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Design and Analysis of Algorithms
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Week 1

Lec 0 Logistics

FRAREE, MAFRE.

IRFE R, :

https://xiao-liang.github.io/Resources/Courses/CSCI3160-25Fall/CSCI3160-25Fall.html

ANt attendance.

3 Quizzes: 24%, REHIT.
Midterm: 26%, Oct. 22 (Wed), iB&EHT.

Final: 50%

Lec 1 RAM itEiiEg

the RAM Computation Model

RAM (Random Access Machine / BEH#Z{EHL) : A machine has a memory and a CPU.

1.1 A=

Memory
An infinite sequence of cells, each of which contains the same number w of bits.
Each cell has an address: the first cell of memory has address 1, the second cell 2, and so on.

w B (word length) . Y THREZEETFI CPU =800/,
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w RERRFRISHRA— = (word) .
w FEARRTEN AT EEARE. LITENIEER 32 {7 64 7.
NEHERA T ESERNFERITTHEMEUE, M CPU NISEEHERD (MR8 1) , CPUBY
IBSEBN/REEES IR 7, AT b, hiaSFess BRI pnEFESTE
BRI FEIER T W EBRETR, RIETFEEN—E8D, MARRFARERS. (FAXIt, Ham
FHEEERE (81F) WA—NETFERE.

R RAM REINEHAZIERN LA C/D/E £ (XL, C/D/E 2—HERE FEilklo HasE

BXE, MARKSE) . RAM {EE5A9 Memory & Random Access Memory, XhEEARAIRITES:

(B1TRE) . CPUINRRFRIRESE R AT HEEARE. M, CPU RaBid RAM B9
R, FrEHIRLRSTEE /0 BENEEIEREF (RAM) , CPU A RAM HrissERANIALE.

FITENEERKTE w ERHE, EXZHE LS, RIIRFENECE—MFEE—HE
Bie]. 79 RAM RELSTERMH—NEBER (B w FIMRIESChnERE) MRS, BBt TIAHE
MALERREAT O :

o F—HETTAN — CPU NEESMAFERTTEHESHERNA/N w (EANEEME overwrite, A
PAERIST) .

o EHESEMRME: CPURIFMBIRFRIE (MIINRESRIR. L. WFHE) EMRIRE w AT L8]
ATE— BRI AI5T AL

1.2 CPU

Central Processing Unit

Contains a fixed number —— 8 in this course —— of registers, each of which has w bits (same as
a memory cell).

SERRAI AR CPU , SHERRISER AL MIEL, FEDASMEE. RMEENEUEEDITIRE
A8

ITEXDSIFE (register) FIRNTFETT (memory cell) .

EiEEES SN EE RN
\address

XigE+, EER CPU KR 8 MN&fFes, TERE RAM BETA (BXTF 81) WFETT. (BFR—
MRE / B—aRNT, FERIRFERTHIFR w HR.
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1.2.1 [RFIR(E
Atomic Operations
TR RFRER RAM IRENEBWIES:, LirEREESELZREE.
XBEEAEMTAERE 2 D 3NER 4 NMNRTFERIEAEE, AAEEDT
CPU BTLABTUATRIRFEME, B NMREROHTESEI 9— AL

@ FFREMRE
Register (Re-)Initialization

BHEEFEEENEREE (10, —1,100) HB—FFENRE.

afE G MA—DRFERE, BAWE. ERARFRFPEE BEESASER ZE, B
MNAERRREMmREEEME, FUEREMRFRFETR CEEEASFR M- 2R TR
. EERS.

@ BHizH
Arithmetic

EERNSFEEPIEE a, b, TE a+ b8 a—ba- b a/b, HFEERFEN—NFFE
IR, XEa/b BEERE, SEFEREESHERN M 0 BE (BRAE) .
Bl: 6/3=2, 5/3=1.

Sixuzst SRR TR R, XEREREASFRNANARIRNRTRE.

©)14575: 53
Comparison/Branching
EERNSERTIEE a, b, LEIKE1], and learn which of the following is true:

a<ba=>ba>h.

XEREIE “EL BUBHIE.

“5X" (Branching) 1ISRFRIEENFKHAEERIITARNARBER. &ENNMESRFEEES PR
HEG) (if/else) .

£ RAM #&8Urh, LBy RYEEESRIE "3 BURRIKHE. D F LRI ERREREFETT (T—FE<S
AOMEHE) NOZBAEZIRER.
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£ RAM #8381, RIRATLATE—MTIAI BRI eRy BN -LUR-TRIBEE SRS BANITRE. BDENITRENS
—MNRFERE.

@ ATFRIE

Memory Access

IRRNERE, FRNOEFS, NaFFRRES, BIRFEFEPRY ZE E.
Take a memory address A currently stored in a register. Do one of the following:

e Read the content of the memory cell with address A into a designated register (overwriting
the bits there).

815 BB N A BB NS 7R 2TE

e Write the content of a designated register into the memory cell with address A (overwriting
the bits there).

BE EEI- S FERERET BN

IR, REMAES 2wz, BEATRESN (ERFHESFN, JURET—MNEnittit A sk
Ef) [ BeARD, 86w, TENE— w EE I EEE, FERE N w EET
NEFR. BE 2 MNRFEE

WrEviin A—DNRFERE, BESRERFRTTNSERZANERE (MIRENSERRPRIREItIE
I TERBBANEFRR) - BEH w UHE—NRFERE, MAREET/I/MbIL (FEEFavsdE
BERFE—Miciattil) . R "B w MEIEEN - FE" EXEEAME Faraiinit IPEEHREMRMN
A—NIRFERIE.

® BENELERL
Randomness

RANDOM(x, y) : Given integers x and y (satisfying < ), this operation returns an integer chosen
uniformly at random in [, y], and places the random integer in a register.

WA R SRR “HERY HIBDME.
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1.3 RAM {58

The Random Access Machine (RAM) model
An execution is a sequence of atomic operations.

Its cost (also called its running time, or simply, time) is the length of the sequence, namely, the
number of atomic operations.

A word is a sequence of w bits, where w is called the word length.
In other words. each memory cell and CPU register store a word.

FEARD w HEME.

1.4 8%k
Algorithm
An input refers to the initial state of the registers and the memory before an execution starts.

An algorithm is a piece of description that ,given an input, can be utilized to unambiguously (8
) produce a sequence of atomic operations, namely, the execution of the algorithm.

In other words, it should be always clear that what the next atomic operation should be, given the
outcome of all the previous atomic operations.

XFERIEENE 7 BRI MZOEK: BRFEIERN AT T

The cost of an algorithm on an input is the length of its execution on that input (i.e., the number
of atomic operations required).

SIRC A EIEARE.

The space of an algorithm on an input is the largest memory address accessed by the algorithm's
execution on that input.

XN EERE.

1.5 REEEE vs. FEILELE

Deterministic Algorithms vs. Random Algorithms

1.5.1 REEEE
Deterministic Algorithms

mEMEL: NEBRTFEIE rRanDoM . H cost 2— MEIERIEEL —— it remains the same every
time you execute the algorithm.
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1.5.2 [t LEx
Randomized Algorithms

BEHLALELE: AR RANDOM. The cost of a randomized algorithm is a random variable. Even on the
same input, the cost may change each time the algorithm is executed.

fl:

1. do
2. r = RANDOM(O, 1)
3. until r =1

HAIAFDLE Line 2 21472 /0K. Every time the above algorithm is executed, it may produce a new
sequence of atomic operations.

@ TRHARES

Expected Cost of a Randomized Algorithm

Let X be a random variable that equals the cost of an algorithm on an input. The expected cost
of the algorithm on the input is the expectation of X.

RS (BERAIMLERNY) TEERFIEE, B ATEBRAARS HTHETLEIE
YFiEIR?

o B—¥fE, BILEMSFIHERNE. BRSO
o St —— TLUBEREEDERVNGESD, RINE ]S ERITEIRA.

o 4 cost HFEMRAR, FTLABS/RIEXAER (Markovinequality) . HILEEXRAEFR
(Chebyshev inequality) . HJ/RiEXFR (Chernoff bounds) % Concentration Bounds &2,

FREAR AR AR S

@ BRAXAEFR
Markov's Inequality
D0 K= term 1 ESTR 2018 #ZEif 13.5 L/RA] KA .

Markov's Inequality provides an upper bound on the probability that a non-negative random
variable is much larger than its expectation.

TR, XBERIFRRIFICES 7 cost, EFI cost AKRAFA.

Statement

Let X be a non-negative random variable and a > 0. Then
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E[X]

a

PrX >a] <

XERE, if the average value (expecation) of X is small, the chance that X is very large must be
small.

#: Suppose E[X] = 5. Then,

Pr(X > 25] < ELX] =0.2
- - 25

So there's at most a 20% change that X exceeds 25.

8 Markov's Inequality [ FHZIBEHALELERY cost analysis:
Let T" be the the random variable for the running time of a randomized algorithm.
Suppose:
e T'>0;
e E[T] = p.
Then forany ¢ > 1:

1
PriT > cu) < —
c

cost AFET ¢ (EHIERBRINTET L.

If & = 10, then

1
PriT > 100] < —
r{T' > 100] < 75

® hiHRENERE
Example: Las Vegas Algorithm
EX: BREHIFRER, BiEThEEEIEE.
RiF3: ERETEBETEN p, RE— ¢ - 1 BBRIPRE.
AR EIKHL.
o HBRIHER Prltimeout] < 1.
o B, WEc=3, KW (B HE<
o ESHIT3IR, EOEM—RMME> 1 (3)” ~0.963.
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Lec 2 RERA

Measuring the Efficiency of an Algorithm by the Worst Input
Computer Science —MNEEEPHFEIKE RAM {REFERAE LIRS REA.

EFEIEN "R, One appoach is to look at the algorithm's cost on the worst input.

2.1 EFHEE

[EREAUE (Problem Size) : FEEE#I n .
RAMGEDRRATMAAIE, 2055 n MNEEHUHITLE.

BMNESR I,: FrEEEHERENE n RANES.

BERA X 4(I): Givenaninput I € Z,, the cost X 4(I) of an algorithm A is the length of its
execution on I.

o REENAMA: The worst-case cost of A under the problem size n is the maximum X 4(I)
ofall I € Z,.

o BREFIHARLAS: The worst-expected cost of A under the problem size n is the maximum
E[Xa(I)]ofall I € Z,.

FTERKREEMTCEL BABTIHEZENRERIRATER oo, AREMHANAEE
YF IR BREESLPRMERE.

MFHRELEEE, REMBRFETREBRNES. RAHELEEEERN [ (HTIREEM—M,
FRUSHESIAAN I, HEtE AT AEE T EIEMA. B

E[X4(I)] = Xa(I)

for a Deterministic Algorithm A and all I € Z,,.

2.2 RERRSHT

5 1 - SPERFEFRIRIRR
Example: Dictionary Search
B E—MEFFHFIN n NEMES S, HEREH v EEFE
e nisthe problem size.
e T, isthe set of all possible (S, v).

Problem Input: In the memory, a set S of n integers have been arranged in ascending order at
the memory cells from address 1 to n. The value of n has been placed in Register 1 of the CPU.
Another integer v has been placed in Register 2 of the CPU.
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A “yes"-input with n = 16

—

5] o [12]17] 26]2s[s5[ s 41]47]s2[es]eo[mzfssfss] | | | [ [ [ [ [ | [ [ [ []

=)

5] o [12]17] 26[ 2835 [ ss 147 s2fesfeofrafssfss] | | | | [ [ [ [ | [ [ ][]

A “no”-input with n =16

XA LABSMEERR. XEEE_HEREE:
The worst-case cost of the binary search algorithm is O(logn).

In other words, on any input in Z,, the maximum number f(n) of atomic operations performed
by the algorithm grows no faster than log, 7.

¥R, this does NOT mean f(n) = log, n.

"f(n) = O(logn)" only says that f(n) could be functions like 10(1 + log, n), 3521ogs n,
V/logn + 78log, (n®?)

W Tut 1 #REHT .

Bl2-F0 @& (—)
B XN n BELPESZ— 0 H9EEA A F#E— 0 BE.
EB—IREILEE: ESBINIEE—NRSIr (r= RANDOM(1,n)) , B Alr] = 0 A1k

1. do

2. r = RANDOM(1, n)
3. until A[r] =0
4. return r

RN, FEARAAR :
o WNSRHEHE A WETEEERE 0, piA O(1).
o MRHA A FRE—0, FEARAR O(n). EAERMEEES 0 ORE L, HIEEES
n IR BEHRE.

TEEE: SRERESRE X. X ~ Geometric(L).
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E[X] =L =n.
P
FFMERAM K= term 1 ESTR 2018 #f&it 10.6 JUT 4t .
I[ERAMEERATEBRREEAN, FBNBESERERR:
e Worst-case cost of the algorithm = 00.
BEH, TTREAGTHIARE.
e Worst expected-cost of the algorithm = O(n).

BiEeAHRE— 0 A9IER.

FEARREF, BANKTHRIBEHLEIETCICRE Worst-case cost if2 Worst expected-cost #BFTi A EEHHE
MEEPREMETE (B2 O(n)) .

TR, FHEEREET, HAREFN, TLMERSER, BE0T&EF, HARTHFN, &
R BStEEFETTERRABRAFHBOIGFED, D ERGIX NIRRT

FI3-520EE (Z)

Problem "Find-a-Zero": Let A be an array of n integers, among which half of them are 0. Design
an algorithm to report an arbitrary position of A that contains a 0.

B AN n B—F7 0 [9%4E A hikEl— 0 BIUE.
5612 IX3BIZ, 22 "ZP>— 0", XEE "—+730"

For example, suppose A = (9, 18,0, 0, 15,0, 33, 0). An algorithm can report 3,4, 6 or 8.
RER— AT, TRAEIR BHREZRIE—

EER—MENHEE: BF 2.

1. do

2. r = RANDOM(1, n)
3. until A[r] =0
4. return r

BEFEEA: O(L).

B=L b, ZEEEFREEA A £, TEIRAEE O(1).
R RRBIESREN X. X ~ Geometric(3).
E[X]=1=2.

p

ExERS, BERFOREEEER, REBR FMEXSEEE O(n) F9ATE (84E worst-case cost #l

worst-expected cost) .

IERR: IHAICIE (Adversary Argument)
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FEENRMAELR L BT EEREREN, S2RIEERIALAAENREER, WEERRET
—SETRPMIE .

XA (Adversary, BINMIES) HERAFHRER, 85 « OE ATERANEENETHE, R
g Ali] WHIEBMAER "SEPE—EE 0" AR, BPAERZENE Al RAIEE.

BURX: #HEEEEGARRNBANEEHEARNERIY, R SnERESRIEA SIS
WA, ZEAEEIFRANTRESNEELINY, XPFMAR—EBIE.

IEFRIERG: ZEHE Ald]. N, WHEREA, BEMEZNE—SERUEEHEERN (A
BRBEIER)  WNBERUEEENIETL (BEtEeRA) - RE, ITHEEERERS
BN, BEMEZNBE_SERVEDLIER (RABEEEERN=TE LR, BRNEREHREE—
MEFH, ERTE—) B4, WNELE_LERUEBENIETE. XS, B

MERT 5 MEEH, BEEHTERA A (HRMAEEEZ0) .

MES—HREIFTY, BECARTHEAIFREIFFHVE (FEN 7 1)  XEEEHT
RN A, RAERMABEEEAETA 5 X.

BEER, EXEETR, BN AN ERETIEIAA e EEE R (T
RERBRMAERTIBELER)  XEWERIEREIE s ENmELTE.

Lec 3 &7 / =8 / JLAHKRE

Basic Techniques: Recursion, Repeating, and Geometric Series

ABFENBERZITPH=FEAER: 123 (Recursion), JUAIZKEL (Geometric Series) fIESEEZE
B&I0 (Repeating till Success).

