is probably close to out-of-
sample error E,,; (within €)

[
[

This tells you, En(h) = Egyui(h)

Eou(h)| > €] < 2e 2N forany e > 0
Eou(h)| <€ >1—2¢2N  foranye>0

E;n.(h)

P _
P[|E;n(h) —

|

|

But, in order to claim g &~ f, E;,(h) has to be small!
XHABAERSRIR, NPIEERINL.

izl 8 N, HEREATEZEER (b)) BEET (L) 7

BEANTE.

Bi% 2 AEREAVIESUEINAEMZERTER (B0 at least 1 — §, BMREBHIESDERIMR at
most §) , HEEPEEZ KK N

XERILERES 22N = §, (EMBiERRERE.

To ensure that the deviation is bounded by e with probability at least 1 — §, the sample size N must
satisfy

U 3t Assignment 1 Question 5 (b) .

Verification v.s. Real Learning

Verification Real Learning

Fixed single hypothesis h Fixed hypothesis set H

h to be certified g to be certified

h does not depend on D g results after searching H to fit D
No control over E;, Pick best E;,

Verification: can we say something outside the data about h?
-- to tell how good a particular hypothesis is.
Learning: can we say something outside the data about g?

-- to extend the bin equivalence to the case of many hypotheses, in order to capture real learning.
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7EE: for afixed h 8% for each hypothesis h; EB2E{RiIL verification, FENETEERZE H 1Y
FMRIR BRSO, BMERIZHIERIAR ("the maximum deviation over all") BEREARE.

©® BRig

Real Learning: Multiple Hypotheses

h, h, My

EOut(h])

Ein(h;)

H ={hq, hy, Ay}

AE, SRGNRESE g 26 Ei,(h) 8/ hi, XHFEUBE |Ein(9) — Eou(g)| ERTERIZHE
BN G0, 155 MBIE, BANEENI | Ein(h) — Eou(h)| WAZVNEF, BBATITBERR h; TTRER
HIE—, EETREERERAN. ATRERNTCELE, P Ein(h) — Eow(h)| > € £6EE
BAMAESEEN, BBARIINARE 5 MEET |Ein(h) — Eou(h)| SARER,

P[|Ein(h) — Eou(R)| > €| b EEDIESEEN. 0@iER, R P|Ein(9) — Eou(g)| > € 8BHT

AEESEEE, TLEN—ER b MRNE—MEH TR, ERIAMERE, UL E—NE
H 8 S NEH - - - 2 "SERANEY, BMERFE LR (union bound) .

Rule 1:if By = By, then P[B;] < P[Bs]

M M
Rule 2: IF’[U B;| < > P[Bj]

i=1 i=1

LCx

B, EEE2 Byor Byor --- or By
(]

Rule 2 I Boole's inequality (F/RAZER;) 8#& union bound (H&ELR) .

PHEm(g) - Eout(g)| > 6] § P

M
U |Ein(hi) — Eout(hi)| > 6] < oMe 2N for any e > 0
i—1

Pl|Ein(g) — Eout(9)| <€ > P {_rlnaXM |Ein(hi) — Eout(hi)| < e} >1-—2Me N for any e > 0

TRXERTEXRTEATHELR, BETRRNYE, FECRA.

izl 8 M, N, (HERECTEZEEAN (5h) MET (L) &
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BEAANTE.

%2 BE M, URFIERENEXREETESSTERAMETR (Flg0 atleast 1 — 4, BIEA(R
EEHAEZEEREEER at most ) , ITHEVEES AN N

XEAERES 2Me 2N = §, (EFBHMERRARZR.

One way to use the inequality

P[|Ein(g) — Eout(g)| > ¢ <P U |Ein(hi) — Bow(hi)| > €| < 2Me 2N is to pick a tolerable
i=1

difference € as well as a tolerable BAD probability §, and then gather data with size N large enough
to achieve those tolerance criteria. Given €, 9, M, what is the data size N needed?

To ensure that the maximum deviation over all hypotheses is bounded by € with probability at

least 1 — &, the sample size N must satisfy

1 2M
N> —In——
2¢2 . 0

0 M3 Assignment 1 Question 5 (c) .

IR aRYE "for each hypothesis h;, the deviation is bounded by €" &2 “the maximum
deviation over all hypotheses is bounded by ¢”. BIZ 28(Rig, EEESRE

0 M3 Assignment 1 Question 5 .

MHFERANRIEESE H, #&018:

|H|

P[|Ein(9) — Eout(g)| > € U |Ein(hi) — Eout(hi)| > e] < 2|Hle 2N for any e > 0

Pl|Ein(g) — Eout(9)| <€ > P [ {na)‘cH‘ |Ein(hi) — Eout(hi)| < 6:| >1— 2|H|e_262N for any € > 0
i=1,...,

If [H| = M finite, N large enough, for whatever g picked by the learning Algorithm,
Em(g) ~ Eout(g)

Eout(9) ~_Ein(9) ~_0
test train

Learning is still possible! However, in Perceptron, infinite | H| !!
TRERIRAS, ERTLEBR, FEIKILE
. ERNERASNERNENS S ERLH, RETRIEERINER

IXEBIRE

H_ﬂllll X

Where did | H| come from?

e Suppose we define the bad event as By, : |Ein(hm) — Eout(hm)| > €



e Then, the worst case: all B,, non-overlapping

FESRERMEME "REBITEZEE NERAAES, BARERAE, BXFLEER

4, ATLA union bound 5HAIFRITFHAT .

Bs

B, are events (sets of outcomes); they can overlap.

If the B, overlap, the union bound is loose.

If many h,, are similar, the B,,, overlap.

There are "effectively" fewer than | H| hypotheses.

We can replace | H| by something smaller.

@ HELRHRR
Why is | H | an overkill?
e Overlapping for similar hypotheses h{ =~ ho

e The union bound over-estimating!

i BANTIEFIRT hi 7 he (RERBRNAT ¢, ERMNEHBERPREZRM, E £\, HEN
hypotheses H1R%4. fIa0:
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Many lines but only one dichotomy!

Lecture 3 —9i%

Dichotomy

Roadmap

P[|Ein(g) — Eou(g)| > €] < 2|H|e 2N, for any € > 0.

P[|Ei(g) — Ewi(g)| <€l >1—2|H|[e 2N,  foranye> 0.

Dichotomy Break point Sauer’s lemma

|H| — my(N) —— B(N,k) —— NF1— vC

Growth function Bounding function
3.1 =Rk
Dichotomy
If h € H is applied to a finite sample x1, X2, - - - , XN, we can get an N-tuple h(x1),-- -, h(xN) of
+1's. Such an N-tuple is called a dichotomy since it splits x1, X2, - - - , XN into two groups: those

points for h is —1 and those for his +1.
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e Ahypothesis h: X — {—1,+1}
e Adichotomy h: {x1,x2, - -,xn} — {—1,+1}

3.2 B
Effective Number of Lines

BFELE N MRHETARZ—SHEZMEE, AR -SHELRC/F—H.

Question: How many lines are there?

e For asingle point, only two kinds of lines, + or —

e For two points, there are four kinds of lines.

O X O
O X X O

e For three points, &4 23 f#5?
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EREASERSIGIUT,

Fewer than &!

©) X
O X
O
) X
@) X
X
) X
X O
O
o) X
X o)
X
—oBE&AEEAR 8 fif:
ffffffffffffffffffff X
| o) X
X4 : ©
oX 3 X
2 | o X
} X
,,,,,,,,,,,,,,,,,, 1 X
X e}
X
X1,X3DN1, Xo DA -18x1,X3 DN —1, Xo DA 1 EEEME"D, FEEHBEZD,

LA T .

BME&E: Maximum kinds of lines with respect to IV inputs data

Effective Number of Lines

Lines in 2D space

o NN =1, effective (N

N

e N = 3, effective (N

(
o N =2, effective (
(
(

o N — 4, effective (N

) =
)=
) =
) =

0—45i%—H, 1-37

DRI, 227

AR, HEF, 1 XHEEE.

Ffr



3.3 1B

The Growth Function

hypotheses H | dichotomies H(X1, Xz, ..., Xy)
e.g. | alllinesin R? {0000, 000X, 00X X, ...}
size | possibly infinite upper bounded by 2V

SFF—MRRE (Flg] R? hpOFrEEL) |, URIINERE N MRS, SMRIRAEXL S HAH—
Mo, BAXMRREFRHIRMBERISEENX N MERHIT S, BE"HEE, BEZoFE, &
z5 2" fh.

SR, X#E |H(x1,X2,...,XN)| 39X depend on inputs X1, X2, - - -, XN. A NHERINS2RIRE,
FEATMANERNEE, FEENX Growth Function: remove dependence by taking max of all
possible (x1, X2, "+, XN)

my(N) = max |H(x1,...,XN)|-

X1y s XN

EEMIBRKEERS, HIIAARRNEBE—REN—E N TR, MEFETHAZEFREREER
N A RAES. Rk, BIINE—ET8EM N NMtERIREMET=EN "X A REE, 2
EEEPRSAEF/MEKEHE Bitt, N M_AFERRT—H, MEERHTAEEES.