NBERNERAA:
Hanoi Tower - recursion

k-selection - geometric series & repeating till success

3.15#13
Recursion

ZORBE: SBE— NIl (SREEER, EMAREEN) B, RRFOECHER, FRFIIE
AU SRR B RIR T
When dealing with a subproblem (same problem but with a smaller input), consider it solved,
and use the subproblem'’s output to continue the algorithm design.
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3.1.1 iXiEE R
Hanoi Tower
rod: #F, #&F, H£F (pillar)
disk: E#&

Bl NETEE)R

There are 3rods A, Band C.

I

n—1
n | |
A B C

On rod A, n disks of different sizes are stacked in such a way that no disk of a larger size is above
a disk of a smaller size.

The other two rods are empty.

Permitted operation: Move the top-most disk of a rod to another rod.
Constraint: No disk of a larger size can be above a disk of a smaller size.
Goal: Design an algorithm to move all the disks to rod B.

X2, rod Bflrod C #pEZIEF, #F LEM.

B ®AGiEain — 110%8 C, ARIERREER n B2 B, &&8n - 1/ C#E B
BifR-FEE: £ n — 1 MEENA—MEBEIZ— T

EAFiaETe NI RREENERE n, JUEFCHK T SHEMIERA—AT . FlAF A
JRIARPR T MR, Hfttsee—E

"D BRERNZETR, MEREZE BhEE) BASUXNER.
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SRETR: BTBEEN, HANERB n NERFERIERE f(n) BE
f(n) >2f(n—-1)+1
L]
fln) > 2" —1

518 The best time complexity (even for randomized algorithms) for solving the Tower of Hanoi
problem with n disks is €2(2™).

Q(2") ETFR. XFHnEcS, W Tut 1 #HEsH .

@* RKEER: ERIAMiE
GBS FE AR RRN (RRISINBEE) .
UEREAGE: EEFF99% (Mathmatical Induction)

IERRITAEAN T :

BEITED A A0S VB IR M (n) R M(n) = 2" — 1

HitE R (Base Case)

Bn = 10, RE—AER. BEENCEHERESHE BRI,
M(1) = 1, BAEESMIHERST.
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JF48(RI& (Inductive Step)

Big&n = kit, ROBIRE M (k) = 2F — 1 iFRUESRE n = k + 18, SOBHIREHE
M(k+1) = 2k — 1, 254 Base Case MBGIFRR M (n) = 2" — 1 WYFTEEES n Bz

IERA: EEE k4 1 MEZEMNERTE A BahRIBiE C, BEnEs B

o ATHE+ 1 MEZNERE A BRI Bint C, BAUTBRANER (k + 1)m NSt A B
e C.

o ATHBHMBEANER (k+ 1), FFECLEN k MNEEXRG SIPHEMRIERENE B L.

o RIERMERIE, 1§ k MNEEM A 52 BEDFEE M (k) Rigs.

o RAEREMN ABhE C, FE 1%

o ATERREZER, LRSHRIEREE B £k MNEEBHEIBME C (ERANERZLER)
o RIBRAWEIE, &k NERMN BBz C E0FE M (k) Rigsh.

o SF, BROBHMBERE M(k+1)=2M(k)+1=21—-1

3.2 JL4RE & ESEERKI

Geometric Series and Repeating till Success

3.2.1 k-Selection [AJER
The k-Selection Problem

IFEXS "Top-k" 1 "k-Selection". "Top-k" 2kl k MK (BiFE/)\) HITTE. "k-Selection" 2
wHEBEKX (F k) BOTE.

B BE—NMEE n MEHES ST—EH L c [1,n], EXKE S $5 k /NIEEEL
TR S REFNES.

For example, suppose that S = (53,92, 85,23, 35,12, 68, 74) and k = 3. You should output 35.

EX Rank:
The rank of an integer v € S is the number of elements in S smaller than or equal to v.

For example, suppose that S = (53,92, 85,23, 35,12, 68, 74). Then, the rank of 53 is 4, and that
of 12is 1.
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A The rank of v can be obtained in O(|S]) time.
—Xtk, HEINTFET v
KRETRESESFH rank, BIRKEEXNMEEHES/LN

EETIMES:

Assume m to be a multiple of 3. Obtain a subproblem of size at most %” with exactly the same
result as the original problem.

Our goal is to produce a set S’ and an integer k' such that
2
IR
e K e[1,]5]
e The element with rank k" in S’ is the element with rank k in S

Note: it is possible that k' # k

BRNMEL:
@ BFEBIWESER A LA O(n) RETHARATSRIZITS.
@ BEFiXA Agup AHEHH— MV ESRLL O(n) RETRHAR AR k-Selection [,

@ FERENILESE Ay M O(n) RETREIRASTSAIZ TS,
Agp BTN
e Take an element v € S uniformly at random.
O(1), BEARETIRFENEER (BBINEMRZS) .

e Divide Sinto S; and S where
o §1 =the set of elements in S less than or equal to v

o S5 = the set of elements in S greater than v

O(n), nRELER.
e If|S1| > k, thenreturn §' = Sj and k' = k;

elsereturn S’ = Sy and k' = k — |S1].

0(1).

(2025.12.13) fi#R&: | S| ENIDETEHFE, SA7E O(n) N, k 2CHIEES, St

MEO(L); WE S’ 2iedisstsIm, O(1); BEK B O(1) B 5Lk, BRERENAR

o(1)
e The algorithm succeeds if |.S’| < %“ or fails otherwise.

e Repeat the algorithm until it suceeds.



R BETUISERE— TR v € SERIRE (pivot) , B SHA S (SvHITR) S vl
FTE) . ARIE k BEHINES k MOTTERTE S1 RR S2, FHRENERNTE S’ FIHEREES k. FHRA
ESEEM — MR || < & WESERT), BNk ESEER.

ESEEENNES T —MXEERFRIEE.

RE: B0 L

JRE: the rank of v J&7E [ 2, 20| BSRSARKTD (ERT S1 71 So #NFETF &) . EEEMXIEATAE
TNETRERALLN. TE1E [ 4, 2] MR +. FTABINRED .

HABESIRE: &S 3.

E[X] < L =3.

col| |>—l

Expected running time: O(n).

@ EFXA Asuwp TG MRENALEELL O(n) RETHARLARIR k-Selection )RR
o Agup(S,k) — (S1,k1). Note that [Sq| < 2
o Ap(S1,k1) — (Sa, ka). Note that | Sy| < (

® Asub(S27 k2) — (S3, k3) Note that |S3‘ < ( 3. n

wlo ol 3

o
)

@ oo
XN AT B3R
Stop until the t-th repetition such that | S| = 1, i.e,

2 1

G ==

AILARE ¢, AR RRIIE. B UTRERIRAT LAE U

3.2.2 JI{aERER

geometric series
A geometric sequence is an infinite sequence of the form
n,cn, c’*n,c3n, ...
where 1 is a positive number and c is a constant satisfying 0 < ¢ < 1.
XEBE BRI UAIRE (c > 1BTRED) .
#5: —HIEFRIE
Al TEA0: #45UAYRT n INAYAN.
REL: FoFSTRIFD.
Recall the formula for ZEEEB/JLAEL5ET n IRFD:
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Si=n
t 1—c
It holds in general that
> 1—¢t n
t .
c¢n=Ilimn- = =0(n
Z t—00 1—-c 1—c (n)

t=0

TERHR: 0 <c< L

o0
The summation Y ¢'n is called a geometric series.
t=0

3.3.3 k-Selection: EZE/LR

Recall:

@ EFXN Ay TRIT— M BIULEIELL O(n) RETREARLAHRIR k-Selection [E)#.
o Agp(S,k) — (S1,k1). Note that |S1| < 2 - n.
o Auup(S1,k1) = (S2, k2). Note that [ S| < (2)% - n.
o Auup(S2,k2) — (53, ks3). Note that | S| < (£)% - n.

Stop until the t-th repetition such that |.S;| = 1

XE—ERIETAR L XEEFELE, EFIKER, LTSRN (ER—E/NTFTIXIK
) .

The expected running time of our algorithm will be

2 2
a'n—{—a-g-n+a-(§)2-n+...+a-(§)t-n

XE& a 2 Asup FIREHZEAARY big-O HAZIRIELL
BimaxE[X 4 ,(I)] < anforn > ny.

XE R THIERIZM. B execution FIRVEAE S THRZ ZH0.

BEKRLER, B

< a-n+a2(§)i-n
= O(n)

R B ESEERY BSOS A, KEER BEEE AL, BEER TR B
BIRTERAMEEATIRIRA, 152 O(n) B9 worst-expected cost.
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3.3.4* k-selection: TR®

3.3.3 B4R worst-expected cost & O(n). EAHEXATLAERS worst-expected cost 22 Q(n), B
IERR TSR

(ERFERSREEEIE LR, B "big-O"

Tut 1 3mSR

Asymptotic Analysis: The Growth of Functions

In the lecture, we have defined the worst-case running time of an algorithm to be a function of n.
However, the definition has nothing to do with "big-O". Many students hold the inaccurate view
that "big-O" represents worst-case running time. SCfr_E, "big-O" RikAR T E5&.

SRERFEHITH, BNIFAROEFNEHEF, RRAMEKEE.

1.1 fEfS

AR SRNERITICI K= term 1 ENGG 2440 B 5. Asymptotics .IXEE5|FE—/\ZB5H:

1.1.1 Big-0

FREEISKH R,

F(z) = O(g(z)) if Je>0,z9>0 suchthat Yz >zo, f(z)< cg(z)
BA—ANBHELEEA BigO, BESEERRNER, LURHEBHALKEL,
R e AF 0.

REER XBERTNEEEESMRIXR. O(g(n)) LirLE—NEE, f(n) = O(9(n)) Fx f(n)
BTFXIMES. MERETHSRETHRRERBIRG.

TARR:

We say that f(n) grows asymptotically no faster than g(n) if there is a constant ¢; > 0 such that
f(n) <c1-g(n)

holds for all n at least a constant cs.

We can denote this by f(n) = O(g(n))

IR, XBR f(n) ENERNY HEKEERRET g(n), AR f(n) MAMEKIEE—ERET g(n)
, TIR—EARRT g(n) BEANMEEL XA LUE R BEEE FRISN0.
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We say that an algorithm with running time 10000 log, n is better than another one with running
time O(n). Big-O captures this because

100001og, n = O(n)
n # 0(100001log, n)

n 7= 100001log, n BYEFR, 18 10000log, n 2 n B LR, XZELAGEA n AR HIGIKRT
10000 log, n.

An interesting fact:

log, n = O(log, n)
for any constanta > landb > 1
UEER:

HNEEERNTFERES o > 1510 > 1, FE—NEEH C ID—NEE ny, FESTHREN
n > ng, #8:

log,n < C-log,n

N FERIE AT :

ENEHC = oo

loga *

HAa>1,b>1, BRC >0

RBENALIERIEE: f(n) =C - g(n) B CE—EES, U f(n) = O(g(n)).
B, EABEn EEEREAS big-0 EX (NFEHEBNTFTS)

EFitt, log, n = O(log,n)

Because of the above, in computer science, we often omit constant logarithm bases in big-O. For
example, instead of O(log, n), we will simply write O(log n).

This says that "you are welcome to put any constant bases there, and it will be the same
asymptotically"

Henceforth, we will describe the running time of an algorithm only in the asymptotical (i.e. big-O)
form, which is also called the algorithm's time complexity.

—MERHEIUEZNT LR, REEHEEN.



1.1.2 Big-Q

RNREUGIRAI TR
f(x) =Q(g(x)) if Tec>0,2z9>0 suchthat Vx> zo, f(z)>cg(x)

1130
BERGHE O 70 2 M, TREEHE KA.

flz) = ©(g(z)) if f(z)=0(g(z)) and g(z)= O(f(z))

f(z) =0O(g(x)) # f(z) = g(x). It just means that
dey,c0 >0, g >0 suchthat Ve >z, cig(z) < f(z) < cag(z)

Reeines f(x) # g(z) B,

1.1.4* Small-o
FTIER R (FARES) | b Big-O ErTERIRE.
f(z) = o(g(z)) if lim L2 —o.

Tr—r

oo 9()

FhT
f(x) =o0(g(z)) if Ve>0,3Fzg>0suchthat 0 < f(z) < cg(x) for all x > xy.
TRENWARRUAERER ¢, g(z) Bt f(x) BMZHE.

f(z) = o(g(z)) = f(z) = O(g())
f(z) = O(g(z)) # f(z) = o(g())

1.1.5* Small-w

FTE TR (FHEEERY) |, B Big-Q B 8AI5E.

f(z) = w(g(a)) if lim 45 =o0.

FNT

f(x) =w(g(z)) if Ve>0,3zy>0suchthat0 <cg(z) < f(x) forall z > x.
TERMARUEEER ¢, g(x) B f(z) ENMZHE.

f(z) = w(g(z)) = f(z) = Ag(z))
f(z) = Q(g(2)) » f(z) = w(g(z))
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1.2 iEEE & flEH

1.21 8= 0(1)
f5l: 100 = O(1)
UEBR: BXc = 100

1.2.2 Bzt = O KHRIMN)

IWHES AR E AL EIFRBELRBCERNEIRRINESE. XBEET NAEST, BEIE

#l: 1004/n + 10n = O(10n) = O(n)

big-O NANRAB—IINEEAT B, Fi.

1.23 {BXE = O(FIKRE)

1000n'5 = O(n?)

EY ¢ = 1000

1.2.4 WEHRFE = O(EBRIKE)
(log, n)3 = O(\/ﬁ)
(10g2 n)9999 — O(,n0.00l)

n0.00l ?é O((10g2 n)999)

—fgith, SAFHAES a > 0f1b > 0, Hlog’n = O(n?)
XNMEICRI, MWEFTICSIRTT, IBREEEIUNRERE.

1ERA
EHFE ny > 0Fl ¢ > 058 log’n < ¢ - n® X n > ng {BMRL
LR In, 18

blnlogn <Inc+alnn
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st
blnlogn —alnn <Inc

EMitA f(n) = blnlogn —alnn, B

fln) =~ 2

nlogn n

PEBSHE logng = L, n < ng BB, n > no BB

Hlnc=blnlogny —alnny

1.2.5 FEIRE = O(2")
n%9 = O(2")
2" £ O(n%)
BREUERRE/NT IR
IR LAn® = O(2") Jfl
nd% < ¢.o"

PINESEL, 15

999Inn <Inc+nln2
s

999Inn —nln2 <lInc

EMESEERE f(n) =999Inn —nln2, B

Finy =22 o
n

SIS, s n = 22
Hlnc=9991Inny — ngln2

1.2.6 IR

log, n = Q(1)
0.001n = Q(4/n)
2m? = Q(n'?)
n0001 — ()(1og2% n)

% _ Q(n9999)
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100 + 30log, n + 1.5¢/n = O(y/n)
100 + 30logy n + 1.5n%5001 £ ©(y/n)
n?+2n+ 1= 6(n?)

Tut 2 B3 / EE / JUAHKE 53

2.1 fENE LRSS —EERENE

Recall that our RAM model has an atomic operation RANDOM(x, y) which, given integers x, y,
returns an integer chosen uniformly at random from [x, y].

TE, IREIRIZEE

%511: ARANDOM(1,128) 45 [1, 100] gotgaberss, FEmrdE O(1)
k.

e @A (calll RANDOM(1,128), &REER =

o IRz € [1,100], Bt 2, &R

o BN, NAFHAEE (BXIER, EEEEM)

SZEST: SRR 1, ®X0(1), FBRaE O(1)

fl2: ARANDOM(0, 1) 45k [1, n] BIt9RENEYL, FREARTE O(logn)
A

* MRz =0, FE—MOEERI—FANI SR AR F RN
* MRz =1, FE—MEERE—FAUISIFEN AT F .

L_E
)
B
Al
okt
X
a4

#r: f(n) < f(5) +O(1), #48 f(n) = O(logn)

T EE—RRI
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o KERNFnHIRMI2HEM (n <m < 2n) , FTE O(logn) KHE.
1,2,4,...

o {EFALAAE, 1EHEEE O(log n) RHEINAER— [1, m| SEEIRIBEHIEL v.
e MRy <n, EHEY

o BN, ESIZEEEEMI.

o RRINER L > 2, FHPES 2k, BHHEIMA O(logn)

m

2.2 k-Selection: fEMHE;XL

Suppose there is a deterministic algorithm A; which returns the median of n integers in O(n)
time. Can you use A; as a blackbox to solve k-selection in O(n) time?