KIBRRHE, BB N MR, ZRERERIRTS, EEZRIREHZRETRIX N TR
BEREZM_H75.

EREHZMEMANESHIIRA DT, PBAT—AFEN N MR, —oME8—ENTFTEFT
IBIREREE.

EREAILEFRIRE H NESHE. BRESERIENENE, SIFERRIRERITHI,
EEEZBRENFE L N NMRIRA 6N, S FHE 2D BEEEMNRIRE, IEKREET
BUEEL

ERAMEENRRIESERMATRE LRI EES. AT, BAFRELRSRIREE LAIEA

TE—E NRRRESHI—RELLIE (PUNESLEIEXE) |, BATTERHMNEREZ

AR, BUABEERE R MEERISERREESN. FTUIBASEA—ER—HFENR, TEERIRE
(D3R8R) EXATRAZTE).

I REFEIRES SR Finite, upper-bounded by 2V
o mz(N) < 2V: finite grouping of infinite lines

e Ifthe effective number of H can replace |H|, learning is feasible for infinite H.

3.3.1 2D JEX122
2-D Perceptron Model: RSS2 HE FATEEL. HATEKRESTERES, B

mp(3) =8 =23
mpy(4) =14 < 24
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3.3.2 IE§94k

Positive Rays

g >

h(z) = -1 h(z) = +1
c—_— Ll e——a—a—
I 9 I3 o bt 1m TN

ERIESELEN : NR—MANSUERTSEESTEXIER, WAIIES (FniRER +1) ; S
ARE (FlaiFER —1) . EIHAREXSE 1.

one dichotomy for a € each spot (Xp,Xn+1)
Histhesetof h: R — {—1,+1}

h(z) = sign(z — a)

my(N) =N +1=O(N) < 2" when N is large.

3.3.3IEXa

Positive Intervals

h(z) =—1 h(z) =+1 " h(z) =-1
¥ ¥ ¥ —O—O0——O0—¢ €
I I I3 “ee TN

Histhesetof h: R — {—1,+1}

Place interval ends in two of N + 1 spots

e One dichotomy for each interval (N;Ll)

e All —1 case: —

mu(N) = (N2+1> 11

1 1
= ENz + §N+ 1 = O(N?) < 2% when N is large
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3.3.4 S

Convex Sets

= +

Rig=EPEMRCRAERET OEREES MU LE—MOKE, REEZXERS
—FF (Eegd +1) |, EREIMEHB N (Fkan-1) .

Histhesetof h: R — {—1,+1}
h(x) = +1is convex
mH(N) = 2N

The NN points are "shattered" by convex sets

3.4 TH¥

shatter

If H is capable of generating all possible dischotomies on x1, X2, - -+, XN, then we say H can
shatter x1, X2, -+, XN Or say these IV inputs can be shattered by H.

3.5 ==

Break point of H
PULE=S1FoSESE 5 (29 A Rl ] e
e H: positive rays
myg(N)=N+1=O(N)
e H: positive intervals

1 1
my(N) = EN‘Z +5N+1= O(N?)
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e H: convex sets

Is there an upper bound of m g (N)?
If so, can we bound m g (IN) by a polynomial in N?
SRS KEEET 2V, AH—SINEZHRER.
Can we replace | H| with mg(N) in the generalization bound?

generalization bound, Z{LIRER.

EX H gIHr=:
If no data point of size k can be shattered by H, then k is said to be a break point for H.
mH(k) < 2k

TR, RERE—A kR H 5%, FeeiA k£ A2 H rlT=.

3.5.1 2D xS

H: FESFEEZ
k:4,5,...

3.5.2 IESi%
k:2,3,...
RNRAY, [ERETEFDBRRRCHE +1, AiLf=ReHE —1.

3.5.3 IEX|&
k:3,4,...
=AER, ERETHERENSRD —1, FassiRs +1.
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3.5.4 &S
k=00

B mg(N) = 2N fBRks.

3.6 REAL

Bounding Function B(N, k)
BEFeBEA SRR — BRI :
What's the maximum possible mg(IN) when N = 3 and the break point k = 2?

BRE—TAMH4R maximum: B, BEMR L = 2, MERXES/NTR;, HX, BifEL =2

X maximum Bf, BERE—IEERMNIER, REERTREENMAS B Z5kRE. Bk
TR

X1 Xo Xj
O o O

O o X
X O
W

B HEHEF, 2011 ARERUBEHM THUM s, XFR k= 2 NFHFE,
LABIBRIIXAP 5
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2
%
N
4,
w

¥ B O ©
O X O O
O 0 X

tessdvfessscem 5 msssssiiufienes

B, 101 S —UMB=UHBERNTHEIM s, k.

EHEAS, 110F0 111 NSE—AISE=HI THEMH "5, FIBR. &£ maximum possible: 4
dichotomies < 23

TENFREREL:

B(N, k) is the maximum number of dichotomies on IV points such that no subset of size k of the
N points can be shattered by these dichotomies.

XE "be shattered by these dichotomies" &R 2 SLIIX L RAHE " HIRIR=TE H T
fEx.

TEREES H X, FJLUMEBR#HRE break point = k AYRIRZE.
B(2,2) =3, B(3,2) =4

e Break point = k restricts mg(N)

e Idea: Maximum possible mg(N) when break point = k

e Our goal: B(NV, k) can be bounded by a polynomial in V.

e |rrelavant of details of H

Another example to extend B(4, 3)

P

/=
=

it

Optional Reading: Once Broken, Forever Polynomial

F7ohX.



Lecture 4 VC 4k

VC Dimension

4.1 VC 4

e The tightest bound is obtained with the smallest break point k*.
e Definition:dyc = k* — 1

e Other definition: largest N for which mg(N) = 2V

The VC dimension is the largest IN which can be shattered.

e N < dy¢: H could shatter your data (H can shatter some N points)
TR, XBHREEMRIEFEXA—E N getF, MRIERAR)IZRI—H N [8iF e HeE.
e N > dyc: N is a break point for H; H cannot possibly shatter your data.
XEr[LRIHEA—H N &ArTaem H L.

e my(N) < Ndve 1

VC-dimension is an Effective Number of Parameters:

1 2 3 AZL 5 -+ | #Param | dyc
2-D perceptron | 2 4 8 ... 3 3
1-D pos. ray | 2 3 4 5 e 1 1
2-D pos. rectangles| 2 4 8 16 <20 ... 4 4
pos. convex sets | 2 4 8 6 32 - 00 00

o RESHRENEER: VCHERRTY —MEREER RA UGS HNEEEREERE. exnERe L, &
BALSEEDE (KD) SOMR. S—MEERES S — AR ERIRC o UEMS HIERAY D R, X
BRHARIBIXIEEL TTHT (shattered) . 8] VC 4ERLERESHI THTHIGRA REL

o FEMEEISUTIRAIRE: Fln, E4sE, BERITURER) VC 4R 3, XEREXMREE
“HER TS TEDRES 3 TR IRREETXME, B —ERB RIS K
7330 th, Efth/ VA4 (A—4E8de. —4EEZaTES) B9 VC 4 BIRBR T Ef RN =S A
RIZRIARES]. FEARR (PINEALLTEE) AIVC ERTRERTTIRAR, FrE( R LREBUSERER
By KIBR.
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o IIREN: VCHSIIEEEERRAIRIARES], BEBMHIREIRETHISEMER, ERtbEZHIIMU
BRIARE; M VC 4ERRRIREN IR, (ZRENEGR, (BEARERELABIEERIVERS. TEREIEE
MFEITERIT, EBHENFR VC RTINS SIZ RN Z AR FE.

4.1.1 1D JHE0=S

1-D Perceptron: What is the VC-dimension?
myg(N) =2N,dyvc =2

RMTRZE 3.

R RSN FIES R INtAaET4, BRI (Decision Stump) . —HMESINNEELES
Sie 12 —1, B2 x (N+1) —2=2N.

4.1.2 2D RRENZE
2-D Perceptron: What is the VC-dimension?
dyvc =3

TRE 4 T 3.2 M R N = IIEURLELE, (BFEReRErI—E 3 M
B, Mmp(N) BEMWREE N MUEPEH_SHESAN, REFE—BHHRUIES 27,

4.1.3 d $ERRENES

What is the VC-dimension of the Perceptron in R%?
Answer: d + 1
Why?
e Thereis a set of d 4+ 1 points that can be shattered.

e Every set of d 4+ 2 points cannot be shattered.

FRERE: AR AJERGNZEAIVCHER D+ (BEREMAERDR) .
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4.2VC R

The Vapnik-Chervonenkis Bound (VC Bound)

P [lEln(g) - Eout(g)l > E] S 4m7{(2N)e_E2N/87 for any € > 0.

P[|Ewn(g) — Eow(g)] < € > 1 — dmy(2N)e <N/3, for any € > 0.

E.(g) < Ein(g) + \/% log M%QN), w.p. at least 1 — 4.
e N k—1 o .

myu(N) < Y (6) <N+ 41 k is a break point.
i=1

EFRFE=AAFN, BE—TR, ERRMNEXEILER, BARITERERDZRE.