BFPRT &%,

Consider the following algorithm:
o W A;(S) $EREPRIE v
e BSHAS UNFEFEFvHIRH) M52 (KT vHITR)
o IRIBES S| XK, HEFamS kK.
If|S1] > k, thenreturn S’ = Sy and k' = k; else return S’ = Sy and k' = k — | S|

o BT A, BEENN, FEENAN |S'| SERET [ 5]

MRSHEHRE f(n) < f(5) +O(n), 5 f(n) = O(n)

FRMEAERSE: IR A, 7 O(n) BHAPIHRESS [42] MO, (BARTIAGER A, SSIESATEG
I—AERET, HREVERERR, BEATR O(n)

From the geometric series we know that the total cost will be O(n)

2.3 k-selection: FEHIEEEL

B E3I87T shrink the input size of the subproblem into at most %n Now, we want to shrink the
input size into at most . Give an algorithm to achieve the purpose in O(n) expected time.

A simple solution: run our 2T”-algorithm twice. The number of remaining elements becomes at
most 47".

BHRRE: Rgn 2 4 1EH
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First, divide the rank space into 4 equal partitions.

rank

(3
=3
S
S

Second, take an element p; from S uniformly at random. Repeat until
rank(py) is in range [7, 7).

P1

rank

3
|3

n
4

S

Third, take an element po from S uniformly at random. Repeat until
rank(p2) is in range [1n, 3n].

P P2
[ [
| | | I |
rank  n n n n
4 4 4 1

@ If k < rank(p1), set S’ = the set of elements in S less than or equal
to p1, K = k.

@ If rank(py) < k < rank(p,), set S' = the set of elements in S larger
than p; and smaller than py, K = k — rank(p;).

@ If k> rank(p,), set S’ = the set of elements in S larger than or
equal to pa, K = k— rank(p,).

HEEE: p1, p2 BIUR.

gEsRE: O(n)

RE rank IEL R, BAIEX rank ZEFTNES. B RERERIHT O(n) RitHE. S22

Week 2
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Lec 4 914

Divide and Conquer

Recall: Principle of recursion

ORISR SBE— NIl (SRAEER, ERMAREEN) B, RRFOECHR, FRFIIm
RO SRR SRR AT

When dealing with a subproblem (same problem but with a smaller input), consider it solved,
and use the subproblem'’s output to continue the algorithm design.

EERIMESR (79) RUERELE, FI—2 () —— 85BN RRISREE R PR OERE,
HEFFIRRERER.

AUBE NS aIE:
HEFpIR)RE - I3IFHEFEIX

PRI EERR - 32 SO FRRIEIE
ECIHELAR

FEPEIRILIIRA - Strassen Bk

4.1 HEFFIRE: V3HHER

Sorting

R AE—NES n MMEEMHEA A, BEIETHFHE.

RFHEFEIL - DTia B8

7 B A DHRKERSFHOWED A1 70 Ay, RESBRHHET.
<A BEF [§] &R, A, BRI THITE.

ia: B CBHIFRREERTA RS FTLUME O(n) BHEIRIZERL.
FHFREFHRIE T RN FHRAFSEEFFHFIFRY.

Running Time: Let f(n) denote the worst-case cost of the algorithm on an array of size n. Then,
n
f(n) = 2f(151) + O(n)

BEEEE f(n) = O(nlogn).
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4.2 XSRS
Counting Inversions

B AE—NEE n M EEHISA A ITETEFNHE.
B3 (inversion) EX
An inversion is a pair of (4, j) such that

e 1<i<j<nand
* Ali] > Alj]

A naive algorithm: FOERLLXS
gE: (n—-1)+n—-2)+---+1=0(n?

7 BADR A B [5]) A BIFHE Ay A0 Ay REBEFIIELE my M me.
A HHERXIFEEIT (crossing inversions) HI3E.
Blie Ay, je As BIERESS (4, ).

O(nlog® n) kA

A o A BTRHEERE (W 4.1) |, EZE O(nlogn). REEH As FHITER, NENTEER
—HEHK (O(logn)) £ A PERICHIEMNI, FHiHES A huEFARNEIEFENHE. T
|A| = & k&K, #£%F O(nlogn) A&

wist: f(n) < 2£([2]) + O(nlogn)
EEREIEREE f(n) = O(nlog?n)

O(nlogn) k7
AN

o RIR A F0 Ay BBIRRERIMANEE. 33 A) 10 Ay BTAFIEHEH (I8 BAFEHERN
BHAFERNTHERSITAHRET A Tl A) RS HBERRIFFASITFN, EHEER
FHEFHIFIR) .

S7E O(n). XBZIFHHFH 8"
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o EAFHITETEARTEXTFIIEE: §24 A, hiTTE ALl wmshElaiEmsE A &
B, BEKRETH A] PETEMREENNTEREE. IS A PRRIRTESES A)[))
FR— AR SINFERT. RS A ORI E R IR SR S RS 44 EBa].

BRTERFE O() ERE.

AR, BMNIEHEN A HTHFEHEEE, REERENERERIMER O(1) RNiTtE— TR F
XIEE.

it f(n) < 2£([2]) + O(n)
IS f(n) = O(nlogn)

ZEr (Quiz 1 Q3a)

@ "What are the outputs of the two subproblems, respectively?" iXE2fY outputs FgFHENFEELES
HIF XYL, TR R FEENR XL B3R FRRUREIREX N FRR M ERRIRER / i
FrxitEs. ER8HR9 output 2FNFEIERAT output AL "5&8” BRIt EAE ST AT

. A= (70,28,43,60,80,12,30,50). What are the outputs of the two subproblems,
respectively?

Z2Z: 3and 3.

4.3 ZEEiTHENEE

Dominance Counting

B AEFHE Z2 £ nAc MIRARRSE P, WF P PivE N ap, 3 P i p XEHSAIE

B
B BRI T ST BRI,

IR © T FHES, #ERT O(nlogn).
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DAz BE

AMTERINT p2, BEILCRTBLLR y A4,

O(nlog® n) KiA: Xt Py 4% y S4THTHER. XIT Py shi0E NS po, BERASERECHFN P &
I po ECHIRAIEE.

Bt f(n) < 2f(2]) + Ofnlogn)
BEEERE f(n) = O(nlog®n)

O(nlogn) hxzA:

ERSETEITERGETATEIM O(log? n) fit¢E O(nlogn), HAMMRIE 54" MER, BIE P, o
=EE Py hafvgERt, 1§ O(nlogn) MIIERMNEER O(n)

SEIX— AR BET RS B HHRRREREH y UIRER. AT XTI SR
AN

~

A

o BIgR P M1 P, BBRIREANANRE. 3 Py f Py 12 y nd TR FREREH (F8: BRFA
FHEFNEH AN FREESHITARIE Y P 11 P ABEER y BT FAFIFRY,
HEERFHEHAIRIR) .

SHE O(n). XBEIFFHIFN 18"

o HAAHIRFEIIE P, P8RS E: 85 P, PR pr HEaIBIaHENRE P &
B, BEREEL P PErE BB REEX. LIS P PRRIRFHEFH p2 S2EHY
HE (|P1| BERRREEIBIERINE) .

BRXTERFEZO(1) S2E.

WETLMEHR— TR, ICREM P iMNEIBFFIRFHRIEE. S— R p € P #K
INEVEFYIERRT, BXXEC T SRR PICRAY. FIEERITERE P IR, BAXERE
y 4 EEMET p.

AR, BMNIEHEY P TAFEHHE, REERAMNERERIER O(1) fINitE—TXEHE.

4.4 5ERESR LA

Matrix Multiplication

[BJRX: Given two n X m matrices A and B, compute their product AB

We store an n X m matrix with an array of length n2 in "row-major" order.
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1 2
R [3 4] is stored as (1,2, 3,4)
Note that any AlZ, j] (24T j 5U7TEK) can be accessed in O(1) time.
Trivial: O(n®) time
AWE—TH3F0 BHS—FI#TH n x n OEE, #HniT, Bitn®

We will do in the class: O(n?8!) time for n being a power of 2

CMatrix Multiplication (Strassen’s Algorithm))

Recall that the input A and B are order-n (i.e., n X n) matrices. Assume for simplicity that n is a power
of 2. Divide each of A and B into 4 submatrices of order n/2:

A11 A12 Bll Bl2
A - B =
|:A21 A22i ’ i521 B22i

It is easy to verify:

AB — [An Bi1 4+ A12Bo1 AuBia + A12322]

A2nBi1 + AnBr AxiBio + AxBx
How many order-(n/2) matrix multiplications do we need?

Trivial: 8.
Non-trivial: 7 — see the next slide.

(Matrix Multiplication)

[An A12] [511 512] _ {P5 + pa— P2+ Pe p1+ p2
A Axn| |Ba Bz p3 + pa p1+pPs—p3s— pr
pr = Au(Bi2 — Bx»)
p2 = (A + Aw)Bx
ps = (A + Ax)Bn
ps = Ax(Bx — Bu)
ps = (A + Ax)(Bi1+ Bx)
pe = (A2 — Ax)(Bar + Bx)
pr = (Au — Ax)(Bu + Bi2)

L ERMINEHES:

D5 + P4 — P2 + D6
=(A11 + A)(Bi1 + Ba) + A (B — Bi1) — (A1 + A12)Bay + (A1z — Agy)(Ba1 + Bao)
=A11B11 + A1 Byy + Ay By £ Agy By £ A3y By F A12Bas + A12Bay
=A11By + A13By



Loy D EERSEHTEBORITREREE O(n?) JitE. S84 p 88— 2 x L 5 1 x 2 jymER
% —3tbh

If f(n) is the worst-case time of computing the product of two order-n matrices, then each of
pi(1 < i <7) canbe computed in f(%) + O(n?) time.

BB

f(n) < 7F(5) + O?)

am

ek

+rd

f(n) — O(nlog2 7) — O(n2.81)
n? = O(n!°&*€) for some € > 0, FAFEMELSES.

XEFEEMESESHANE, FAINREEERT.

4.5 ¥ EE
Master Theorem
REDIRE I AEPREE EIUFRIAR :
n
T(n) = a-T(3) + (n)
o n: [AREAE
e a: BRIEAPFEEAINEL
o 7 FIORRAINIR
e f(n): DECRAFIESHFRBAFRLMN
Bir: 188 a, b, f(n) FHE T'(n) HEKER.

FEH

Case 1: FIAIEMESES

IR f(n) = O(n'°82~¢) for some e > 0
B4 T(n) = O(nlo&r9)

Case 2: FRIBSEFNFHE
e f(n) = ©(n'°&° . loghn), k>0

A T(n) = O(n'8® . log"*! n)

Case 3: M EES
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R f(n) = Q(n'°82+¢) for some e > 0
E#HRENMEEH a - f(F) < c- f(n) for some constant 0 < ¢ < 1and all sufficiently large n

A T(n) = 6(f(n))

Bt EEBERERTERSIISDmITRS, BFEEmE & A0 FA0
T(n) =2T(n — 1) + O(1) HAHEAETEE.

4.5.1*iEBR: BAREE
Recursion Tree Method

XFTFIBHER R
T(n) =a-T(7) + f(n)
TR FRREE, TIEER f(n).
B R", BEFH/ ORI,
F—E: FEaNFEE, BN 3 BN FORIER f(§) ZERIEEa- f(F)
TR FECANFIIE, S 5 ZERTER 0 - f(F)

b
FiB: ko FEE, SMES 3+ ZEETFENC - f(F)
BIIFEE FERAMRAZIERER (BER T (1) = O(1)) . BIFMREXEA h = log, n

S TAEESRAN:
T(n) = (w-ﬂfa)+W%ﬁﬁmﬁm
i=0 b
Heh I HSAMSER o = aloBn = plosa

M TSR O (nlo8 )

RI{FERN
log, n—1 ‘ n
Tn) = Y. (a"£(57) + O
=0
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Case 1: FOFEHRLHES

SR HEM TN (BE—T) GES, RUE f(n) BKIET 10 PASENITIFE
Wi =al - f(L) BERR i CEIITHE TR, SR FRABIRAE O(n°)

M 1.2.2, STRRAERKEAT, BRE—I O (ne9)

Case 2: FlAIESEFHAN T

FEHEORTISORER. KR f(n) 5 n'°6* EBISHEERE. BASENTIER W, RS, e
T(n) MESFREH x BRAM, EAE log,n 2, SRRMNF O(n°6° - loghn), mink

T(n) = O(logn) - ©(n'8? - logh n) = O(n'°&* . log"*! n)

WBIE: k2 f(n) PERIEET. BR f(n) 7 nl°5* iR EFHNS T logh n NEETF, BREA]
AMEAES, (EABIREADL. RS « ETFERIEA

Wi=a' f(3)

n

= 6(a’ - (57)"%" - logh( 7))
= O(n"* -1og*(37))
SRR § KA,
log, n—1
T(n)= Y  Wi+0(n' )
=0
log, n—1 n
-0 log, a 1 k -
(n ; og"(4; ))
log, n—1
AILGEE > logh(L) HomEERE log" n
i=0

Case 3: HMEES

SR HE f(n) (B—T0) £, £HE f(n) BRRTF n'9 BASENTEE W, =o' - f(£)
REEELR ¢ BB/ TEERR, H2MFRIAZIS/IME O (n'8)

B 1.2.2, STRINAEEKSEAT, BE—IA f(n)

AbRFEEER, W, BEREESR, THEME—R, BUSINEMSSRME o F(2) < c- f(n)

for some constant 0 < ¢ < 1 and all sufficiently large n



Tut 3 PmiaZ: Hin

3.1 ¥ESitE: O(nlogn)

W 4.2

3.2 Eit#: O(nlogn)

W 4.3

Week 3

Lec 5 HRE{SENM TR

Divide and Conquer: Fast Fourier Transform

il: FAVBERDTaZ AT LAINERERSRE, AREEIESIIIE?
Bl: (14 2z + 322)(2 + = + 422) = 2 + 5z + 1222 + 112% + 12z*

More generally, for degree-d polynomials

d d
A(z) = Zaimi, B(z) = Zbiwi
=0 i=0
2d
their product C(z) = A(z)B(z) = Y cpz with
k=0

k
crp = E a;by_;
i—0

treata;,b; = 0if7 > d

Naive time: ©(d?). Can we do better?
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5.1 ST RIFAFERT

Key Idea: Two Representations of a Polynomial
Two equivalent representations of A(z):

e Coefficients: (ag, a1, ...,aq)

e NEFRXR: EEEJ+ 1M EAMEENSAEEUE.
(wOa A(mO))a ceey (mdv A(md))

— dRESMABEEER d + 1 MME R ERBEE—HE.

RIFsIEZRR, FIUE C(z) MHEMITEIL 2d MREGEIITE 2d + 1 afEsd.
C(2) = A(2) - B(2)
B, RERMTT O(d) Rk, MRSEHER O(d?)
Q%R A(2), B(2) WEBHHEL

5.2 iF{d-SRix-HEETT
IBESTRAF AR BRI B

18688 5B n = 2d + 1 ARER T, . . ., Ty
2. ¥4E: W A(e) 7 B(z) EXEEAS HROE

3. \{EFE: 8 C(zk) = A(zr)B(zr)

4. $5(E: FIRASE {(zr, C(2k)) reor,. .n 1) 1RE C(z) HIFE

Bottlenecks: how to perform fast Evaluation and Interpolation

Evaluating a degree-n polynomial at one point costs at least O(n) time. At n points, the baseline is

O(n?).

BT AR — A EE SRR IS SR TS, AT A SR ENR S M
O(n?) PE(E

FFT IERBITIEA n REMHRIEAITMER, BEpAE(ES O(nlogn)

5.3 SFi&FS

Even-Odd Split


af://n1123
af://n1142
af://n1162

Let us decompose a given polynomial in a special manner: (assume for convenience that n is
even):

A(x) = ap + a1x+ ax + a3 4.+ apX”
= (ao +al +and ..+ a,,x”) + (alx+ a3 +asx® + ...+ a,,_lx”_l)
= (ao +al +and ..+ a,,x") + x- (al +as +asx +... + a,,_lx"_z)
= Acven(x) + X Aodd(x),

where

Aeven(X) = ap + «92X1 + 34X2 —+ ...+ a,,x”/2
Aodd(X) =a + é)3X1 + 35X2 + ...+ an_lx”/2_1

Observation: that Aeven(x) collects all even coefficients of A(x), and Aoda collects all odd
coefficients of A(x). Both of them a of degree < n/2.

HHEES: WRE to, XERNHNR ERE, HETUESTEESE: RAE To; KRR K
5, HHEALES:

A(wz) - Aeven(w?) + xiAodd(w?)
A(_$z) — Aeven(w?) - m1'140dd(w?)
XHE n ANRASREREA LIRLZIFEMNER n/2 9FEE, LK O(n) BENEE

Et, &E—1 special set § = {+zo, £21,...,tz2 1} FHEn PR, n TLUEEATET
2d + 1 B95/IMBED)

Origin Problem: evaluate A(z) on all the points in S

This problem can be reduced to first solve the same problem for §" = {z3, 23,...,2% |}
2

Reduced problem: evaluate A(z) on all the points of S’
IBRIRTE RN ERAED O(n)
NRALI—ESMmAZ, HLUSHEHEL

#BT(n) = O(nlogn)

sAT, BEVARES: X (L) NEWRREAN—E, BREm RPN RE S’ HABES (Lv:) W5
By (221EH)

Solution: Let's utilize complex numbers
l: set S = {1,—1,i,—i}, where is the imaginary unit, i.e. i = y/—1
This S supports two layer of recursion.

e §'={1,-1}

. 5" ={1}



That is, if we want to evaluate a degree-3 polynomial A(x) on every point of .S, we can first do it at
S’, which can further be reduced to doing the evaluation on S”

This implement the above recurse T'(n) = 2T'(5) + O(n) for the special case of n = 4

Important: Using a high-dimensional analog of 2, we can generalize this idea to any n

5.4 n IXER{IIR
EX: Bz = 18 n MR, ¥R n IRBLHR.
A
2 2
x = cos(%) -I—i-sin(%),‘v’k €{0,1,...,n—1}

We denote w,, = cos(%’r) +1i- sin(%”) F n REBAIR
B n RBAARATIAR T wl, w;,, . .., wi !

ERNIE n F5.

BHAR: Wb = e

BEMEER (& n HIEHE) -

k+n/2
o w, =

n

o (@) |Ee {0, .. n— 1}} AIFR n/2 REAHRAVER U, o EEUKE,
2% k mod (n/2)
=w

Wn n/2

5.5 FFT &%

BitF: i A(z) 7 nORBIRER U, = {w), ..., wi '} ERAFEE. Bk n 2 2 U8
BPR:

1379 A(z) = Aeven(x?) + = - Aoaa(z?) (O(n) &)

2. 3% Aeven(y) F1 Aoaa(y) BIRVEFA FFT, 7 n/2 RELHR U, o ERME. (2f(n/2) AiE)

3 FIBHER w2 = b RS BIRS AR, 1 A(Wh):

A(wk) = Aeven(w%k) + wﬁAodd(wik)

n

(O(n) A1E)

MESRE: BESEEXER f(n) = 2f(n/2) + O(n), B&A f(n) = O(nlogn)
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5.6 Hf{E{EH"“1% FFT”

o WFFT: BEMANIRERT (£ n RBEAAR EREVE) HEREIREFTANIERA S FFT”
o BIESZE: ¥ FFT BATLATE O(nlogn) AIEIASERL

5.7 "ECRREZR

FFS FFT #0i% FFT, SIRI3RERY Evaluate-Multiply-Interpolate SBRRAREIEZE R O(nlogn)

1. 8688 n: SRRV 2d + 1 9B 2 BSHER n
2. ¥ME: fEF FFTIHE A(z) 70 B(z) £ Un EB9(E. (O(nlogn) BHiE)
3. EfERE: 118 C(wF) = A(WF)B(wF), (O(n) mE)

4. ¥E(E: (EFRIY FFT Ma(BIRE C() MEE(O(n logn) BYiE)

Lec 6 Rilr: iEEIZHE
Greedy 1: Activity Selection

/==

1F5Shk.

RBUEZE: F—SHMHBERRIUANERE.

FORRETENDEORE S, TR —LEEOHE. SHRROR—FIEE, INEEE
B — .
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6.1 ;EENZZHEDRE

TENZHE / TEEIEEARR (Activity Selection) @ MIEI—PMRE—AISNENNERY, BinEmTERd
[EFSRAIRIR T, LHIRATRESHIEH (&) .

Ft: BE—MEE nANKE [s, f] (s RESEFHARE, fE2EEERIE) NES S, Bing
HH—MUBATERKE (MNEgamaETss) nreET C S, #58 |T| 8k

6.2 FLHE

BUEZE: BERRRERNIXE, REBE, AEAMESZIEENIXE, ELSIITE, BRRARIRX
8.

EFEEXETLURESRISEREE, BAZANEZIRPR.

iz 0
Repeat until S becomes empty:

e Addto T theinteval I € S with the smallest finish time.

e Remove from S all the intervals intersecting I (including I itself)

rAISZE: O(nlogn)
{ERIFHHEFXIEERET AR FHS: O(nlogn).
wEREREDN: O(1), BNCEHFT.

BRRES [ 8R0E): ERINFAE, FJLABE SRR FREIES (M [ SR
BREEHE)  8NENEBIMEEITRRSSMWEE / Blk—K, BERER O(n)

SIE—FHRrYIEFH .

6.3 JEIfE—EAfA%

Note: there may be more than one optimal solution. Therefore, it is not accurate to say that our
algorithm outputs “the” optimal solution. It is sufficient to show that our algorithm outputs an
optimal solution.

ROEEEINRRERN, BIFE—.
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6.4 RRCIHEERD: 3TIRICIE & RIE

Let

e G={9g1,92,---,9k} be the greedy solution

e O ={01,09,...,0n,}bean optimal solution, ordered by increasing finishing time.

IR BRI OEIENIRE G BNk ETRAE O BN m, Blk=m

1. BAREE: RiR O 2&ME, NWROBHOXN E BEAKTRAFNR N m k <m). Blt, RF
ERR k A~/VF m BIAES (kB > m)

2. VERBSRRE: (FFZIRCIE (Exchange Argument) |, ERiE O ZLEBAROVE G, BNARE
INEENEE

o G =1{91,92,---,9r} BRUME, O = {01,09,...,0n,} BIRERAHFHIRME

3. THELR:
o WULEAEE 91 (REERN) | RIHIEE o1
o MF g1 EBH/NERETE, FTLA g1 BIEERETE f,, NRTF o1 RILERATE fo,
o g1 B% OFN o, B g EREERET 01, BS O FAEREENHARS
o ESINPE, Fg: Bk o;

4. RIEEHFE:

o RIR k < m IR UERERMAY

o g%ﬁ k7)’(§?@, 1%%” Ok — {91,92, c o 39k Ok+150k+2y - -« 70m}

ERTEIERN 9;, g BRE—"

o HEOLY, gp NERMBRETHERFEN {01, -.,0m} BIERE, B gp F5EA]
FREA—NEE
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o RERFRUEENENFE: MR gr B G PHIRE—ITR, BARENIXE gr ZFFLE.
B O, %RB, MAFEREEEFMINES] (W ok1) ALBHMIZRES G &, BLEER
NAZIETE g

o XNMFBIEATHRERE < m ZERN, AkwEE=m

Week 4 & 5

Lec 7 &ity: H/VERERS

Minimum Spanning Trees

FERSMW A term 1 ESTR 2102 ¥IEsEt 8.4.4 H/NERHM .

7.1 BieEFR

7.1.1 MMREEEEE

Let G = (V, E) be an undirected graph. Let w be a function that maps each edge e of G to a
positive integer value w(e), which we call the weight of e.

An undirected weighted graph is defined as a pair (G, w).

—ANTEIMRE (G, w) H—EEE G = (V, E) fl—MXEREH w Hpk, ZREE G 85l e
BRETH—MNEEELE w(e) RVBAINE.

We will denote an edge between vertices w and v in G as (u, v). Note that the ordering of u, v
does not matter (EAFMA).

We consider that GG is connected (IE&RY) , namely, there is a path between any two vertices in V'

TR RNIRA—EEE#EE, TR A, B ZE86 path 8IRTIR A S dETROZE6EH%
Zix B.
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7.1.2 THE

Acyclic Graph: A graph contains no cycles

7.1.3 8
. B (connected) . FFER (acyclic) . FKMEE (undirected) .

= EIRS RS AU

#8518 any tree on | V| vertices has exactly |V| — 1 edges

(Special Exercise Set 4 Problem 1)

Let T be a tree. Prove: for any two distinct nodes u, v in the tree, there exists one and exactly one
simple path from w to v (a simple path is a path where no vertex appears twice).

IERR: EISTENN=EXEF.
@ FEH
EE: u il v ZEZEDFE—5 path.

ToIR: 1X%% path AR simple path, BUMN— 1 mREIEI— M (B twice) MSHIA.

@ HE—H

RIEZ, BISFEERLE—S simple path. (EEYE it Py, Po.

EA P #1 P, 2AE/N, BlIIWREEN TR 2 oF, ARERS—1MHBRyBXLE (T8 u, ¥
AJEER v) .

Py )\ z B y BIFERES P M z 3| y BFIEERERAERN. XREFARNFEARESE—RBREK, 5%
ESFIE.
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7.2 SR/VERKH

EE—/SCRRIEA: Suppose you must link a collection of computers / sites / cities (as shown
above).

e Nodes are computers; edges are potential links.
e Each link has a maintenance cost (edge weight).

e Goal: connect everyone while minimizing total cost.
IR &/ NE BRI —— 1+ B NI To el E R AR/ N R,

connect everyone while minimizing total cost RYEERMIAR— connected H acyclic (FFR)
89 undirected graph. IX##9 undirected graph FRAH. E# minimum total weight FYBR/ MY
% Minimum Spanning Tree.

Figure: A MST for the Previous Graph
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7.2.1 iEREEX

4R (Spanning Tree) @ AE—MNEBNERAINE (G, w), —NEMM T 2—1NFE, 82—
® (EEETR)  HlRES GHERE (BaFanm V) , HiER G ihENFE.

Note that 7" must have |V| — 1 edges.

That s, itis a tree (i.e., connected and contains no cycles) obtained by deleting some edges
from G while ensuring that all the vertices of G are retained (i.e., do not become isolated).

ERABIRLAS (cost) EXIMHRTEBAIEZH.

7.22 %50 < |V] — 1 EbrhiEEE

Let G = (V, E) be an undirected graph, and let T be a subgraph of G. Then the following are
equivalent:

e Tisaspanning tree of G

e Tis connected and has exactly |V| — 1 edges

JERR:
ERR = |V — 1 089 EE

Since any tree on | V| vertices has exactly |V| — 1 edges, thus we know that 7" is connected and
has exactly |V'| — 1 edges.

SR < |V] — 1 KBpEEE
Assume: T' (being a subgraph of G) is connected and has exactly |V| — 1 edeges.
First, note that 7' must be acyclic.

AN, removing one edge from the cycle does not break connectivity; however, it is
impossible to have a connected graph of | V| vertices but with only |V| — 2 edegs.

Also, T' must span all vertices

BN, T can contian at most |V| — 1 vertices. However, recall that 7" has only |V| — 1
edges. These two conditions imply that 7" must contains a cycle, contracting to the acyclic
property we just established for T" above

7.2.3 B/VERE AR
B/AVERRS (MST) : FRB%RT, mAE/NaILRH.
sFER: MST aJREARE—.

Given a connected undirected weighted graph (G, w) with G = (V, E), the goal of the minimum
spanning tree (MST) problem is to find a spanning tree of the smallest cost.
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7.3 Prim §i&: D=
Prim’s Algorithm for MST

MESTRRFHE, BESIEAR—ARY Tonst.

why doesn't it matter where you start?

R WFEHT—NE (BHRmsm SHV\S) | NEs/I\IETIMERTEAN MST
BIRREV DARBHE T PHIES S FTIERINR V\S. 3% S hIR=F V\ S FIRRASLFR cross
edge (f&t14) .

Tl EEIEENER/NIETIIIMAE T, F.

WNRBSEER, TLARETILE.

7.3.1 IEGRIHSERR: 33ik & 340
UEBASE RSN EFN3SIRCIE

ZUARZESFM: (Invariant Condition): ZIBRTALE, Prim ERIEEINOE £y BSEREAN MST (T'77)
th

IEBB{&ERAIENSERSEE (Graph-Theoretic Facts):
1. 583E 1 (MMBAEER): E— MY T i ii—FREEN PR N TR e, SFRISIF—MER
2. B/5E 2 (XMMRERE): NEBERBERPRIMET—5FRAE, BNARESER
3. 585E 3 (ERMISMFM): WTF—FET, LUTEREEN:
o T & G B—" Rt
o T REBNAREFSE V|- 158

AR (Inductive Step):
o MR RIRFERD k LIBHALE B @FEANMSTT™ 97&
e Bk+1&: PrimERT T —FERIMWEEL €
o {ER1: MMRecT" W EL,NRTFE
o ER2: NRe ¢ T*, FHAZCIE:
» BT A, Be = (u,v) iR u il v ZIEE—KE—MIRE
" XRER EVREE—KEHMEIE (S;, V \ Sk) B8 f
» EFET =T +e— f

= SERR T RS T + e @2 MER (FL1) , BRERTIL fRIFEE (B
L£2) BFT*B|V| - 158, 8T B8 |V] - 154, RiESL3, T'2—1&E
A
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= iEBR T’ R MST: B4 e & Prim BIEIEEFENS/IWEED, fillw(e) < w(f). Bt
T' feE w(T') = w(T*) + w(e) — w(f) < w(T*). BF T* & MST, iXEk
ET' BE—/MST, @, E,q 27T HFE,

PrimBZBAIREIRANMSTRIA, BAIREIRZZMSTRIA, BEEMZMSTRIS
—RELEHEENE, TR

Zik: Prim BIEE V| — 1 S/EELL, WENSHANNE P R TEAD MST Tiing B9FE. BF Pt
BV - 1%, REEL3, PYAET Tiina. B, Prim EE@E—D MST

7.3.2 EFWN = IEFRIRYCIR

How to implement Prim's algorithm in O ((|V| 4 | E|) - log |V]) time? FHESGH—FMEF -XHER
RIS,

@ ZUEER / RV
T,

@ BiZSR

ENFEE (Invariant) @ X3F V\S PN TR v, best-cross(v) 21 v FETIAFRER/ING

AB—5

A IEIRMRAE (A true) |, MIAREARE. XEAIMRE best-cross(v) SUEHER v
AOtEIA A E &R/ VAT,

9NER best-cross(v) BRIAFE, UitAFTHSK.

RESE:
i) #tat S INER/NMA {u, v} BIFHR (S < {u,v}) . FE {u, v} 1IN Thst-
i) 3 V\ S S NRs 2, #8AH best-cross(z) A {z, u} 1 {z, v} PNER/ID (WNREHFEZ

£, WIMAFEIFK) .
i) EEHE S = V:

o HRIRIVERETDAL {u,v} HPuc S,veV\S) , EoiIAN S, 38 {u, v} A
Tmst-

REER best-cross(z) B3k, HF 2z € V\S: BAT—LREMA— V\S FHIFTR
M, TIIARSARRIX N EITRB] best-cross.

o SEEIMHPATEMENE (Enforce our invariant) : 3F v B9E&KIA {v, 2}, MRz ¢ S (AN
ze V\S) , B{v, z} tb2aifJ best-cross(z) EiR, NEH best-cross(z) « {v, z}
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R, BN T BOTREXTRAY best-cross BIIUAREYER, EANGEEALT. B3k
E. BMISmzIiakE best-cross 1IN Tt Zf5, S EIBERNBEEED

(id, weight, data) E#% weight Z=35 (9= SIEZRMPMIER (B DeleteMin #2(F) , F5{EHK
iIIfE TR AR R E R/ METDIA.