Sample Complexity: How Many Data Points Do You Need?

i

Lecture 5 {RE-F =0

Bias-Variance Analysis

Lecture 6 Z[H{=EY

Linear Models
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6.1 =FpFE3IESS

Three Examples of Learning

MeFEIB=MERRZEIES. LMSASH (Credit Analysis) J9fi:

y==1

yeR

Approve Classification
or Deny
Credit . Amount Regression
Analysis | of Credit &
Probability s obs i
of Default Logistic Regression

MFARREENFIES, ATLUERRRNFEIFERRR.

6.1.1 3

Classification

15 RERGHUERR/ FEAF.

T3k R

BirZE: y=£1 (ZHXR)

6.1.2 [@3
Regression
155 FRGTRK / (SR REUE.
73k [EIFHEE.
BirZE: yc R.

BREMI R ERESHE.

6.1.3 iZ58[E])3

Logistic Regression
155 FRETERELIRIHTER.
ik BRI

BirZE: y < [0,1]

BRE, FTrERAELIRIATREL.

y €[0,1]



af://n1131
af://n1138
af://n1145
af://n1154

X=FMESh, ZMAREL (Linear Models) REEMAVEE. @iRl, SMEERERERTENAITE B
EETEENBTEMREE—SRPRINA (BHER) |, AENUNRLIHERERFMZERE TR
RZR3.

6.2 ZHES
The Linear Signal

BINSEE x UM s = wlx BRR, AIERARRENEY v, BTARIES.

—> sign(w'x) {-1,+1}

§=wWx — | / — w'x R

= o(wx) 0, 1]

o SMIREE x FREMAY, ELEALARTHRESIENSM S REFE.
line / hyperplane separator

o y= f(s) ERBEREMHEN s = wlx PHTHEIPIH f(s) BRI

6.3 &IEET
Linear Regression
age 32 years
gender male
salary 40,000
debt 26,000 >

years in job 1 year
years at home | 3 years

i BINSHE
dr: 2D ZeiEA.
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A 3D ZiEmE]3.

N
E;n(h) = % > (h(x;) — yi)2 in-sample error
E

out-of-sample error

6.3.1  BpEE=
Using Matrices for Linear Regression
~ T
X1 )1 )1 WX
9y T,
X . W X
X = X y=|% y= 2 =" |=xw
—XN— YN Un WXy
in-sample predictions

~
data matrix, N x (d+1) target vector

LMRFNERERE—TNEDE w, FERATE X (M) Sd%MTit g = Xw g, Rajse

EBfREY.
@ BUEEr
data matrix
x| 1 zun - 2w
x7 1 x91 -+ o
X = . =
x% 1 zny1 -+ ZTng

o XEN x (d+1)4566, Hf N 2¥AHE, d+ 1 2R

* BIMHAS—TUIAEHIRE 0 = 1.

W 6.3.2 WHIURE .

@ BifmE
target vector
Y1
Y2
y = .
YN

e YRNX1RBE, F{IEEFRS ¢ MEA x; WNAESHHE.
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® fuE

in-sample predictions

Y1 W X3

X Y2 W X2

y = _— . = XW
UN wlxy

6.3.2 BEHINRE

Bias Term
MR IEEF, BEEE MR

h(x) = w1z + wozs + + -+ + Wy

XAMERURIZENTE (REFE) LREEERR (0,---,0), EXERSINIEFEFAEN.

—MERRTERNFHER S 0 BY, FWUEA—EES 0, BURTSRREE.
R, SIN—MEHMIHREDT (Bias Term) wo, FREZE):

h(x) = wo + w1z + woxy + -+ - + waxy

Hep:

o wo AEIEIN (Intercept Term) , x = [1,0, - - -, 0] RFAIFTANE.

* wi, -, wq REMUFHEINAALE.
AEC w U4, FrEBARESUMER—MEE (XA d+14) , Bz = 1.

RELT wo JLAE(FEEEIT wo FIEER ¢ = 1 2R XAMBEISTEINFII— I EEIEGZS
8, MEW F5H—)II%.

o W= |wy,wr,..., w EOSREANSHHE.

IR, SINREZREFIAEN, ANFRENGETURRHILHERR, SETRRREFE, BRF
(REBREETE AR A R RASEFE. RIS INREIUAARTT 7 HHEFRIARED, B, B&/N5RE
B REUCE IR, IBINRETTT LR M RE, IREWSEE.

LIRS, JIFRBLEMREESSESREN, LRSI GHERMIREGEEM.
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6.3.3 JllhRE

In-Sample Error

AT BIRERIMUIIFIRE (MSE)
1 &, )
Ein(w) = N ;(yi — i)
ERBEEFEA T UESA:

L.
Bip(w) = 115 = yl3
1
= 5 1Xw =l
1
= F(WTXTXW —2w' X"y +yTy)

KT EHEN. FFSHE, MURZATRIHES, I wx 2. ik .

6.3.4 Mtk

Convexity

AT,

tf(z1) + (1 —t)f(22)

Fltzy + (1 = t)xg) [
|
|

T try + (1 —t)x2 T2

v

6.3.5 itk
AL ERR: REIRGEN w (HSI9/IRE (MSE) BvIvb. REMEEFERERA:

1
E(w) = F(WTXTXW — 2WTXTy + yTy)-
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@ IERKGE
IREREESR,. TR O, BRIEATLIET SHER 0 HEIRME:

- 0E,
Owg 0
aEin
(911;1 0
O, 0

| Owg

ItEAE:
VEi,(w) = %(X "Xw - XTy)
WS 3. LRI .
EIEHEREST 0, AP
XTxw=XTy
XFEIEMTRE (Normal Equation) . 7£ X7 X EISHUAHE R, HAZRA:
w=(XTX)'XxTy.
IEARRIER/N (it (Least Squares Estimation) .

ERIRERIRNE: XX mi.

@ BETHE
SHF/UREE, EBSERSEERERE:
w=(XTX)"'xTy.
T AHUEEGE, BEE T (Gradient Descent) BEERK.
ABARICHE TR, BERTL.

6.3.6 iIRESDHH
AT,
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6.3.7 E{EIT=A
FHhTE.
o JEZEMXFR: WRMEEFIFEMEXRR, BERAVSMER TR ARIFHEMSEIE.
o IRELRIEXM: WRREMZIEEXN, ATRERERER EMREIRER &
o IREHEAIEE: NMRRESERITWERN, TEINEZEHTER (WXHER) KiE.
o ZEHEM: IMIRSITEXESERXE, JRESHEETARE.

6.4 iZ4g[0])3

Logistic Regression

6.4.1 1 B8R

The logistic function

Ef%:

This formula can be interpreted as a probability.

Example: the probability of someone that might need to apply for a credit next year.
Input x: salary this year, debt at this moment, other features including job market information, etc...

6(s): probability of applying for a credit next year
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6.4.2 ESCHE=ER

Genuine Probability
EZERTH, FMNBREEBENETUSFERENBREEN 1 NEH=R.
BRI R R R EFME RSP~ 4ERY.

Data (x, y) with binary y, generated by a noisy target:

[ fx) for y = +1;
Plylx) = {1 — f(x) forZ: -1

noisy: #r& y ARHE—MHEELAIMNIRERT, METEREIIERY, B—MERNBIERR. XFPAR
HaEtE / BETLIERIUMRIRRES (noise) .

The target f : R? — [0, 1] is the probability

Learn g(x) = O(wlx) ~ f(x)

TR, ETMERE—MERRIR, A AMRIERSSHAEHEX MEEIE. TR mEaE:
o EUEFAREREIERTE.
BN SEERBTAEMN (UNERER) RE, KBRS
o HUEAIMIERZZUAZ sigmoid.
SNEREL f(x) A2 sigmoid IR, BEABIERERITHTARIFIEIEE.
o BMNFEARTSD.
NFHEPRDORETE, BRARNEERRG, FERFRNHRt S REELE

6.4.3 {LIPRFEL
Likelihood

| h(x) fory = +1;
Plylx) = {1 — h(x) for z =-1

For each (x, ), y is generated by probability f(x). F§ h(x) = 0(wTx) kA f(x). BAINERES
I3 h(x), FECHEIRTEESE f(x).

BHEFIF—MEETE w.
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6.4.4 JIERE

In-Sample Error

BFEZRE, MSE NESIZEER]|A. Plausible error measure based on likelihood: & XAYIESA - /ML
ISRTANGEL - BR/IMERTEUREK / R EIRK.

R WNERAEEVTISEE, T

o WFy=+1HA, h(x) ROz 1;

o WFy= 189K, h(x)MzFIO0.
BINESHR—RETEMNENIEE D = {(x1,Y1), - - - » (Xn, yn) } HOEEL, BEIRAMAIZA
[T Pynlxn) = IT 0(5aw"x).

SERE O(—s) = =L Lt 1 gy).

15’65 s 1+e® 1+e®
4y, = 18, P(ynlxa) = O(wTx,);
Ly, = —10, Plyalx,) =1-0(wlx,) =0(—wlx,).

&ZE, P(yn‘xn) - a(anTxn)-

N
max [ [ P(ynlxn)

N
< max  In (H

N
& max Z In P(y,|x;)

N &~ H(y,wTxy,)
1 & r
& min N Zln (1 + e VW x")
n=1
N T
M Eyp(w) =+ > In (1 +e W x").
n=1

N
R, BEEIRRIMRRE /RS Ein(w) = 4+ 3 In (14 0™ foswsminse

n=1

N
L(W) = 5 Y [~ynlogh(x,) — (1 —yn) log(1 — h(xn))] S, EFXEEFRR.

n=1

W M 4. XEHUR
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S, &MEAP, Ein(w) = +(wIXTXw - 2wl XTy + yTy) 2%F w (9N REE, 8
¥ (BE) ATAER— A EHARE XTXw = XTy, 7£ XTX afaie T, a@dStAsEnma
KRB w = (XTX) ' XTy.
N T
2T, BEEIES, En(w) =+ > In (1 + e W xn) EIFEMBIEN TR, kBN
n=1

REVSEKHFNTHE (F=X#E, closed-form solution) , WREREENAE (BETEE) KHEE
fi? (EfXHR, iterative solution) .

6.4.5 HHEE T hF

Iterative Method: gradient descent
HEE ML (Gradient Descent)
o AT XBLZERAANERTIER (AZiEmE3) .
o EARR: BRREFESEIEREHRSEL
o FXE (Step Size) HUEESE: AKRFULEY, AINKEHIE.
o TJREIBRIEERER/ VEEE R,

Logistic regression algorithm

1 Initialize the weights at t =0 to w(0)
» fort=0,1,2,...do
3z Compute the gradient

N
1 YnXn
inn - N z; 1_|_eyan(t)xn
n=

+  Update the weights: w(t + 1) = w(t) —nVE;
5. lterate to the next step until it is time to stop
e Return the final weights w

N
BEEIAE, REES Bin(w) = 4 3 In (1+ e 0™ ) 53 waopsr:
n=1

ERE—IR fn(w) — 1n(1 + efyanxn)'

Vfu(W) = —— - (e ) (k) =

o 1 _|_ 6*anTxn

_ YnXa
1 —|— eyanxn )

XIFTETURA, 1§
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<

VE;,(w) = % Ejj:l In (1 + e_y"WTx")

1 < .
w2 Vi (tren)

=1
1N

N

3

3

YnXnp

n=1 1+ ey”wTX"

__ 1 i YnXn
N ~1 + eYnW'x,

Lecture 7 {HZMLE

Neural Networks

7.1 #iE5T

Neuron
Neuron
Zo wo
i
axon from a neuron a1 2Poe

woTo
impulses carried
toward cell body

cell body

Ew,—:ci +b
i

branches
of axon

f (Z wz; + b)

output axon

activation
function

axon
terminals

impulses carried
away from cell body

A biological neuron A mathematical model

8.

o SYIHETTRYELER.
o HEARERL BN + INE + SR = .

dendrites Rize
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nucleus RREZ
cell body HHRRIR

impulses carried toward cell body SS &M

axon R (BEHESEE)
branches of axon LBy va
axon terminals LS i

impulses carried away from cell body (S NMEIMEL

axon from a neuron SkEHEAEE AV
synapse S (ZEELL)
activation function LR

output axon TR RL IS

ST MRERICRERMHETIES, ESICRAMIBALE, FETMREERT—MRETT
RIS, XMIEM R ESHIERERTRE.

ATHEZTT (BAWL/ HEZE8TT) © M v, (WREEES) BE—TWE v, RMERES) #
ThOMR, FTPENIAGANEDD, BINLRED (ERAMIEES) | oM 2 = ) wir; + b, RRELHE
R f(-) (BE/PREB) , MBER f (Z w;iT; +b> (HREXES) | X NEHHEERETARE
B SHIEEEIT—EHETT.

7.2 BiEEREY
Activation Functions

o SINIEEM, FIRELESEMSIFEMEREEIEEN.
o EILEGEREL: ReLU, sigmoid, tanh

Activation function is a function that runs on the neurons of the neural network and responsible for
mapping the input of the neuron to the output.

The activation function introduces a non-linear factor to the neuron, so that the neural network can
approach any non-linear function.
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Rely / GELV PRelU

max(0, ) | ;i)'(n*:‘..,1.(\,."":;.’)u+m-;) max(0, z)

Swish | SELU
il

xitr>0 a(max(0, x)-+
alzexpr—1)ifr <0 7 1 +4+exp—x . min(0, Alexpx — 1)))
y Mish / RRelU
zifr>0
i' IUL L+ ‘\P f’) ' x tanh (lf]“’ﬁ“ + exp(/ “” { ar if r < 0 with a ~ R({, u)
HardSwish Sigmoid SoftSign
0 lr r < ‘I'
il >3 e p——
r(z +3)/6 otherwise | 1+ exp(—.r) _ 1+ |.'I?|
Tanh Hard tanh Hard Sigmoid
rifr > a Oifz < —

bifx<b 14f 2252

tillll r otherwise x/6 + 1/2 otherwise

Tanh Shrink Soft Shrink Hard Shrink
T—=Aifz> )\ Tifx>A
r+Aifz <=M\ zifx <=\

x — tanh(x)

0 otherwise 0 otherwise

IR HRIAZHERMERER. S8, EREIELRA, ANRITES, ME(EMEHREFEEA
HIEEA, TREZF—HESGEINE XIERREF IR [BE] NREZ—.

7.3 FRXNEE

Perceptron

o TISCINfEERIPEE: AND/OR
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AND(x1,T9)

OR(z1,z2) = sign(z; + x2 + 1.5);

AND(z1,z2) = sign(z; + z2 — 1.5).

(EE, BFMNAHER —1, +1 FR~S4E False, True.

* XOR TFE&MDE], TESEEN.
Bl DIEREEREL

Decomposing XOR

f = hihy + hyhs

+1
-1 -1
_E:l o™
+1
Llil .’l’l
hi(x) = sign(wix) ha(x) = sign(w3x)

XOR B—MERHIYIFM DRI, FREA—MERAIEMEE (N— R R, BFRAITLUSER
DA RRR, BEYASHIEN XOR. XM RENSSHEAREMETZAREES, BIZERA
A



7.4 ZERHIRS

The Multi-layer Perceptron (MLP) for a Complex Target

o FI R ESCIME 2 RE T REEN.
o TIOFRSCIN XOR 524 Hir.

XE —-1.5,-1,1,1.5 Bl&E, ~EEKEBHIE

1
BANE B MRAATR) © T1, T2, I EHRESE 1. JUEREABA—IAEXx = |z1|.
L)

FREEE FIEET, BaAERA, SEISGHRE,
hy = sign(w{x), hy = sign(wj x), HESFRHNFEMBENEE. X NEEISEAGEEE hy, he 10
E—MRE 1, EAT—REaEA.

1
BTAEEE: AR, S MR —MRE LA, A (b, &
ha
1 1
ENMHHEGE, hihg = sign | [<1.5,1, 1] |h1| |, hihy =sign | [-1.5,-1,1] |y
ha ha

, FEER MRS X NRRIERRIEGEE hiha, hihe I E—MRE 1, {FAT—ER5E
A

1
BHE: — MR, DS EREIEERHII— MRE 1 EABAN, BN |hihs |, NI
hihs
1
HHGE, hihy + hihy = sign | [1.5,1,1] [hihy| |, B—NEEISE. XANREISISEEERDE
hihs

MEERIEREE .

TR, XTMETDEER, MEATE, BB BT BE S itn RaaTA LI b2 ER .
ZMEAEENLG, BEHXORZ2—MNECHHREE, TLUETRERSHFRAN, FEINENR
BCEANREY, BEREN, FRERMOERE. FFEEBE TR, FAHEET)IZRIE

Examples of MLP: Handwritten Digit Recognition
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28 X 28 = 784

e (Concatenate pixels in each row get a input column vector X € R84,

e Network use the input vector to compute 10 probability of 10 digits

e The digit which has max probability is the final classification result

7.5 #REERILE

Neural Network

Neural Network is a technical reproduction of biological neural network in a simplified sense.

What problems it can solve?

e (lassification task
e (Clustering task
e Prediction task

e Structure learning task

output layer
input layer
hidden layer

input layer

hidden layer 1 hidden layer 2
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TEU—MERMEZAG], HeHEREIZGERETE.

Suppose a simple network like this:

Wi Z1 Wy

b,

Hr,

a; = wix + by
z1 = fi(a1)

az = w21

y = fa(a2)
7.5.1 IRKEREN

Loss Functions
Many choices of loss functions. Choose one for the task:

e Mean-Squared-Error Loss
e Cross-Entropy Loss

e Ranking Loss

1XE Suppose the Loss function is MSE Loss, then
1 N
L=y~ 9)°

BN EES 5 BEEFERIS, HERMEEE (KS) HEEESET ERSHNSLN)IGER,
EABEHASBEREETI .

Let's find g—uﬁ, g—fl, 59—152.
7.5.2 BiFRERE

Forward propagation
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7.5.3 RID&HE

Backward propagation

7.5.4 Softmax
Softmax: before computing losses

Softmax @—FfigmEPRISTEERERES HHIREL
K—FF—RIEE, F e RS RUINEEh.