EASINTHRS v, FIUAREBEEESINXNHTRRETESXH i 2z € V\S K
best-cross IR/,

FEREILA4EF— vertex, best-cross and weight &

Edge {a, b} is the lightest of all. So, in the beginning S = {a, b}. The
MST now has one edge {a, b}.

best-cross and weight

a n/a
b n/a
c {c,a}, 3
d nil, o
e {e, b}, 10
f {a,f}, 7
g {9, b}, 13
h {a,h}, 8

@ YiEEE

[RIaEURERRE— NEENLTEIMNE (G, w), BERMEEER (Adjacency List) Fx.
D K= term 1 ESTR 2102 %#E4iH 8.3 HuEsgH .
—FhEREERAISEIN: Array + Lists BOFZ=.

HEIP—ANEE Adj[], KESTIRREE |V], 81MF5] i WE— RS v Adj[i] REFEHE—D
g, EE—HERAISLER. Adj[i] FERREREET v KETEWME. EiftR, SRNTRE
— M ERE, BELUTMER:

o BN z RRFT (WE=F. F8) .
o 8 {v;, 2} toiE w({vi, 2}).
o AT BETRAEE.

HES BRI S EE N EREIAIEIESSM P B Find, Insert, Delete, DeleteMin ##{EF/RMA
UL (SPIER) HIRLYR(ERCAS TR,

NI, BE—UREH P SAEHA (id, weight, data) g95T8 (tuple) .
id ETRAERR, BINES a,b,c,d, .. BE=0,1,2, ...
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weight 2iZJfim best-cross HINE.
data £ best-cross &£5.

HBEZEMEEYIE Find, Insert, Delete, DeleteMin Z24fE

BME 1588 Prim FREYER SxE

i) 7E enforce invariant A, 1QEHT
AT v B9SBE 2 BEE V\S
BE—EH L, ®F (R . ANRIREZ, 15EE 2 XIRAYTTE
E) Prid&EFtHdE WHET , BD 2 BEWIINE st

Find O(1

" (id, weight, data). f08  , BD 2 4 V\S e, ATLABKS; (logn)

AFE, REZ. il) ANERALIHIRE!, IFBEEIREN 2 24

BUAY best-cross, LUMEFTELIRAN

TATERIEST.

B— NgtE £ enforce invariant BY, t8RA z

Insert (id, weight, data) 0z 9 best-cross EEEFH, ME O(logn)
Prh. Delete |H7tiH, Insert #HocE.
BTN, MR P _

Delete d =T ¢ Mo, Cilla O(logn)

FEHEINS v RH best-cross AN
o _ Thst 2R, B EBERFEEEED
DeleteMin AE ¢$§%§EE§U\E’JE (id, weight, data) #E#% weight & O(logn)
- SN =—iERNPHRER, LEET
— B PIRIERI R R/ METDA.

enforce invariant i, BRZ IS NREXRIAMPIEE:

o B9S8R 2 BHHER Adilv]l , &E8 V] — 1 MBE.

23 Find #B4E, MR z € V\S, BFRR w({v, z}) LMER 2z HF0H best-cross #THEANETE
RIS

B3 Delete |H7TA (2, old_weight, old_data), Insert #irtH
(z,new_weight, new_data). 71, old_weight # old_data 28] z #Y best-cross &
FMAARE, new_weight F1 new_data 2 z EF/GHY best-cross NEFIARE.

MR w({v, z}) > best-cross(z), FEREEH. NEREFH, new_weight SLFREFME w({v, z})
, new_data SCRrEFE {v, z}.

FAJHAEE Find, Insert, Delete, DeleteMin #BEE1E O(log n) FHEIRTER (n 2TEHE) . XaLUEY
YN _—EEN Ty (JRid &R5]) F1 Ty (¥ weight) LI

PRAKM: RN XHEFE XN, I4RME AVL .
PRSI
Find: given id, search the tuple in 7.

ERELL id F3IH=—EER, Frl O(logn).

Insert: insert the new tuple into both T and T



Delete: first find the tuple with id ¢ in 17, from which we know the weight. Now, delete the tuple
from both 7% and 15

DeleteMin: find the tuple with the smallest weight from 7% (which can be founded by continuously
descending into left child nodes). Now we have its id ¢ as well. Remove the tuple from both 7% and
T

EERIRES, T1 0 Tr h&R1E V\S FNRANATA. BEE— N TtEIIAN s, SIBEMN Th
M To kR FE, 2R T M1 T NRSIGRARE (BITAARISAR) | BT T ATdR
— XN (FEEE. ATHER) .

® ERES
A S = MR
o TUME: BHRASIVIED
B ERFER: O(E).
o WIAHL: WA SF P.
Mtk S: O(1).
ML P ERA T SUSER. —Hai | V] — 2 AT (V] — 24588) . HFEAR

o it best-cross(z): O(1).
o HT—X Insert: ®x O(log |V|)
o BHit: O(|V]|-log|V])
o FE: "FII—FA (F—PIR) + BEFALE" FHE.

BRFHRINS/VELTA: DeleteMin #8(E. &)X O(log|V]), —3t |V| — 2k, #2ATE

O(|V|]log|V]).
EFATE: WTFEMNIA SIS v, BHERENME 2z (d, £i8, #d, MEE) . X
Bz

o Find: 7ET, L&# 2 287 P+, O(log|V]).

o EHzfEPrh, &EMERN {v, 2z}, O(d,). tki& w({v, z}) # best-cross(z), O(1).
MR w({v, z}) < best-cross(z), HIT—IX Delete FI—)X Insert SKEHT,
O(log |V]).

o REBR: BRFIANRR v, BHENENBE (JLF) BAET, o P, HEEBEE
3. 2t O( 3 d, log |[V]) = O(2/|log |V]) = O(E|log V).

veV

HSEdiE: O(|E|) + O(|V] - log |[V|) + O(|V] - log |V]) + O(|E| - log |V])

MEEx:
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Total time = O(|V| - log |V | + Zlog V| + Zd” log|V])
veV veV
= O((2[V] +2|E]) - 1og |V])
= O((|V]+ |E]) - 1og [V])

7.4 Kruskal §i%: s
Kruskal's algorithm
N (cross edge) : i F o ARRMAGH {u, v},
iEE, M Prim &i&HY cross edge BEEARE. B ARERNPSEHZE KX 5.

HP—HFREF, HPSPMTRIGFRET F hr0—5w.

FER: B0 RNERSRIRENEBIREHM M, BEEIMBRREH AN (FRINEMR) .
RENEINHERENARIARIA.

FERALAYEP— Trees, vertices K.

At the beginning, |V | = 8 trees: each tree has only one vertex.

Every edge is a cross edge at the moment.
Edge {a, b} is the lightest cross edge.

T, a
T, b
Ty c
T, d
i e
Ty f
T, g
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7.4.1 IEFRTEIERR: VA
BRI A ENINES —EE A ERE R/ NERMNF

o PR RiRAT ¢ — 1 FEHAGDEAEFR MST o
o ESIIIE: WIRFEHAEE « O e; AMER MST 1, BENINR MST SFZB— A,

o EHAHEEE: THLSRE—KEED e, BTF Kruskal RE%METS/0E, AL e; INERS
5T e, BiE e Biahe,, TUUER—EES e; HRAREINATET MST
e Basecase: k = 10, aJLAMFERAZERUAIEIRERES.

7.4.2 5CIR

s O(|E| - log|E)

Kruskal&i%£sLH O(|E| log | E|) EZEAOVETRANTELE: i THEREUR FRHEE
(Union-Find) ¥IREHIRETRIRMRAIN.

AT RERRISEISE:

1. BLEBREERESR

o ihi#iTHER (O(|E|log |E|)):
o KruskalEiZR—MRELEZ, EORRERNLRINESR/N\IESEGL" (cross edge)
o ATHREHKEIXL, BERERETEENRNENKREINHITHIRF

o fFAREHEF (Quicksort) BRIAFHERF (Merge Sort) E&i%k, 42 |E| KBFrENadES
ZEH O(|E|log |E|)

o ipstaEeE (O(|Ela(|V]) 8 O(|E| log [V]):
o EABESRHIN—EN {u, v} EENEES, B uilv EAETREAN
o JBIHELE (Union-Find) SILISHIBLEXI INES SR

= Find(u): RETRMS u FIEMIIRETR. & Find(u) # Find(v), WizlhEkE
iﬂo

= Union(u, v): HiEEH {u,v} 5, BERNI=FREIREHA—IR

o {FRIREESE" (Path Compression) FI4&EFAEF" (Union by Rank) {iitAIHESE, 412
XLARERIFIIERERIR (EEH)

2. BEREDLE
BRI R EERHEF S BRRE
T(|E[,|V]) = O(|E|log |E|) + O(|E|a(|V])) = O(|E|log | E])

mFEEREF [E| < |[V]?, #log|E| 5 log |V| mRAEN EEEMK, EitizSaEibaEmRd
7 O(|E|log V)
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3. TIHIEE
4. MatL: BEN TR — BTN (ATROSR ¢ — V)
5. HHF: DIEARERITFHES B
6. BEHSAH:
o EUHLSRTEIMIERNS {u, v}
o 1B & ulvETREN, MBI MST FAHFIRR
o ®Ib: MFETURAHA—ER (¢ = 1) EHEL

Week 6

Lec 8 &/(»: Huffman 4Ri5

8.1 #wh3

8.1.1 f5i3 & 135

Given an alphabet X ({12 FH3K), an encoding is a function that maps each letter in X to a
binary string, called a codeword.

RIBREFER X PSS FEUMSE— M RABFH RS,

Bin: RITERIBFRTENG. INRERMERE. FREMRA.

BATAEAFSHIBEE (frequency) FRE, FILIBRAESMGSHEERIIET.
TR RBNENEHSEEREFEH R EHKENDE.

8.1.2 BIEER3

NT RS (decoding) AIAIEY (ambiguity) , FTEIRHIHIT IR (constraint) : {HEAFE
HRSFERRERE R — N BRI (prefix) .

B ILLEIRAYRASARIRIZRES (prefix code) .


af://n1756
af://n1758
af://n1761
af://n1763
af://n1772

8.1.3 FIKE

For each letter o € ¥, let freq(o’) donote the frequency of o. Also, denote by len(o) the number
of bits in the codeword of o.

Given an encoding, its average length is

Z freq(o) - len(o)

RIS ERIAIREF IR BRI LY.
FHREREMFEREHTIFEREEFRSHMSH, BEfmELISFERTENEIKE.

8.1.4 {53
AUSRES A LA — XSk, FRAMESH (code tree) .
o FEVNABHIHFLS.
o ENEEIFCH 0, ABIREEH 1.
o BFETERMETREIMHFHRINERE LS (0,1485) £/

F8 0 BBFKE len(o) ETEMFHAERBRHHNESR level (o).
BEE / RE, ETUE level(o) BETN.
KRR ARSI
) " freq(o) - level(o)

oED

(ex-05-Problem 3) #R#E code tree BYENX,, UERH:

e The encoding produces by a code tree T' is a prefix code

e Every prefix code fis produced by a code tree T’
XENFRRRIEE N RISRIRI LABR— MO T' 7=, RFEEIERLER f 19 T 1977 M Bia].
Solution:

@ The encoding produces by a code tree T'is a prefix code

WNER codeword of o is a prefix of the codeword of oy, HRIBRE=AERSN, T o1 ET FR oo

IRBIEFES—IMIFHIRIL, %432 prefix code.

@ Every prefix code f is produced by a code tree T'

i8S = {f(o)|o € L} BFEIBFINES. WIEIHF f(o) KR TFEMNER R XK T
e |nitially, set u to the root of T’

e Repeat the following until v is a leaf node

o Letlbe the level of u
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o W f(o) MEE L RIR 0, MEATFHEE u i left child v. (NS f(o) (955 L (IR 1, WA
B30 u 9 right child v. ANEFETF v RHE, WHE T eI, FA 0/1 FRoiEs u, v B8,

o IBviIREMHE v CRRET—ZEME)
e Mark the leaf node u with the letter o (FRCHIXNMEENNBFE) .

The final T'is a code tree that generates f.

XEREERRNUNEE, RAXE X EESRIRIRS f.

8.2 FISH 4w IR

BEFERNEBINFEIUIE, K EEREFHENES.

ZIRATLAEIR S BRI T, 8 ) freq(o) - level(o) (IITIRE, BEIRIZRRBAININ
FIKE) &I "

8.3 Huffman 4&f3
Huffman Coding

Huffman 4Rt3 2RISR IRISIERAIRRRTTZE. |2 N AT EUEEYE.

8.3.1 HiZ¥E
ML BlE— A n = [T MESIHFHSAMES S, ST EARIN— S E R
sEsEeEs (S| = 1:

o M S FEEIMTEMIRE NG w1 7 s,

X vy 0 ug 2.

u1 Ml ug FENFURDREANERE S PREFEHIMRT R v.

o IRE v AR uy 1 up RISIERZAN.
o iRzl S .

3.
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8.3.2 IEFRMHIERR: V34A

Huffman Coding: Proof of Correctness

5 1: In an optimal code tree, every internal node of T must have two children.
IERR (RIEZX) :

(ex-05-Problem 4): Let T be an optimal code tree on an alphabet X (i.e., T" has the smallest average
height among all the code trees on X). Prove: every internal node of T' must have two children.

1/0 1/0
R T e fE— RS A u RE— LT 0. 18 p B wH0QBE, B p o u L v, Bl u,

PRSI0 p 1/—0> v (FIESEA u — v —F5E, BIASEREEFE00F) . BRI T 82— 8
ERURSTY, BAERAYRISBLLIRCEN (218, EAMREL v MRIFRTR, 8% v &R, FEERRE
7 1) AT SAEREFE.

KRB : & u 9iR, BEEME u ZRE v iR

4R 2: Let o1 and o2 be two letters in X with the lowest frequencies. There exists an optimal
code tree where g1 and o5 have the same parent.

FERRRMBHFEN—EEHERXTR, MEB(IEHRARXT RIVRUISNERFER.

BAIIEIEANERME, MARKE—ME, Huffman F—EERE—NRIHE. ERABRTEER
WAE 01,02 BHELXTA.

IR (RIEZ) : BRIRE—IMRAUAERN T, HHESEN o1 fl o REHERXTA.

SIHE: (HASMARHN T &, MERENRNFEORCTHNERE (BIE, BRRE—ERNF
&, FXFEDNRI—GE, ZBREMIREATRDHR)

EE o M o2 iIREHBEIRKT ARSI 1. 01 1 0 NTFHRE, #EHFTA. 1R 01 IRT=EA
p1, 02 BIRTEA pe. Ep1 # po.

STRCIE, FANRBIARIREEN, MEME T — M, IR

IERR: BEXREFETE— I RMAVBIED (RIS RER/IIER) .
We will prove by induction on the size n of the alphabet X

Base Case:n = 2

In this case, Huffman's algorithm will encode one letter with 0, and the other with 1. This is clearly
optimal.

Induction Step: Assuming the theorem's correctness for n = k — 1 where k > 3. next we show
that it also holds forn = k
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ENX—L notations:

Notations correspondington = k

e Y::an alphabet of size k. Let o1 and o3 be two letters in X with the lowest frequencies.

e T an optimal code tree on X, where leaves o1 and o2 have the same parent p (F14f&R 2
=)

o T output of Huffman's algorithm on X (in binary-tree format)

Notations correspondington = k — 1

HANRRAIZR n = k — 1 IERFEFRESMES T Huffman RIDERRESSIEA. EIXERTLA
B .

e Y':an alphabet constructed from X by removing o1 and o, and adding a letter o* with
frequency freq(o) + freq(os)

e T':the tree obtained by removing leaves o1 and o9 from T' (thus making p a leaf)
THE T EFRERM. Tap AFFH o

o T} & output of Huffman's algorithm on 3’

B#x: to prove that
avg height of Ty < avg height of T

Facts about Ty and Ty ¢

@ o1 and o5 have the same parent in T}, and Tﬁuff is the tree obtained by removing leaves o
and o2 from T

® Tﬁuff is the optimal prefix code tree on ST (AERIR) .