BERE2Z = [21,...,2k], Softmax EXIT:
e
o(z) = ———— fori=1,2,...,k
( )Z Zle eZJ' <y 9
Hr,
o: softmax

Z: inputvector
k: number of classes in the multi-class classifier

The softmax activation layer is usually used in the last layer of neural network to turn the numerical
output into values in the range [0, 1].

Softmax values can be considered as a probability distribution given the output sums up to 1.

7.6 it &

Optimization Alternatives Rather than Simple Gradient Descent

7.6.1 FEHEEE TB%

Stochastic Gradient Descent (SGD)

7.6.2 {li{k=Es

Other Optimizers: Adaptively Decide the Next Step to Take

HEXITHESRY SGD, UM RSAREREHE. BENERZEIER, AEEBPRAIVRE [F—HZE

4iE]
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7.6.3 FIXiFE R
Learning Rate Scheduler

You may notice that some optimizers just adaptively adjust the learning rate. In fact, you might
design a specific learning rate adjust strategy by yourself.

flittas (Optimizer) AIFIZRIFERE (Learning Rate Scheduler) 2R MARAINE, EEiNRIE
SR B IR AT HOIEY. UACRRASS VTR ST, BESRAENEFIER, RELHBEER.

Lecture 8 &

Overfitting
TG JIRE (BRIRE) K WHIRE (ZURE) &
[REFTRERIE: RESRES, EE/N, BEFE.

8.1 ZIR ALY

Polynomial function

f(.’IJ) = apz" + an—lxnil +...+a1x+ap

8.2 Z{LEEhE

Bad Generalization

Regression for x € R with N = 5 samples.
XL E ¢ HTEIE, ELRHERE 5 MIIGHER.

Target polynomial f(z), n = 2 polynomial
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label y, = f(z,)+ very small noise
HIFERRE f(z) B—MITNSIN, SMEARIIRE v, BRIV HEIN E—RmIgrs.

We fit the five points with red curve (FUFY) , AILAEEI, A&/ Fe2FEMBNRR — JIEGRIRE
FEEN, BEEHIERZINMIKEINNRA, B 7ELRES. XMEERETER (HEER) R
AESPSHENIUS.

Ein =0, Epy > 0, BERRME)IZRERR, BANFREYY, EENRAMNSENMIZHEENZEWE
.

out-of-sample error

model complexity

Error

in-sample error

dye VC dimension, dyc

The complex model has much larger generalization error for small N; Simple model might win in
E,,: when IV is small

= -
o o
3 & 3
"5 1n "S Eout
[ [
e oh
s "
M <)
E;
Number of Data Points, N Number of Data Points, N
A simple model A complex model
8.3 IETEIRR

Deterministic Noise
MRS RIREEY f(x) B, BRiR=E H TR raFINE—3D. BARETRH

Deterministic Noise = f(z) — h*(x)

*
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f(z): ELRIBRRE
h*(z): 7ERIRZ=IA H FRISFHRE (AREFEIRSEE f R

h*

i
ShEtIRERXE!
- fEMIERE (Deterministic FEHIER (Stochastic
Noise) Noise)
KR REIRIABEBIR HIRABS AT
BAEEBRIR=E H =2 XA
gﬁﬁﬁ”)‘ vRE = X & (SRETHRA)

HEMREARHEERIREIIES Ra, MERMRIMER KRR, TEREBIRRISRE.
ERFIREN—TD, TEIARIRR=EAEBIEAR.
EROHBEHRRRTERRE: T ARIREE. ERESHRIVER (FLINEMHRENHREIIFEMRE) |

8.4 WIBFE

Dealing with the Overfitting
Regularization (IEMI{t)
Model Selection and Validation (EELEIRSIEUF)

early stopping
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3.5 T T T T T T T T T
3\ B
25 R
ol
s
i
151
1t g .
Early stopping Eout
B s e
05
E:
in
0 1 Il 1 Il Il 1 Il 1 Il
0 1000 2000 3000 4000 5000 60d0 7000 8000 9000 10000
Epochs

8.5 IRk

When Linear Separable is not OK, Some Transformation might work.

% X
" o x S x
x o x ¥
o x
o o *
g ° o — *
(o) ® b %
x x o
x
x X% %n

xr z = .’L‘l
1 1 1
x= |z — z=®x) = |7} = |Di(x)
Ty 3 Dy(x)

ZINH AR BIRIEMNRHE x BRI — N ERERRE=E, MRS LR R,
BAE 4(x) TRBEN x = (21, z2) BT d RSN TR ERNFF IR E.
EIAEME: @1 (2) = (1,21, 22)
IIATRB: ®a(z) = (1,21, T2, 22, 2172, T3)
IASRE: @5(z) = (1,21, T2, 22, 2129, 2%, 23, 2220, 7123, 22)
IIANPDRIA... (HEEAIEIENN)
o EEMISIEEE TN SISEYE.
o BIEA—RZIANEY, FHHEERREIGK (EHHRIEK)

o REHRIBERIITNARE.

Approximation-generalization trade-off: Higher degree gives lower (even 0) E;, but worse
generalization.
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We here note the transformation from X space to Z space, Z = ®(X).

TERRY=S A TR . [REGEEMFT :

x] 1z -+ T
Xg 1 1 tee Lod
X — p—
xL 1 znyi - Zng
D06.3.1 MFEER o BARMLE.
e, HURMEGNT:
‘I>(X.1)T
B(x,)"
Z=2(X)= .
d(xpy)"
BETTIHETS S
i wlz
) i w'z
y = = . = ZW
UN wlzy

BillgrRE, ZitRIPANERE&RIMUAIRIRE (MSE)

1L
By (w) = N D (@ —vi)?
=1

ERMEEF A LIESA:
Bin(w) = — ||y — y]I2
in(W) = NHY-YHz

1
= WHZW - yll3
1
= N(WTZTZW ow! ' ZTy +yly

EFFRERSEKREE, BRIRNUE:
W 6.3 bkmE.
Z =R R FTRE :

S’ - Zwlin

AR EIRRXIHN x JIMNAPRE y FATTRN.



Lecture 9 IENI{k

Regularization

ENME: BEIXAREGATIRG, PrILIG, RIrizitee

name history: function approximation for ill-posed problems (JEZNAIR)
BEERETER.
AR FER 5], A8 FTIEN, BB BIENML.

= g(x)
sin(r) sin(x)
I I
no regularization regularization
bias = (.21 bias = 0.23
var = 1.69 var = (.33
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O Data
—Target
—Fit

9.1 IENLT5 &

ZOBAE: )43 R RN EERTER, IREAEX B MERNERERTLIBIAR
EAEF=HIAY.

@ FELYER

Hard Constraints

ERICEMIEREN 0.
Hypothesis w in H;,

Hi = { h(z) = wo + w1 P1(z) + wePe(x) + wsPs(z) + - - - + w1eP1o() }

Hypothesis w in H,

Hy — { h(x) = wo + w11 () + waPs(x) + w3P3(x) + - - - + wieP1o(2) }

SAFLRLIEEIEG, BREES:

R [RE
ARi& TERITFLHIE S
HELARAL FEHEFNHAFINAR, MUHER

AJfEREE REFEI SR SRESRE
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@ LR

Soft Constraints

h(z) = wo + w1 P1(x) + waPs(x) + w3Ps(x) + - - - + w1P10(z)

He = 10
such that: Zw? <C

q=0

From the perspective of VC dimension, H is not larger than H.

Hg C Hy.

ERNTRIEFR A LE, FEIERKEFET, BXREFh, BASHMRESZERIEE, it
RIE S ZBRIE.

AR RN ZIEL, MER AT EMSIEMEFHAN (EHm) "
IhRjllgrh, —RRRARAR (BERNERE) .

= 1588

ZTE REERRRENI—I

AT RESH A EHLARERE

BRE TEHIREIER, MR5I1S eEid
X Sh AJLUEER, BTHRE T

9.2 IEM{L L YT

Regularized Regression Problem

[RhROCALIRIRR :

min : E;,(w) = i(ZW -y (Zw —y)

=

IMANZLR wliw < CJg, ENMEARARIIGEES
min : E;,(w) = %(ZW — y)T(ZW -y)
subject to : wliw < C

subject to 2 “mE TAREM FIER.
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9.2.2 L2 IEMHE
SMEIKAFER L2 IENMERIEHERIAAE, t2AY Ridge Regression B IEMI{EER/\—3RiaR.

Wi = (Z7Z)' 2%y

FE;,, = const.

XEABEHORRSR.

R win AEEREAREY (EAEEBE) |, USSR win, FIKEENMLRIZER—F. FAIR08
& Wiin SSELABIMIER.

L wiin NBELIR, BAIESEKEHENRINRNE Wreg. DS
—VE;n(WREG) X WREG
ESs)

o MRBEARERALFEAESR, FIIETLBREAEETE, BORLGTIRTE, #—2 TR
£

o EEAR'RMR", MiRBERIREMAF ERETRET
o FTLABESERERMARILFEZAE—H (Bixkm) .

9.2.3 hitgBARRFE
Lagrange multipliers
EE— PRI

min f(w) subjectto g(w) =0

X8 g(w) = 0 B— NS48, fltnwiw = C.

ELROFR ERRNR, BRREAIEE V f SEREAIEE Vg BEMEXAY. RE: MgES, R
BEELIRAR ER%n) (Iafa)) |, SHERMR, BWE fEDE e TETE, BV f SRR
FZRMRITIEIESR, BV f SAROFREZRNARERD LS. AROFEZRNRIGERR £V 75
. BARERAHME

Vf(w*) + AVg(w*) =0
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H A RSB ERT.
FIE SRR B R

L(w,A) = f(w) + A~ g(w)
RiLR W BE

VoL(wW*\) =0
VAL(w*,A) =0

F—MAF RMURE "R FEHAOMER;
BT BRURDHELIREM-
KEFZII AR EE w.

9.2.4 KKT {4

Karush-Kuhn-Tucker conditions

RSB RTRTAHET . ERTFASRARIDE
I, EEAERAR g(w) < 0. BERRMALER

min f(w)  subject to  g(w) <0
S| NHIHSEBRTRF AT KKT K44
T CE i =
L(w, ) = f(w) + A~ g(w)

FERUHT, Bha w* BIHEARA:
@ BERH

stationarity
SEHAROAMSIHRARFE—E, TEHRT
Vf(w") +AVg(w") =0
@ "IiTHERG
g(w*) <0

IR EERHELIR.

® TFIER
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@ BxpastiE
A-g(w')=0

)28 g(W*) < 0, BMURAE (RIMSFADHR) , WkF A = 0.
SRR, TOREEIEIN, BETRARRE
MRS FRAFETFHR (BFE) |,
MABETFXANURIEE EIER”,
AR IER RIRIRTCLRIDRIRY .

i) ANSR g(w*) = 0 (BESFEBRL) , WA ALEEE.

BT EAMASIEHTITIE (KURESER)  TLRHSMRE w™.

9.2.5 WRgG W#i&
E1Z L2 TEMAYZ Bl ER I :

min : E;,(w) = %(ZW —y) ' (Zw —y)

subject to : wlw < C

MIGHIEEA H &L
L(w,\) = Eijp(w) + %(WTW - 0O)

B, XEA A AEREREPRSEART, MISENREITFE.
TRIE KKT &4, &R WrEc HE:

VWL(WREG, )\) =0
ngGwREG - C S 0
¥ 20

# - (WiggWree — C) =0

Wie:
i) WgEGWREG —C <0 (RAE)
A
N = 0, WREG = Wiin = (ZTZ)ilzTy'
BETFEELIR.

IR, XBEEESHEESTERIE win EERELIR. IRFTHE, BESE.

. T
i) WipeWrEG — C =0
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va(WREG, /\) =0

2 22
N(ZTZWREG — ZTy) + WWREG =0
(ZTZ + \)wgee = ZTy

WREGQ = (ZTZ+ )\I)‘1ZTy

A, B C E—REUN (C = whyoWree) , HEHIBRER CRESOHREE, Ll
EEARARN A BESHHE (EE—NURE) |, AEEE—MURHESN \, BN C Hets
SEN C (EXEHE C BATXEET, HIICERET ENIER) |

A=0 A = 0.0001 A =0.01 A=1

o Data

—Target

—Fit | 5
SN ) QM )

X x x xr
overfitting = = = underfitting
9.2.6 \ 5iz{Lltag

IENMESEL A aiasonaisEssZ (eidae

=] 0 - (oF ()
< 0 - 3 B e —
2 — g —
3 7
& g 02 Qr=1
0.25 o=
L4 0.5 1 1.5 2 0.5 1 1.5
Regularization Parameter, A Regularization Parameter, A

o IRFEHA/ BirRiHER, BRAWNREMLZES (RAERES)
e A=08, ZIENML, BEETEESUSES, SH Eou .
o BREEA—RMS, RREA
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0.84p
overfitting underfitting
2
M osf
ge
g
o
.
&
o /
0 0.5 1 15 )
Regularization Parameter, A
9.3 ISIIEEE

Model Selection by Validation

Ein(h) Eval(h)
0 T
.D , — Drrain U Dyal
size N size N—K size K\
{ \ Validation Set

9m = Am(D) 9m = Am(Dtrain)

Tl MaEE (BE—EENAEESH) 25, RNFREHEFHN—. SRANTEERIGESR
THMEIREARLY, IEEURED ARG, —Mmillgs, —mIGIESE, FTLIEREHIE.

9.4 B—3ZXISIE

EEHRIHISR: Leave-One-Out Cross Validation (LOOCV)
K =1 B9 X EIE

R IERI— iRz
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USSR N 0 (BRRBEH—MEAHIGIESE, HR N — 1 MERER)I5)
HE N IR, 8MEREHE BH R ERRIE
N
Eigoey(H, A) = Ze 2; r(g, (Xn),

o g FIRRTE n MERLSMI N — 1 NGRS 12RHEEa,
. err(gn (Xn), Yn): IXAMERITEES n MER_HOTRIIRE.
o BRERVETE N MEAIGREMT.

\lﬁﬁ LOOCv ?\%EUE"J Eloocv E"Jﬁﬁt}alﬁhﬂ_lz{'tlfﬁﬂgﬁﬁtg

R THEFFHHRK.

fRiRF5Z: V-fold Cross Validation

9.5 V-fold 32 ISIE

V-fold Cross Validation

BBV /MBS SR, AR N A SRS < MNEURENSIE, ERMERIG BV IR (BME
H—IXEIIEER) | &IV IRGERE.

Lecture 10 £k FEIEix%

Generative Learning Algorithm

10.1 MATHRGT

10.1.1 DAMHEREN
p(z|y)p(y)

p(ylz) = (@)
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10.1.2 JRAIAHIT
MLE

AR 1) ISR R RIS

BI1: ZMEPRRIE (R/N_3H#)

Wi, = argmin(y — Xw)7 (y — Xw)

SN FEHNRA FHRABAGIE.
WERR
o BNERE X € R™ (BT MER)
e mHAEyY € R”

RIS
y=Xw+e
HohIRAEE € ~ N(0,02]).
S X S w, B y RRHERN
p(y|X,w) = N(Xw,0°I)
BABAH RS ME:

WMLE = arg m‘gxp(y]X, w)

Zriei D TR RE E R

1 1
X, w) = —— ||y — Xw|?
p(y| X, w) 2no?) 2 exp( 5oz 1Y — Xw| )

EXX3%8 (log-likelihood)
n 9 1 9
log p(y| X, w) = —-log(2m0”) — —— |y — Xw]|
2 20
EEENGAXIEL, SAER/IME. NLL is the the negative log likelihood.
F—IF w ok, BEIERAMW log-likelihood EMTF &MY
ly — Xw|?

BIEIEN T L EFMHRE. B —EFH.

Bl12: Z2mHtH

BIgH— K m8kF N R, SRENERY, = {1,..., K} ~ Cat(0). BUBRERIFrEER
D={y,:n=1:N}

Hep, 0= (61,09,...,0k) RRNEMLITSY, FrE—@H L=
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L) =[] 6"

k=1

EUNLL (TAX3#blsR) |, FAIEH/IME
K
NLL(§) = — > Ny log b
LREM:

K

Sor=1

k=1

0;, > 0 for all k
gk FIMRBARSRF % (Lagrange multipliers)
MIIERIEER H RN

L(6,)\) = ZNklog0k+/\ (Zek— 1)

B 0 KRS, FijA 0:

0L_ Nk Nk
8—9k_ 0—k+)\—0:>9k )‘

AR, KE A
K K
D 0= Ne . N A=W
k=1 k=1 A A

BRAISAELT
. N
0 = kaork: L2,....K

XMERARES IR
BEiRiR, 5 kRASRGETSTEERATHIER (FEER) .

10.1.3 RARIEHT
Maximum A Posteriori Estimation, &R MAP
NREN (HEBCRIR) S85tH, WAILUER MAP f&it:
WMAP = arg max Inp(wly, X)

X
_ argmaxln p(y|w, X)p(w)
w p(y|X)
= argmax Inp(y|w, X) + In p(w) — In p(y|X)

(2% w RN X M)

= argmax In p(y|w, X) + In p(w)
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Heh, p(y|X) EWEUA (8 w BI5ERIGRS1ER), EZLIARhAE w 25k, BI215Z) .
LA, BARESAEITE, BIE MLE FUEHH_Hin— N SelaTh.

SEFR EARSEIORE, BFMUSAIRAZ AR, B XTI B XN ESLEREEARY.

fl: ZeiEmE3
JISERE— N EERIE
p(w) = N(w|0,7°I)

waiap = arg max Inp(y|w, X) + Inp(w)

1

1 2 2
= argmax —— [ly — Xw|* — —||w|

.1 1
= argmin — ||y — Xw|* + —|lw|?
w O T

2
. o

= argmin [ly — Xwl|* + = |lw|?
w T

i & = A, W MAP EMNFIENMEEMEIRRALIE. &£5RA
Waap = Wree = (X7 X + M) ' X"y
MRS IENMESEL X\ AURRRE: SERES
o TIHEUN, SEIREER, \HK, BBXUA.