It follows from @ that
avg height of Ty, = avg height of T}, ¢ + freq(o1) + freq(oz)

RE o1 1 oo BHRERLY o™ #BINT 1. Htt B REAZE. Thae NERIRERZ THE —SHEFH 01
oo

It follows from the definition of T" that
avg height of T = avg height of T' + freq(o1) + freq(o»)
E7 o1 #l o2 BREARLL p IEINT 1. Bt REARZE.
It follows from @ that
avg height of T}, « < avg height of T'
The above three inequalities imply:

avg height of Ty < avg height of T



B EaLUH—EEE], T'E X HhESMM.

8.3.3 ERESH

IZELERLIE O(n log n) BHIEJPISEHL.

(sp-ex-05 Problem 3) Describe how to implement Huffman'’s algorithm to ensure a worst-case time
complexity of O(nlogn), where n is the size of the alphabet X..

HBPR) - TREMLTEREERSRE.

BE:

o KX n MEREBBAIIRIMTAT Q .

o BANANTRIB/NER, SEESRER O(nlogn)
B/AMASSA RS IR, SN CBRE ERR/IMEX N ERIVEESEN.
M BTN, LURERENTETFIRE RTREN)

BHILRE: ESHT, B2 Q AR TSRl
o EEEN: M Q FEUHSIERE/NIR MR w1 7 ug

o HESRER: BT v BBIRIRED vy 1 v SRERZAL.

o BAFTA: BHTRvEFBAZPBAY Q 4.
BAMEFHFIZMAERNARTR (#(En 1t & 11)
Huffman fREEBIMRT, XM RINETX.

RESZREDST:
BARIEHIT R — 1R, BEXEAEESER O(logk), Hebh k 2IAFIMEIRITEEE. BN
k=nZlk=2 REFE~N

Z O(logk) = O(nlogn)

fe—2

XEEFRE THHSMIELL (Stirling's Approximation) , I3FXn

n! ~ v 27m<£>

e

ANKFNIR,

log(n!) ~ log v'27n + nlog L O(nlogn)
e
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Lec 9 7Sk

9.1 ZhSHE!

Dynamic Programming 1: Pitfall of Recursion

9.1.1 BIIRYPERH

(i
LE— A n NEEHRVEE A
Bir: THERE f(n) BE B f(k) XS

0 ifk=0
f(k) = {max;f_l(A[i] +f(k—i) f1<k<n

REBITEY, MEEETE, BTN Q(27).

TR
1. SR TR R
i T(k) it f(k) FraBtontia
o Mk = 0R), EXEEEE, EEEHEET0) = c
o Mk > 08, EEHUT—M 15 kB, 5 i RiERT, B2 f(k — i)
B, 8 T (k) RURBEEILE T

T(k)=F , T(k—1i)+C
(Eith O RERAERHTINERI R EAY S 5 E)

2. BIREFFREL
ATMERIEKES, BATE T(R)FT(k—1):

e T(k)=T(k—-1)+T(k—-2)+---4+T(0)+C

o T(k—1)=T(k—-2)+T(k—3)+---+T(0)+C
BREIANFARANE—NEFAF, JLURI:
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. T(1) = 27(0)
e« T(2) = 2T(1) = 2°T(0)
e T(3) = 2T(2) = 23T(0)

o LUESSHE, 188 T(n) = 27 T(0).
BT T(0) E—NESY, BHZ@IEsmiaEsEs Q(2")

4. EDMIEAR: BITRAOTS
XSRS KRR T RRITE. FIETE f£(4) A
o RTHE f(4), BEEA f(3), £(2), £(1), £(0)
o FEREREHT £(3) VR, NamREER—E f(2), f(1), £(0)
XMESSER DRI, SETERRENE n IINSREgK

RE: ESHETHERFIE.
Beabit: WNSRABRRFRERREBR, BREESHTAERURIE

9.1.2 HEHLK
ATREEFHIERL R, FERBUATFRMY:

o FILAFMEFIRIRRRIME, LAERSEIXER;

o FIARBLWSEIMFHIN, SRR FIaRRAIRRSRERRICIEAFaE

o TLIEMItHE (18 XMFEIT.

BIanFt FrEkbE .

RIS R RSN, TLBIERIBIIRY THRR" 8 “ICIZhR".
ZORN: ZRSEIFRR IR, FoEstFanmbissEsitE.

G, =8 f(1), £(2),..., f(n) MIIFHE. 8XTEEREER. WREEEEEEEER, X
O(1) E2RE.

REFESHT:
o itE f(k) FE O(k) BHE, EABEET f(1),..., f(k—1).

SR, HRARELE f(n) REE O(n) (NI, ENESSRLT, B8 f(n) Bk
i £(1), £2), ..., f(n— 1). SAEAEHRERT, BE—4H f(n) BEIREE O(n).

o SUEERTE: ST, O(k) = O(n?).

ELEREEIRES.
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9.2 {JI#FIaIRR

Dynamic Programming 2: Rod Cutting
—IRIKEEA n BIFFF, LIR—MKEER n 9INMEEE P, H Pli]| 2IKER « BIFFRAINE.
Bir: B Ao REERKENR, LUEDRARKIL.

BEGE: 7R O(27) MiDEIGE, KK

SRR
o RITFERR: KEENRIFFRIEIGZE.
o HEBAXER:
o EX opt(n) APENKES n BIFFETEERISAIRAUIN.
o BE#E opt(0) = 0.
o EREIRIE: B RPBRILUSEFE—MKER « BIFR, N1&A Pli], RTHKER
n — i BFERLARMKTSZDE], $K18 opt(n — ) BIKIAN.
o FIRYIEIE n HAREANERE (M 1EIn) , ELBEXEA
opt(n) = I?Zalx(P[i] + opt(n — 1))

o iHEIFF: opt(0),opt(1),...,opt(n)

FrasigErfn 9.1 shaiikl -hEyfGIs—3.

I opt(n) BREZE: O(n?)

9.2.1 Piggyback
BRTHERRRAN, BAIEROEINZERANRITIEGE (RYIGSERR) - FALESIAMIE (Piggyback) 1%
A
o FEX bestSub(n) HfE opt(n) KEEARHIE—RIIEHLE.
o TEERITE opt(i) RHIRER O(1) HIRHERER best Sub(i).
o —B bestSub(i) REHER=LE (i M 15In) , BHSHTIEHFERES O(n) HEHE.
WIKEE n TR, BAIEINSE—BRIKER ki = bestSub(n).
RITHHFFREZn — k1.
BIRKER ko = bestSub(n — k).
THESIXMNIE, BRIFERKESO.
EXMNIREF, BEHEIKEZIE n, RFE O(n) SHATLULHFIENRMAITIEIER.
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9.3 EIKIBIEF F5I IR

Longest Increasing Subsequences

o {E5: AT—NEE N NEHIIEA All.. . n], KEESEK™RBEIETFIIKE.

o IiE: FRYTHTTRERMETATERESN, BREFRErIERIIT.
R —En 8T, EERIFHRERIFRFS.

o B|NWE: BTN TR OERIBEMN X ANNAISRER O(2"), WTFALIRE
EART1T

9.3.1 TSR
1% dpli] Frbl Ali] EROSKBETFINIKE.
HEXZR (Recurrence Relation) :
dpli] = 1 + max(dp[j]) for all j < i and A[j] < Ali]
R, J < i A[j] < Ali] ERRGHE. tRAEEXEN 7, W dpli] = 1.

R Y <iBA[j] < Ali] B, AILUE Ali] BEINEILL Alj] S50 LIS ZJ5. BHATERE R j
WEK, 52 All] SEROSIEETFFIINKE.

R, dpli] A—EhE ¢ B, FUEREXR, MARERE—
SHE: ZEEORESRER O(n?)
O(1) + O(2) + - -- + O(n) = O(n?)

O

A B - RIS R
HBFREZFMEHE, FHATTEFEEERSHAKTHAKER (dependency relationships) .

0 09.7 fkiixzRE

fl: Let A be an array of n integers. Define function f(a,b) —— where a € [1,n] and b € [1,n]
—— as follows

c=a

0 ifa>b
fa,b) = {(i Ale]) + c'él;% {f(a,c) + f(c,b)} otherwise

Design an algorithm to calculate f(1,n) in O(n?) time.
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RERERE:

b

a~.1 2 3 4 5 6 7 8 9 101112

! \

2

; \

4 our goal: f(1,n)
5)

6

7

8 []=0
9

10

11

12

B BTEAMERKMIEAMAMETTS

ab123456789101112

1

2 f(4,10)
3 ——

4 7 —
5

6 i //) \

7 /]

8 7/

9 7

10

1

12

BEEA AR



ab123456789101112

© 00 1 O U= W D=

| —
<

[ —
—

—
[S)

SZESH:
The order can be summarized as follows.

@ All cells f(a, b) with b — a =1, each computed in O(1) time.

@ All cells f(a, b) with b — a =2, each computed in O(2) time.

° .

@ All cells f(a, b) with b — a = k, each computed in O(k) time.

° .

@ All cells f(a, b) with b—a = n—1, each computed in O(n—1) time,

There are O(n?) values to calculate.
Total time complexity = O(n3).

9.5 fRiEIEERIRR
X2 Week 7 FISE—1MH .
BEMNFHRA=a1a2- - a, 1B = biby - - - b, IHEKE A B FiEiIs/MEIEREL
FOVFROERE:
o BA—IFR

=
o MBR—FFF
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o BR—IFFF

AL
8 D(i,]) Brs A MEs AlL. . .i] e B s Bl . . . j] Zanmieies. SKREGET
& D(m, n).
DR

o D(i,0) =14, Mg A[L. .. 4] FFESF

e D(0,7) =j, #ABI[1...j| OGS

BAXER: MTFi# 08 # 0, HEEENEESEATN

D(i,j) =min{D(i,j— 1)+ 1,D(i — 1,5) + 1,D(i — 1,5 — 1)+![a; == j]}

Heh:

o D(i,j — 1) + 1 IRHEN b 1B4E.

o D(i—1,j) + 1 XSmRS a; 1BIE.

o D(i—1,j— 1)+![a; == b;] IIRIICAEEHIBIE.

—

#a; ==b; Atrue, WAFAM; & a; == b; Afalse, N1 (a; BHEF b;) .

Pseudo-code

Input: Strings A[l...m], B[l...n]
Initialize:

DO][j] «=j forj=0...n
D[i][0] i fori=0...m

Fill table:
@ Fori=1to m:
e Forj=1tonm:

o If Ali] = BJj], set D[i|[j] « D[i —1][j — 1]
o Else,

D[i — 1][j] /* delete */
D[i][j] = 1 + min ¢ D[i][j — 1] /* insert */
D[i—1][j —1] /* substitute */

9.6 FSMEIER

£ 9.5 gmmn g B, ATHE D(i,j5), FEEXMD(i —1,5), D(¢,j— 1) DG —1,7—1)
HIRR. XBRBAWERE— NI HELIZE (Dynamic Programming Table) . REZEIEMNIRFTEF
E7, FSETLME O(mn) BIERRRSE.
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i1 n

A:alaz...am, B= b1...bn
i —1
|
. N
D(ij)=min { D(ij~1)+1, D(i~1j)+1, D(i~1j-1)+[a==bj] }
. cont Fill the table following the suggested order. We

can solve the problem in time O(mn).

Piggybacking: 7E DP Table NE/MEF (i,7), BTIHEHCHRE D(i,7), FRHERIAER D(1,7) &
[R—E s THIRAE.

SRIEFALLUZLSEZ D(0,0), REISRARES.
HJUARRELETERE, PN AEkm A R E R, [LERFMR, RARTEA.

9.7 IkEiX R El
Dependency Graph of Dynamic-Programming Subproblems
Week 7 S5 Z/MRAHIRTHEERS.
NSHHNZ LB, REAFEEAILUE— "RIFINF" K%, BI5ohlFa@asa BT iasFaRt.
ATEGKE, SIN—TEEE, RrFaRZERREXER.
s BMIRARER—FIERE
o UMK suby FESKME suby (subs (KEHT sub1) , WM suby T subs B—FEMEIA.
o XANMERFRANEMKIFIRAUKEXRE (Dependency Graph) .

HENXFRY "RIFINF" 2REERY. BUSINKIRRE, —LEBRNERIEZEETREER "REFIR
F' MTERIKMKRRE, BEEHETHE "RIFINF", LR EHEEWNT ENCAIRRE.
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For Rod Cutting

Recursion: opt(n) = max_,(P[i] + opt(n —i)).

OO

Figure: Exemplary Dependency Graph (n = 4)

For i € {1,2,3,4}, the i-th node represents the subproblem of computing opt(/).

Longest Increasing Subsequence —#%

For Edit Distance: the dependency graph

Recursion: D(i,j) =min{D(i,j —1)+1, D(i—1,j)+1, D(i—1,j — 1) + [a; == bj]}.

Figure: Exemplary Dependency Graph (n = 4)

For i,j € {0,1,2,3,4}, the (i, )-th node represents the subproblem of computing D(i, ).

9.8 it —SUEZE MR
Week 8

HhEENRE.

Dynamic Programming 5: Optimal BST
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AN
/
@

9.8.1 ZREFEH
Recall: —XIEER
Each node stores a key. RERTAR u FIBEATHEAFNEVEHTR, INFEAFRPRYEERE.

TREZR (level) : The level of a node w in a BST T' denoted as levelr(u) equals the number of
edges on the path from the root to u

e The level of the root is 0
The depth of a tree is the maximum level of the nodes in the tree.

HIZRAA (cost) @ HIRTIR u MAAS 1 + levelr(u) ARIELL, BIVAIAIATS sl

9.8.2 EH - EER
Balanced BST
S5 BST 2 BST lU—Fhglui=LEl, SEELRFIRIEERFIEHRIENE.

[ —ARAEY BST ERMER T, MRENRSREFTIRMSEIEEERN, WRRA— MR
xR, HAIAGRERBIAR O(n). S¥EK. BA. BB FRNBESREDIRKS O(n)
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Bir: FE—_IERMEI TS XIENSMIREREEHTIEIEEE, BHRFNISER AT\ R
WHOREIAZRIFE O(log n) KB, NTHRIEFTERRLRE (B, BA. HikR) HNSREREEE
E#H O(logn)

ERRFE_ERNEE: AVLIY. 8.

T K= term 1 ESTR 2102 ¥E4:H) 7.5 .

9.8.3 Jffi BST [AJRR

Let S be a set of n integers. We have learned that a balenced BST on S has depth O(log n). This is
good if all the integers in .S are searched with equal probabilities.

W 9.8.2 “Fif — W ER

In practice, not all keys are equally important: some are searched more often than others. This
gives rise to an interesting quetion:

If we know the search frequencies of the integers in S, how to build a better BST to minimize the
average search cost?

SFIHERAESF

avgeost(T') = zn: Wi]costr (i)

i=1

where costr(i) = 1 + levelp(2) is the number of nodes accessed to find the key ¢ in T'. W{i| 2

o BRI

Exffi BST [
The optimal BST problem
BN
e Aset Sofnintegers {1,2,...,n}

e Anarray W where W[i| (1 < i < n) stores a positive integer weight (¥{5 i FHEEIAR / 11
) .

T

A BST T on S with the smallest average cost

We will solve a more general version of the problem.

BN
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e S and W same as before.

e Integer a, bsatisfyingl <a <b<n
Wi

ABSTT on{a,a + 1,...,b} with the smallest average cost
b
avgcost(T) = Z W i]costr (i)
i=a

RIfRRERAN F4549
e &7 € [a,b] BT HRT MR,
o BT E{a,...,r— 1} k£, BFW T &E{r+1,...,b} k.

513

Lemma: Let T, Ty, T be defined as above. Then
b
avgcost(T) = (Z W[z]) + avgcost(T1) + avgcost(T?)
fERE . SINFTRURTDREY, ZAFNIMETRIERAAEREN 1 (RABREIR r) , R

BOSRRREDIEAN W [i).

XBERKEERERML, REET T, #Er ZAEm T, AHGEHES] average cost ZIAAIX

SEARN RGN, SERINHMEEN r BH&MLE (BE2R&AA—ER )

UERR:
avgcost(T)
= Zb: Wi - costr (i)
i;a

— Z Wi] - (1 + levelr (i)

_ z_b: Wl | + Zj: W1i] - levelr (i)

_ ig"gwm " :Z_;W[i]-levelT(i))Jr (i_z:lwm-levdﬂw)

_ iw[ﬂ + SW[i]'(l‘i‘levelTl(i))) + (iilW[i]-(Hleveln(i)))
- iwm ; gW[iJ-costﬂ(i)%(;:);W[i]-costw))

— zb: Wi] | + avgcost(T1) + avgceost(T?)
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Define optavg(a, b) as
e 0ifa>b
BEFN, WREFHHERMARTERTER.
e the smallest average cost of a BSTon {a,a + 1,..., b}, otherwise.

Define optavg(a, b|r) as the optimal average cost of a BST, on condition that the BST has
r € [a, b] as the key of the root.

By the previous lemma, we have
optavg(a, b|r) (Z Wi] ) + optavg(a,r — 1) + optavg(r + 1, b)

The recursive structure of the problem
optavg(a, b)

b
= min optavg(a, b|r)

(Z Wli] ) + mln {optavg(a,r — 1) + optavg(r + 1,b)}

SRES

With dynamic programming, we can compute optavg(1,n) in O(n3) time (left as a special
exercise).

Strictly speaking, we have not produced the optimal BST yet. However, fixing the issue should be
fairly standard to you at this moment: the 9.2.1 piggyback technique allows you to build the
tree in the same time complexity as computing opt(1,n). This is left as a special exercise.

Tut 7 ZISHK . FEPERESRIE

Dynamic Programming: Matrix-Chain Multiplication
UTFRZORB RS
7.1 BEER

o IWEFH: LERMERF A (a xb) 1B (bxc) , itH ABKIEEZE O(abe)

o FBEGSEIITM: TS NEMER (A4 A,) , FEIESHSR (BIFEERF) =
SEUERFTEIEAER
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o Tl HE A1A A3 (HEEDBIA M X m,m xm,m x 1) :
o (A1A2) A3 KIEFFHA O(m?)
o A1(ArAs3) EFFHLA O(m?)

7.1.1 ESSREESK

1 HARESL?

o BAREN: 7F Ay WS A1 Ay, .. A, IES, REEESIRATAN TR
(A1... Ap)(Agir. .. Ay)

o BMERIA: 2, (RALRSXENFRARS BB TINE SN E

2. "EEESHmHIEX

— IR AR TEESHRY, BIRRIATRN R G Z—:
s BE—E—IEK
s BER

AN ELTEIESHAIT mAYsRiR

TOURIEE (Bhn = 4 5961) -
o« BFRSIESH: (A14:)(AsA0) T ((A14)As) Ay, ENSHIS—SETHMHEE L T B
SENEE T HRIEAET,
o« FEFRSIESM: A1(Ar43A4) 6. ERENDS (4243 As) WERSHISREABRT, BT

3. A AXREE?

o REMFESRESE: FARESHANRAET ARIEMERLIRF, MARNIFERRE T &EHN
T (Cost) .

o BULEIR: BT E%, FO(n®) HIEASRER, KI—MTERARI\I=SIESUAR
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7.2 fiSHRIRERT
o Bif: £ 0(n®) HEARKE—MRRORLESHER, BatEFERN

o BIFGEH:
o EX cost(i,]) PITEFEMRFS A;. .. A; BERBEA.

o BIE A 8RS, MEBLA = cost(i, k) + cost(k + 1, j)+ BFXFELDHIFHH
O(aibkbj)

o WRTHBHIE:
o Hi=jd, cost(s,f) = O(1) (&0)
o ¥i < jH, cost(i,j) = min;<p.;{cost(i, k) + cost(k + 1, j) + O(a;bid;)}
TR, XE O(a;bib)) 1833 n 2EH, BRENT O(1)
THENSIIK, REEH cost(1,n) BE O(n?)

L 9.4 MM -KHICR RIFIRR.

SRR AR AORTAISREN O(n®) , EEALNFIIERESRREN FIDTOFFHXFEN
HWEFRE:

1. FIasRomE
EREHEB AR, BRIEBHERSEN cost(i,]), HP1<i<j<n

o XEZTEN X nAREHER E=/A%D

n—1

o Fiammn g O mEgn O(n?)

2. BANFRIRERIH BT
SHFE—MFEN cost(i, j), BMNBERHAMBARAMIDRE :
o kREUEEERMN i Ej -1
o ERMHIBERT (ELalitH cost(1,n) BF) , k BBEHLA n MIE

o XTFEB—k, PUTHEREERNILEFSREEZE GREENFaREHIN LEFHAM
O (ai b k b i ) )


af://n2421

o E, RR—AFEENEEERES O(n)

i

3. Rz
¥ EARTEERAETR:
(FHEHE O(n?)) x (8 FIHBNAIE O(n)) = O(nd)

3. AR RIS

* Piggyback AR : EitHE cost(i, j) WER, BRTERAR/NMURDRE, BXA
bestSub(i, j)

o BIFEM: BT best.Sub FAILUBWHTSEEAINNE ST

o ZEFISHT: XITHEREE A1, Ay, As, Ay, & bestSub(1,4) = 3 HbestSub(1,3) =1,
MSAERRS (A1(A243)) Ay

N 12 3 4

1

1 | o [om®)|om)|owm?) A mxm

2 0 o) |o(m2)|o@m?) Az: mXxm
A3Z mx1

310 [0 [om]om? Ay 1 xm

4 0 0 0 |owm

Example:
bestSub(1,4) = 3, i.e., the best way to calculate A;A,A3A, is
(A1AxA3)A,.

Similarly, bestSub(1,3) = 1, i.e., the best way to calculate A; A, A3
is Al(A2A3).

Therefore, an optimal fully parenthesized product of A; AyA3A, is
(A1(A2A3))A;.
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4. BHE
o ZESHOREERER O(n)

Week 7

Lec 10 #hhHEE

Topological Sorting

10.1 EEEHE
9.7 HKLRE FPNET AN ETARBARE. U= MR-

9.2 WIkFE : opt(n) = milalx(P[i] + opt(n — i)

An = 4790, ERERRE:

9.3 mKis TrsliE . dpli] = 1+ max(dplj]) for all j < i and A[j] < A[i]
PAn = 47901, KKXERE:

# Rod Cutting —%¥.
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9.5 ZHEEE I
D(i,j) =min{D(i,j — 1)+ 1,D(i — 1,5) + 1,D(i — 1,5 — 1)+![a; == bj]}

Am =n = 4756, KEXRE:

J=0 1 2 3 4

1 =20

4 goal

—DREFHE: XERMXREAESIA.
XTI RS TRt E AR “RFINT" 20708

FET ERENEODE (BEETER. MERNOTIIE) FAESRUSENTE (L8
k. SERANTION) XHMET DP BSMEAIES (Base Case) FfA, HOABIERERR
RRRATE I

XEERIENMBMIAE (Directed Acyclic Graph, DAG) : AE2BMERIIBEREIRE.

A Directed Acyclic Graph (DAG) is a finite directed graph with no directed cycles. That is, it
consists of vertices connected by directed edges (arrows), and it is not possible to start at any
vertex and follow a sequence of edges that eventually loops back to the starting vertex.



10.2 JR$MHERE

Topological Sorting

S RIFHEF LS IBIRIERE (85N DAG) WH=HBIR— s, #EETFEREMRIA
u — v, TR uERFITFERHIME v ZH.

ROZNSR v AUTTEEMRE u, u ST v BEEYF, XEARRFRINF.
BRFGEKRNIFE, ERERFFIRINFTTE .

XFRIRFFRAHFMTE (topological ordering) , HHEXMAFANSFERRHIMER (Topological
Sorting) EiZM4E{Y (linearization) .

o IRIMEFATREARTE—.
* FT8 DAG EBAJLAMRELELL / SN HFR.

10.2.1 IR HERE AT REA IfE—
LA 9.5 guiEiEsis A%, m =n = 20]:

@g

(a) Original graph (b) Linearized (i)

ORORORO
(c) Linearized (ii)

XE, &ME, &8 2 ERE 318E%N. BAB(IERERT 1.

BARMGIF, LAlm =n = 3 541:

(a) Original graph (b) Linearized (i)
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10.2.2 Ff55 DAG ZFal& 144k
1RYE DAG B9E XA E AT 14 :

@ E7 DAG ~FHER, E— M EHIBMR DAG F, BATFEEL—IAE (Incoming Degree) AFE
IR (BlREEMEIRIERERIR, HIRZAER)

UERR: {RIR— N EZ DAG FFrBETRMINEEATE. BFAN T EHI—NRS v, BEVEE—EIEK
vo (BMEER vy — v1) . EESKAIRATE, ATEEERN, SRRy AL HEINESHIIN
=, MITAER, 1 DAG BIENFE.

@ FHE—MIIEMHR: DFS 8%
* X3 DAG #1147 DFS iBfH
o EREBIMIRTHR (FRCHRE) AIRE
o IRANENEAANI R HATE T R, BISEHE AR TR

Algorithm description
e Let G = (V, E) be adirected simple graph.
¥IIR1L -

In the beginning, color all vertices in the graph white.

Create an empty tree T’

Create a stack S, and then
o Pick an arbitrary vertex v
o Pushwinto S, and color it gray
o Make v the root of T’
FEINIIE:

Repeat the following until S is empty

o Let v be the vertex that currently tops the stack S

o Does v still have a white out-neighbor?
IR, XEBER graph F—EZWN, FRLAKIER out-neighbor, MiAZ child
o Ifyes:letitbeu
= Puth uinto S and color u gray
u ZERHTHEIR.
= Make u a child of v in the DFS-tree T"

o If no: pop v from S and color v black

e |f there are still white vertices, repeat the above by restarting from an arbitrary white vertex
v’, creating a new DFS-tree rooted at v’

SCFR_E DFS BFEFhsEIL :

Hik—: ETFDFSKY. iz{TDFS/T, IEDFSHRSHIERFAFIIN, AESRMAEERAFRHTR (B
Bt =haaEiEt)
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BiEZ: ET5cAtE. CREBMTREER (WMEFEl) e, REEs AR (BhEF)
TR

SRE: BMEARESRESR O(|V] + |E|)

E 933 48R DFS i@, MFSiEmbriniNFIIR— R —HhrY. BiE"HERESE LG E
—RY55—FhSCIREk JSIIE"

Lec 11 iRERIEZE & SCC [a)#@

Depth First Search

1.1 BiZPR
Recall DFS:
e Let G = (V, E) be a directed simple graph.
simple &I B B*.
¢ Inthe beginning, color all vertices in the graph white.
e Create an empty tree 7.
e Create a stack S, and then:
o Pick an arbitrary vertex v
o Pushwinto .S, and color it gray
o Make v the root of T’
e Repeat the following until S is empty.
o Let v be the vertex that currently tops the stack S
o Does v still have a white out-neighbor?
If YES, let it be u. Push u into S and color u gray
Make u a child of v in the DFS-tree T’
If NO, pop v from S and color v black (FRZTmETSH)

e |f there are still white vertices, repeat the above by restarting from an arbitrary white vertex
v, creating a new DFS-tree rooted at v’

RIEFFBTRREMEE S, FOIFE 2R (DFS-forest) .

1.2 EREST
DFSHISZE: O(|V| + |E|)
Hep |V]| ZEFMREE, B REHLHE.
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o DFS EHERIENERRIE— TR (M) RS THEEURRIRE.

DFs EixfU OREIERRE (B, K. &) SLEHERRES N IRAPRE.
BIRR v € V REfinE—R (RENBBZARE—R, NRBEANEB—IR)
—B—\IMREnEH MR (RCAR) | EMASBERGE.

BIEXSTAREEE, DFS BRBIIMMEMBRNE— I RINENE IR RHIER, B2
B |V| MRERALE.

Eily, EMERFETA AREEEL TR, 8 O(|V))
2. FEFREn: O(E|)

SFEFEREEL v — v, XFLRESHE Uiﬁtﬁ u ET?)S‘Z’@E—/A (24 DFS 1B u HI9BIES
R SBIEIEMERT, SI0E v B HIN) . MEE—SOTEERIRIE (RBESEREEEE. &
HHENKR, BURTRR) EREHETEAERIE.

Rit, #ERERE |E| &8 LNSREEEFiagEN, B O(|E))

BEH#E: O(|V] + |E|)

11.3 &F DFS pYipiMNEFEEZ
DFS AJLABRURT DAG 2ttt
O(|V| + |E|). BD DFS BixABHERE.

11.3.1 Bix—

3|3 1: 7£ DFS YT, AoBRERN T; hrFHET siga®RIEaIRt T,y (m > ) SREHTH
A
BNX DB BRINUER.

If a DFS excution on a DAG G = (V, E) output k DFS trees in order: (11, T5, . . ., T%), then there
is no (directed) edge (in the original edge set F)) from any node of an earlier tree to any node of a
later tree.

Proof: If there is a node w in an earlier tree T}, that has an out-neighbor v, then v must have
already been included in

e the current DFS tree Tj, or

e some earlier tree T}, withm < ¢

This is because the only reason that v is not added in T; before we mark u as being done while
building T3, is that v is already done (i.e., marked black), which means that it must appear in an
earlier tree T, withm < 1.
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53 2: EBR DFS T MEB, A2BMREERITREIBSSXREERTRANA (BNRR, ¥F
&) .
FBHEMS (BUEANR)  JERRIEMN> (BR)

If a DFS execution on a DAG G = (V, E) output k DFS trees in order: (T3, T5, . .., T)), then for
each T, there is no (directed) edge (in the original edge set F) from a lower-level node to any
upper-level node.

IR, XER lower-level 2BMRAIESR, BD level AR (BFR/B(E level #X) . fFEAY
ascending order i5H92M EETHE, BIM upper-level £ lower-level HE. EFAZM upper |
lower, {82 level BHEAIR/NEFIHIEX.

Therefore, if we only want to produce a topological ordering of the nodes in Ti, we can simply sort
them in ascending order of their levels. (The nodes within each level can appear in any order.)

(HRIESE 2, BN, TRELERINEFT.)

H53E 1 FO5138 2, ‘AHET DFS AURMNEFEL
Method 1:

e First, run the DFS to build the DFS trees 11,15, ..., T}
e Qutput the nodes in the following order:

o Atthe tree level, nodes are output in descending order of their tree labels: M T}, El T;.
EAH5HE 2, RGATHASERBRRAIN, BERRFAIHTFRIT e seik AR AT
= (BDNERBGAN T B AR AT MBI RTRETRAE, (BRIGIENIRY, BREMT REEHIRC
PR, FRLUSKEIINGIGER) . AN AIRI A IR

o Within the tree, nodes are output in ascending order of their levels (BIRAT) . LEAYE
— level AIBEATIRIEM sibling, {BR—ERERIEXLNEZIERER (ENIEENEER
M) . BSARERG, AMEEENITHMEINIEIECH child 7. BAMERsEREESTS
WAL, FUABETRNEEEIINGHINERE.

IR RERINERFOR: DFS, MIREIR, MEEITF, NGEE

HiE—FELEER:



vt

IREEXMEIEN-BEK, BN EE-TE, REA-Z NEmIF SR J’

vt

vt

B SRR A emma2 R AT ’z’
SRS S S 0 S SR R A RIS ’Z’

E— 2R RNZ R EEEMethod2BBEE, finishing timexBIHEF g’

DFS#DAG4£ ADFS#&H#, A5 ABAMH TR, HA—RAKLE
HTE, A—EALIL, SHMAREEHTRAKFAGE
FHE?