MRS IENMC S AR AT AR R, SRR RETHFRI (RSB RFIERLIR
B#) SIANRNENNKSE, RERAXTSHNENX.

10.2 ZRIEEHDH

Multivariate Normal Distribution
STRESHR—HE d EZEFIERLST, BUSTElo, 181 N(w, X). &4,
o 1€ R IYEEE (mean vector)
o ¥ c R¥™4: 154 (covariance matrix)
BT

1

1 Tw-1
p(x;p,X) = W (—E(X—N) Y (x—#)>

WEREEHEAE.
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AN

S EREREERISERE 2 BEXRME, IS MEENTTE.
TERSSHELERR, WEEXIE

10 [ 1 05 71 08
22[01] 2_{05 1] 2_[08 1]
I ZEREREE N
BE— d AREHRE
X1
Xo
X =
Xq

HifsEmEs Y € R gy
S =E[X - p)(X—p)]

BIE, ¥ R XIFRER

Var(X,) Cov(X1,X5) -+ Cov(Xy,X4)
Couv(Xy,X1)  Var(Xy) - Cov(Xs, Xg)
Y=
Cov(Xg4,X1) Cou(Xg4,X2) ---  Var(Xy)

B, Cov(X;, X;) RnEMNENEE X;, X; BEE, BXA



Cov(X;, X;) = E[(X — E[X])(Y — E[Y])]
Cov(X;, X;) > 0: TEAE.
Cou(X;, X;) = 0: trig.
Cov(X;, X;) > 0: TIFHELMERR (RO, thATAEREIER) |

10.3 &R0 vs. FIFIT

Generative vs. Discriminative classifier

10.1.3 ARG RABH—ER, S5 MAP fEit, SRSKNSKES, ALSTRIMARTE

—

rE.

R TURE (LISHERABISTTAB) NEIRES y ROFIRIN p(x|y) #HTEE, RS MAP EHETES
O =(01,...,00) (—H CHFE) MAN X NEHT, BETEN Y (IFEER) , FMERFIES
£

B0, = (e, fre, Be), BET y HFEESHIAR p(x|y) HISH. XLSLRFHN.

XEETE MAP FIRHRERMMER, EREIISX p(x|y) BTEE T2, "R NEEHME, 18y
TEFHIE x UL RERY y inEEARRIXKIAER x.

sk &AL (I 10.3.3 cpA fhifk) .
EMHER— P RNSET, FOITLA p(x|y) M p(y) FETERETETRE. XEHBIZUREITEHEIRT.

HERT

/ Prior over class ¢
ply = cla; 8) = P2y = ¢ O)ply = ¢i6)
| 2o p(xly = 0)p(y = 5 0)

Class conditional density

b o
EEES BiEAR 51 i 7=
gg
o, 721 p(x|y) 70 SEFFEIB AT AT AEREL STREURIZ B
" p(y), B (GDA) . #h&EINMH 1, BefbIEERsk (S4BT
* p(y|x) Hf iR )
REEE x 1D

#I31 Bz p(y|x) ZIEEIF, SVM, # DRMEREER,

SRR itk REER il ATl

=
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10.4 JLHpAEREIUIREY

10.4.1 BHHIBI B
Gaussian Discriminant Analysis model, GDA

33 p(x|y) BATEEEIEND2EE. XERES/RFIRHEHN, BERENERSHRE PMF, BEY
Te

We consider a generative classifier where the class conditional densities are multivariate Gaussians:
p(xly = ¢,0) = N(x|pc, Zc)
F2E2HMNMER, class posterior i#&E
p(y = c|x,0) x T N(x|phe, Xe)
Hehr, = Py = c) BARSHISEIRITEE,
B ELET LA
logp(y = ¢ | x;0) = logm. — +log [2n%.| — +(x — )" S, ' (x — pe) + const

This is called the discriminant function (¥I3IERZL) , e.g., the decision boundary between any two
classes will be a quadratic function of

(PESRFIZERY) REBOF B IRTTTE.

B S (Assignment 5 Q3)
By Bayes rule,

71'r:/\/'(x | He, 20)
Zc' 7"'c’-/v’(x ‘ Hery Ec’) '

ply=c|x;0) =

Take log, we have
logp(y = c| x;0) = logm. +log N (x | e, ) — log Z,
where Z =" mo N (x| per, Ber)-
The PDF of Multivariate Normal Distribution is

1 1 Ts—1
e (g e )

= log N (x | fre, ) = —§log(2m) — Flog [Se| — 3 (x — pe) "8 (% — pae),

N(x | pe, %) =

Hence, the discriminant function is
logp(y = c | x;0) = logm, — Llog |Tc| — L (x — pe) "2, (x — pe) + const.
Here const = —£log(27) —log 3, 7o N (x | per, Ber).

Note: In lecture slides this is written as


af://n2142
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logp(y = ¢ | x;0) = logm. — 1log [27%,| — +(x — pe) "8, (x — pc) + const,

which is the same as my answer, just different in const.

MNTHEESHIE— A x, BITLURAFRRERIFRS, EHIBIREERARIBI. AR SERST K
BIRYFIBIREEESEE:

Assignment 5 Q2

(1) For classes c and ¢’, the decision boundary is found by setting the discriminant functions equal.
That is, we require

logm, — +log 278, — 3 (x — pe) TS, M (x — pe) = logme — Llog 2780 | — L (x — pe) T2 (x — o).

After reordering, the decision boundary is given by

. = ) )
log =~ 7log IEZI — 5[ = ) TZ (= pe) = (x = pe) "B (x — pe)] = 0.

BN 2D BIBIF:

—24

—a




10.4.2 LDA
EETFIBI S HTAAFG).
TR, LDA RURIUNAFE, (ERXTIERE—, BEHBERROFHSME, RROFEN
In LDA we assume Y. = X for every class ¢. Then the discriminant function simplifies to
logp(y = c | x,0) =logm. — +(x — pe)"S 7 (x — p) + const

1 1
=logm, — EuZE_luc +xTS 1. + const — EXTE_lx
=Y +x B + K.

Letlogp(y = c | x,60) = logp(y = ¢’ | x,60), we have

_ _ _ iy
xS (e — pe) = 3 (0D e = pED o) +log == = 0.
cl

XELMERY.

LDA

-2

FRE (FBRANFEREMAIZ) ERTIR, RB0FRER T &M

This method is called linear discriminant analysis or LDA.


af://n2191

10.4.3 GDA ffift

How to fit a GDA model using MLE?

[+
Cat(y)0) 2 ] 61v=

The likelihood function is as follows b =1

Cat() categorical distribution, page 53

p(D|0) = H Cat(yn|m) HN(:z:nmc, o)lwn=c)

log p(D|6) = [Z > 1(yn =c)logm.

n=1c=1

C

2

c=1

> log N (@n|pre, Ee)

niYn=c

We can optimize the class prior and the 6 respectively.

How to fit a GDA model using MLE?

C

2

c=1

> log N (wn|pe, Ze)

niYynp=c

log p(D|6) = [Z > I(yn = ) log

\ We omit the derivation steps here,
and 1t will be part of the assignment!

indicator function:
lify, =c, otherwise 0.

(mn - ﬁc)(mn - f:"C)T

S

(c.1) The likelihood function of GDA is

N c
n=1 c=1

Take log, we have

N
logp(D | 6) =) _ |log Cat(yy | 7r)Jrzﬂ(yn = c)log N'(xp | pte, Zc) | -

n=1 c=1

Since Cat(y, | m) = H T e have
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N C C
logp(D | 6) = Z [Z I(yn = c)logm + Z]I Yn = ) log N (x5, | pe, 20)]
n=1 | c=1 c=
N C c
= D Uy = c)logme Z > log N(xnlpte; Ze)

n=1 c=1 —1 |n:y,=c

C
ZNC log 7. + Z Z log N(xp|phe, 2¢) |-
c= =1 |ny,=c

~ ~

(c.2) To get the maximum likelihood estimator 6, = 7, fi., %, we need to get

i) MLE 7 for 7

Focus on the part of the log likelihood that depends on m = 7y, ..., 7!
C
Z N.logm,
c=1
c
Notice constraint » , m. = 1, by Lagrange Multiplier, set up the Lagrangian
c=1

C C
A) =) Nlogm, + X (1 - Zw>
c=1 c=1

Differentiate with respect to 7. and let the derivative be 0, we have

oL N, N,
o w, T 0T T

Substituting into the constraint, we have

Hence, we have

~ Nc Nl N2 NC
N N’ N 7 N°

This estimator means that the prior probability of each class is its frequency in the training set.

ii) MLE gl for p,

Focus on the part of the log likelihood that depends on fi.:

Z logN(Xn | Hes z)c) - Z —%10g(2ﬂ') log |2 ‘ (X - ,UC)TE 1(X - .UC)'

n:yYp=c n:yYp=c

Ignoring constants independent of y., we need to maximize

DY Z — fic) TZ (%n — Ke)-

ny,=c

Take the derivative with respect to i, and set it to zero:



= Z 2 (xn — pe) = 0.

n:yY,=c

Multiplying on the left by 3. gives

Z X, — N.p. =0,

n:yY,=c

so that the maximum likelihood estimator is

ﬂc:

=3 x

¢ nuy,=c
iii) MLE 3. for 3,

Focus on the part of the log likelihood that depends on X

Z 1OgN(Xn | /an z}c) = Z _%1Og(2ﬂ-) - %log ‘Ec‘ - %(X - ﬂC)ngl(X - /zc)

n:y,=c n:Y,=c

Ignoring constants independent of 3., we need to maximize

1 . _ .
Y Z [log ’Zc, + (xn - NC)TEc l(xn - NC)} .

n:y,=c

Take the derivative with respect to X, and set it to zero:

o [ 1 VT ;
|5 D log[Sel + (n — fie) "5 xa — )] | = O
c n:Yp=c
N, 1 ' L\ T3
S = SER 4 Y B — ) (% — ) TS, = 0

niyp=c

Multiply both sides by 3., we have

~ 1 . .
Y= N Z (xn - ,Uc)(xn - HC)T

¢ nwy,=c

10.4.4 BRI 97 KEE
Nearest centroid classifier

BT LDA LB, RIRFIEREIEE.

1
Te = rel = log m, AHEI, W L.

LDA =, FIBIRES

logp(y = c| x,0) =logm. — +(x — pe) S (x — ) + const
1 1
=logm, — E;LCTETI;LC +xT% . + const — EXTE’lx

=Y +XT/8c + K.
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WE, RFE ™I
§(x) = argmaxlogp(y = cfx, 8) = argmin(x — #e)T5 " (x — o)
REAFK = RE/NSEKIEE (Mahalanobis distance)
Y = [ FELARREKIEE.
EEBNMNROREL (BEKIES) |, sHIEAWE.

10.4.5 FPEMMHHRS 2553

Naive Bayes Classifiers

BEFIITE v, RIREUERIS MFERMAIRL.

Naive Bayes Assumption: features are conditionally independent given
the class label.

D
p(w|y = 0) = Hp(xdly =, gdc)
The parameters for the

d=1 Class conditional density
l For class c and feature d

p(y = c|m) [Th p(zaly = c, 84c)
S p(y = ¢|m) [T, p(xaly = ¢, 04

naive Bayes classifier

ply = clz,0) =

P(X|Y,2)=P(X|Z2)
P(Thunder|Rain, Lightning) = P(Thunder|Lightning)

BIF: SORERE (Spam) £3%8%

An example: Spam classifier

> Specifying the features x; used to represent an email.
» Representing an email via a feature vector (length = the number of words in the dictionary).

» If the dictionary size is 50000, clearly too many parameters!

M1 a
0 aardvark
0 aardwolf
xr = . .
...and we wanted to filter 1 buy
out the spam messages. 4 4
L 0 | zZygmurgy

g

e T{f: z4€{0,1}
o FIESSFIEREMISE p(x|y = ¢, 0)
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MRBELE: zg € R
{HREBEZTESHET (univariate Gaussian) HJBES:
D
p(X‘y =G 0) = H N(wd’ﬂdm G?lc)
d=1

EXFMERT, TS pae, 02?2 MLE.

10.5 Fisher's LDA
E—MIBIXFEINEE L, BETEMERRIRES

BRIRIFERNRBNEGE, BMFERE— 50 £RE. IRIFREHREI—T0R (LMHES) | HERNE
BRI A LRSS R A BERTT, BBMRBAIIAREX NG R EHTHE, KKEER.

BiF: NSH=E R FREMREAE), CEORMERIRGE (BE—4)  (#8
© FEEBIZENTHEREX.
o A—SEIRHRERE.

-4 -2 0 0

BB ABYF.
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10.5.1 =493
Fisher's LDA for two classes

Wig: MEE—SKEEFEE— I RMSR w, IESHEEUERTE—H (—F%) , NMEWSE.

4 . 4 o
S S B
! . . Wa :.;...'.:’::’. ) .. ] 7| % . . . .- 3‘;-..‘?.-:,- . ..
.4 .,.‘_:'f.-.;t... ) . . . :.:'f :‘g.:':.:it.:--. ‘ L
ol i 7
“*oafy
°
2 ' 2+
..~
~
. . > . ) " .
-2 2 6 -2 2 6

The left plot shows samples from two classes along with the histograms resulting from projection
onto the line joining the class means.

The right plot shows the corresponding projection based on the Fisher linear discriminant, showing
the greatly improved class separation.

2#

o FRERUSERR: =5 Y Xn M= X Xa
n:yp=1 nYp=2

ERHNEEZEE N1 + No KilI5EUE.

o WEIRE: my = wly

o HEAKE: zp, = WTxn

TR, BEEHRIIAROER, BAF—FKELLRY, BRPE (BER) saLEIEE

HiNFLEREEEREXR, BHFEERNHFERE/) (B, BEES) .
¥3i& Fisher Ebf3:

(mg —my)? B wlSpw

J(w) = —

HALERR: Bt J(w).
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Fisher’s LDA for two classes

. The derivation:

w'Spw = w (py — py) (B2 — 1) w = (Mg — my)(my — my)

_ 2
7(7”22 m21) w'Syw= Y w(x,—p)(@n—p) wt
81+ 83 niyn=1

Z w' (@, — Ho)(Tn — “2)Tw

niYn=2
l = > (m-m)?+ D (zn—m2)?

n:yYyn=1 niYyn=2

J(w) =

w'Spw
w'Syw

Reference: Page 328 in the book of Probabilistic Machine Learning

J(w) =

Sp = (2 — p1)(p2 — p1)"
Sw= Y @ —m)@n—p) + Y (@~ p2) (@ — )"

n:yp=1 niYn,=2

RWEERERE, Within-class scatter matrix: Sy = S1 + S, KIZFAI, PRI ERERE
Z#.

KIERERERE, Between-class scatter matrix
SR :
wh o Sﬁfl(ﬂz — 1)
AILAR—E. FMNRAXKESR, RIKTATE.

Lecture 11 TKEZ S

Unsupervised Learning

%

Lecture 12 K[EIfE5 S

Large Margin Classifier
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B

1. Assignment 1

Question 5

Consider a learning problem where there are k possible hypotheses h1, ha, ..., hg, and you have a
sample of NV independent and identically distributed (i.i.d.) examples. Let u; be the true probability
that hypothesis h; makes a correct prediction on an example, and v; be the fraction of correct
predictions made by hypothesis ~; on the sample. We are interested in applying Hoeffding's
inequality to bound the probability that v; deviates from p; by more than e.

The Hoeffding's inequality for a single hypothesis is:
P[lv; — pi] > € < 2e7 2N

where € is a positive deviation threshold, v; is the observed fraction of correct predictions for
hypothesis h;, and p; is the true probability for h;.

Now, consider the following:

(a) Using Hoeffding's inequality, please calculate the probability that the error of hypothesis k1
deviates from the true probability 121 by more than € = 0.05, given that the sample size is N = 500

(b) Suppose we have k = 5 hypotheses, and we want to ensure that for each hypothesis h;, the
deviation is bounded by € = 0.05 with probability at least 1 — 8. What sample size IV is required for
0 = 0.01 ? Please use Hoeffding's inequality to derive the minimum value of N.
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(c) Consider a situation where we have k = 5 hypotheses, and you want to ensure that with
probability at least 1 — 4, the maximum deviation over all hypotheses is bounded by € = 0.05. What
sample size IV is required to achieve this, given 6 = 0.01? Please provide an explanation for why
this differs from part (b).

Solution:

(a) By Hoeffding's inequality,

P [jvy — p1| > 0.05] < 22005500
_ 26—2.5
~ 0.1642.

So the probability that the error of hypothesis h; deviates from the true probability g1 by more than
€ = 0.05 is at most 16.42%.

(b) We want for each hypothesis h;,
Pllvi—pil <€) >1—-68< Pllv; — pi| > ¢ <.
By Hoeffding's inequality,
Pllv; — pi| > €] < 272N < 6.

Solve for N,

1 2 1
N> —Ih—- =

= 1
2¢2 0 2.0.05%

~ 1059.66.

n
0.01

Since N must be an integer, the minimum value of N is 1060.

(c) We want,

I )

P[.maxk\vi—,ui\ Se] >1-94

By using the union bound and Hoeffding's inequality,

go ooy

5
1-P Lnllaxk|vi—,ui| ge] =P L_LJ1|’UZ'—;LZ'| >6]

M=

P [[v; — i > €]

.
[y

ke—2e2N

IAINA
SO

Solve for N,

1 .
Nziln% 125

= ~ 1381.55.
2¢2 ) 2.0.052 . 0.01

Since N must be an integer, the minimum value of N is 1382.

Explanation:



In part (b) we ensured that each individual hypothesis meets the deviation bound with
probability at least 0.99 (i.e., an error probability of 0.01 per hypothesis). However, when we want
the bound to hold simultaneously for all 5 hypotheses (i.e., the maximum deviation is bounded),
the failure probabilities add up (via the union bound), making it more likely that at least one
hypothesis fails the criterion. To maintain the overall confidence level of (.99 for all hypotheses
together, we need a larger sample size. This is why in part (c) the required sample size is greater
(approximately 1382 samples) compared to 1060 samples in part (b).
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1
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