5  Show thinking v

MeigaesE: F¥54.

ZARGEA FEHZASIRAF (WHEF) REHY, CXER—BRASE, ERES"SEHE"
(W EEERTE) L "DFShA&AN M EF" 2T,

g7 XA R LR —FBFS (J"RARAMR) X4k, ADFSHEAHANESFR—HBBEIFER
9 854 .




11.3.2 Fiz=
Method 2
Ehiz—feEs, HERR DFS 8 ((RE) MIFEREEL.
There is another (only slightly different) DFS-based algorithm for topological ordering.
Input: a DAG G
Output: a list of the nodes of G in topological order.
Algorithm:

e Runa DFS on G. During the traversal, use a counter to record the finishing time of each node
-- that is, the time at which the node is popped from the stack (when it is colored black)

e After the DFS completes, output the nodes inn decreasing order of their finishing times.

NEEREBETRITA. B T, AR .
Time Complexity: O(|V| 4 | E|) (same as DFS)

IEFEMEIERR: BHEET, &R EEEDIIAIT Rkt EEK, E—Nh EETRIETETR
SThAEIER:, E—ERANTRIEET RHARIEER, FEItErEE IR 775 —HERE.

3|3 3: Consider an execution of DFS that output trees (77, . . ., T ). During this execution, in any
T’;, a node u was colored black only after all of its descendants in T; have been colored black;
moreover, within any level containing multiple nodes, the nodes were colored black in left-to-right
order.

fi:

Example traversal:
e Starting node A.
o VistA—-C—-D—E
@ Then, pop E, pop D, pop C
@ Backtrack and visit B — already visited D. Thus, pop B.
e Backtrack and pop A.
e Output order (reverse of finish): A, B, C, D, E


af://n2746

DFS vs BFS

o HINHEFRDEULA DFS L BFS EEEHRAN AR —.
o BRI BFS FMEGRTHRIMNERF.

Pseudocode for BSF

Initialize all nodes as unvisited
Initialize an empty queue

For each node s in the graph :
If s is unvisited :
Mark s as visited and enqueue it
while the queue is not empty :
Dequeue a node u
For each unvisited neighbor v of u :
Mark v as visited
Enqueue Vv

®
O—(0)—E)

BFS starting at A:
@ Dequeue A; Enqueue B and C
e Dequeue B; /* no out-neighbor */
@ Dequeue C; Enqueue D
@ Dequeue D; Enqueue E  /* B has already been visited */
°

Dequeue E

R&ERT, EE8 BFS TeERAKINFERLXINT. [EMERRE, EFTELIHAINERF.



Suppose we run BFS starting from A: o e

e Enqueue A;

@ Dequeue A; Enqueue C
e Dequeue C; e

e Enqueue B; /* the queue is empty but B is not visited */ Figure: An example DAG

o Dequeue B

Why is this invalid?
e Enqueuing order? (A, C, B) /* invalid topological order */
o Dequeuing order? (B, C, A) /* invalid topological order */

Note that what we claimed is that the plain BFS is not suitable for topological sorting problem. But
there do exist modified version of BFS (or BFS-based) algorithms that could solve this problem.
One famous example is Kahn's algorithm.

i

11.4 HIEEEE
White Path Theorem
Recall DFS:

e Let G = (V, E) be a directed simple graph.

simple $5i2 5B

In the beginning, color all vertices in the graph white.

Create an empty tree 7.

Create a stack S, and then:

o Pick an arbitrary vertex v
o Pushwinto .S, and color it gray

o Make v the root of T'

Repeat the following until S is empty.
o Let v be the vertex that currently tops the stack .S
o Does v still have a white out-neighbor?
If YES, let it be u. Push w into S and color u gray
Make u a child of v in the DFS-tree T’
If NO, pop v from S and color v black (FRZTmETSH)
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e |f there are still white vertices, repeat the above by restarting from an arbitrary white vertex
v, creating a new DFS-tree rooted at v’

RIEFFBTRREMEE S, FOIFE 2R (DFS-forest) .

AREEE: Ru 2B G PR—PR, £ u #ENSAUE—Z], S—PIRR v BRI u 7 DFS FRMAeR
REREN, JENEN v B v FE—FRETRERRER (BB .

1.5 BEBEDE
Strongly Connected Components, SCC
Let G = (V, E) be a directed graph.
A strong connected component (SCC) of GG is a subset S of V' s.t.
e for any two vertices u, v € S, graph G has a path from w to v and a path from v to w
REA path Ble], A—EEBH (u, v) 5 (v, u)

e S'is maximal in the sense that we cannot put any more vertex into S without breaking the
above property.

"
a b/ ol
Oa—
\"7‘\ f g
O [
C .
st
jl Tk
@ {a,b,c} is an SCC.
@ {a,b,c d} is not an SCC.

o {d, e f k I} is not an SCC (because we can still add vertex g).
o {ed,f kI g}isan SCC.
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11.5.1 &
Lemma 1: Suppose S; and Sy are both SCCs of G. Then, S; NSy =0

EERNAER SCCAER (REAHR)

11.5.2 SCC [A)5&

strongly connected components problem

B#x: Given a directed graph G = (V, E), BI=&E V UMD AEFTIFERNTE, BNFEHE—
AN scC.

11.6 BF DFS Y SCC &i%
DFS-based Algorithm for SCC

ZERBII XA DFS ik SCC el S RIRE G FixMEE (reverse graph) Grey

(13 1~
(D—(&

(a) Original graph G (b) Reverse Graph G™"

11.6.1 xR
Step 1: & G Lki&f7 DFS

o ICRIMFMEFEE (ZR) BIRF
s MRMRu €V ZESH 1 MNEEAY, NG u FRchRE <.
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DFS-forest

.

A

&
“o‘/g//) W ! "
/

s
j4ﬁiii/€r/

Start DFS from / and re-start from j.
The following is a possible turn-black order: h, b,c,a, I,k f, e, d, g, i,j. E.g.:

@ The label of cis 3.

@ The label of gis 10.
@ The label of iis 11.
@ The label of jis 12.

S— O0—2—0 —_a—\Y
r—‘_;v?«;i\,’/

Step 2: SREURAE G eyp-
o BiYRE G FEAEILNAEBE Gre

4k k
. b X ol a,»b//? O]
O\'ﬁ‘o\ﬁ\é}/go T g
O (&
C

jo///////*é;:9 (jgﬁiiij;/%gjy

Input graph Reverse graph

Step 3: 7£ Gey £IB4T DFS.
o FIN1: NEBRAIRENTRSAFFISE DFS.
o HIN 2: HFESHE6 DFS B, MEBRAIRSHEERATA.
o HitH: & DFs PIImESHE— SCC.

11.6.2 EREST

o([V| + |E])

BE =T O(|[V| + |E|)

MEREE (FIREnskER, UREHRSRD) « O(V] +|E|)
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RAEETT DFS: O(|V| + |E|)

TEXEAFE Dijkstra —H4HP— P "SRG AIRE, B9 DFS (A S HAREIR

Fr, MEAIRGRENSHELRIE. LR ERFERLEF—ME, SRBEERANTRRENXMERIE. &
F— &R (RE—RMRIIR) SEX MERYEIR. £ TUZE5E—%C DFS FRilskil R HiLRY.

REES—RNINA THRHTF.

BERAE O(|V| + |E|)

11.6.3 IEF@THIERR

Proof of Correctness

TEX SCC graph:

Suppose that the input graph G has SCCs S1, Ss, ..., S forsomet > 1.

The SCC graph G*““ is defined as follows:
e FEach vertex in G*%“ is a distinct SCCin G (ZFLUrEs, FB vertex F{/x SCC, HARIRITAZEE)
o HNE SCCS; FIRAIEMR SCC S; i, WG /B S — 5

ER SCCHENRET G B—1MEMATFAE (DAG) . EAMER SCCE G* hizfE—MER, W
S — S == S, BRE S *Eﬁﬁﬁﬁ]ﬁﬁﬁ‘ﬁ_ﬂdéﬂﬁ S; hETERR, B S EPE’JFEE]T'ﬁ%B

i

S3
SCC Graph
g d
4
a b/
04-*’0
f g

Sy +— S3<+— Sy
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For each SCC S;(i € [1,t]), BX:

label(S;) = maxlabel of v

vES;

73S RIRRBIERAITE.

SIH: MRE G BEHBS; — S;, W label(S;) > label(S;)

UEBE: Let u be the first vertex in S; U S that turns gray in DFS (i.e. u is the first vertex in S; U S
discovered by DFS)

Ifu € S;, uhas a white path to every vertex in S; U S; (EREHS; — S;, FrLLS; PRISATLAE
B S XENuRHEFE—MHEEIN, FRUAEMRLEERZHEE) . By the white path theorem:

e wu turns black after all the vertices in S;

e wu is the last vertex in S; turning black
The above facts imply label(.S;) > label(S;).

Ifu € S, first note that: u has a path to every vertex in S; (P#B&EE) , but no path to any
vertex in S;.

EHY S; — S;, W—BEEN S; — S; (SCC BBMFHRE) , HE—EETEEBM S
5 S, OEER S; — - — S

By the white path theorem, u turns back after all the vertices in S; and before every vertex in S;
(DFS M\ u FHIaRER, HZRE S; PHATEIR, BT u BTERNE S; PAYHINR, Eitbfu 38Ha)
S NI=EZRER)

B EASHE, 33t 4> SCCH{TEHE, such that:
label(S1) > label(S2) > ... > label(S;)

SIS, A0 WIS u e Si, MBE G FE—5iA (v,u) B ¢ S;, B4 v SBTEA
S;with j > i.

EFEAME, reverse EANLFIRERER.

S5H: £ G" LizfT DFS, 55 ¢ 1R DFS PINImESTIRETRE S
IERR (199%) -

We will prove the claim by induction on %

Caset = 1:

Let u be the vertex in S7 having the largest label; u is the root of the first DFS-tree. Consider the
beginning moment of the first DFS on G™

e As S;is an SCC, u has a white path to every other vertex in S



¢ 1w has no white path to any vertex outside S1 (EAHRIEFRANINEHIN, REGREREE S1
BaEM, AasgEMIgR S1, reverse BiERETsEEMISM S1)

By the white path theorem, all and only the vertices in S are descendants of w in the first DFS
tree. The claim thus holds forz = 1

Casei = k:

Assuming that the claim holds for ¢ = k — 1 (where k > 2), next we prove its correctness for
1=k

Let u be the vertex in S}, having the largest label; u is the root of the k-th DFS-tree. Consider the
beginning moment of the k-th DFS on G,

e All the verticesin S1,.59,...,S;_1 are black.
e As S} is an SCC, u has a white path to every other vertex in Sj.

¢ u has no white path to any vertex Si11, Ski2, ..., St.

By the white path theorem, all and only (981 k — 1 EETRSERR R, FaIsEEEEKR) the
vertices in Sj are descendants of w in the k-th DFS tree. The claim holds for 7 = k.

ANE]1S, £ G™Y LizfT DFS, 5811} DFS RPIIRESIRTFR Si, BETMIREIT DFS NEER
LAEIRTE SCC.

Tut 8 SCC: #HPn

Further Insights into SCCs
8.1 SCC [TBMAIEN
BE—NBEEG = (V,E), BR2FRREs VIS AEMERNFE, FE8 N FEAEE— 8

EEDE 3.

8.2 i SCC iR
XRINEBT — M EEEZRER O(|V| + | E|) tesses%:

SB1: £FRE G LEfTREMTER (OFS), FCREBNIRER (GRihE) BliF, SER

ICHRE i .

S 2: BIHE G RREBNEE, REREE G,

$E,3: & G _Lizf7 DFS, BELIFHN
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o MIRERARITRFIEA

o BEEEN, NHSFPATIRPIFERANIFE .,

fath: &R DFS RBPA—14 SCC,

8.3 BiZRYSCINAHTS

FhE: (EREE A SRICRIAERBNIE, Heh Ali] FHERER ¢ BTR 11,

REEZE: BT G MR, BRETNL (u,v) H%A G™ F9A (v,u), X—IE
FEHEE O(|V] + |E|) BdiEIRZER 12121212,

8.4 At AERRMAE
SCRABTR TR B IR —— W BRI S B (Sink SCC) 50K

o RSEREE: ERBERT, RIINZREHRE IR SCC (RBHIAAY SCC) |, &7 DFS f2E
B, REMNEFRRE

o UERE: ERENEEZINFSH IR SCC RIFERMERT

s BRAER: ERMEG™ £, KWK SCCEBIEESS . BEERMBE EMKIRETRFH
DFs, Bixir LRIERISEINFRIVAETFTHNSE, XIERIZE IR TR EH

Week 8 HifR & Week 9 {8

TRE.
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Week 10

Lec 12 sxiSIREEIA)RRA

12.1 SSSP |73 - JFRINE
Notation and the SSSP Problem
Single Source Shortest Paths with Non-Negative Weights

HAFRNERIRIREEERE (SSSP) (AR

12.1.1 hiRE

Weighted Graphs

—\EgEanE G = (V, E) EREREH w B850 e € Emgda— M EREEE we), FRAL e BN
B (weight)

G and w together define a weighted simple directed graph.

simple EREIRB B

Example:
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The integer on each edge indicates its weight. For example, w(d, g) = 1, w(g, f) = 2, and
w(c, e) = 10.

12.1.2 BEEE
—RERIKERRBEIANEZM:

Consider a path in G: (v1,v2), (v2,v3), ..., (vt, vi41), for some integer ¢ > 1. We define the
path's length as

t
'w('Uia ’Uz'+1)
i=1

A shortest path from u to v has the minimum length among all the paths from w to v. Denote by
spdist(u, v) the length of a shortest path from w to v.

If v is unreachable from u, spdist(u, v) = 0o

12.1.3 RIEIREE
Problem Statement
Single Source Shortest Path (SSSP) with Non-Negative Weights

Let G = (V, E) be a simple directed graph, where function w(-) maps every edge of E to a non-
negative value. Given a source vertex s in V, we want to find a shortest path from s to ¢ for every
vertex t € V reachable from s.

The output is a shortest path tree T":

e The vertex set of T" contains all vertices reachable from s

e TherootofT'is s
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e Foreach node u € V, the root-to-u path of I'is a shortest path from s to uin G.

Example:

(a) Original graph G (b) A shortest path tree for source vertex ¢

12.1.4 Dijkstra Hi%
BOBAR: 4EP—ME dist(v), TRERHKEIM s B v NRERRKE.

A3t (Edge Relaxation) : S3F8 (u,v), MR dist(u) + w(u,v) < dist(v), WEH
dist(v) < dist(u) + w(u,v), FRE parent(v) < u

ELNERTLMRIHERRZI, —EAS relax ZEI# remove AR (FEE/ N4 remove BIRT
%, B dist iR, FaBR—NEEENT) .

Suppose that the source vertex is c.

a h vertex v | dist(v) | parent(v)
. O a oo nil
’V 6 51 b o0 nil
© O——72>0O—=0 d 00 nil
11/]5 (f)/g/ e 00 nil
f 00 nil
COTOSO'/l g oo nil
h o'e) nil
i (o's) nil

S={a,b,cdefgh,i}.
/* S now contains all the vertices, and c is the vertex with the smallest dist(). */

BiEPR:
1. 90881 dist(s) < 0, Efth dist(v) < oo; Fif parent(v) < nil.
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2.HHP—NEES =V

3. 258 S AT NS Bk dist(u) SN . ASEETEM v HRATD (u, v). I0R
dist(v) i@, W parent(v) + u

XERY v REEEARWBIRAIS.

(T Dijkstra EERILASILS O((|V| + |Bl) - log [V)), (emmaumesisaia
O(|V]log |V| + |E])

)

REDHT:

ENHHREE: —E

o REB/IYdist(u): BE |V]X, ®%x O0(log|V]|)

o Mt ES |E| R HEERI, BEEH v uE, O(log|V])
o RERE: O((V|+|B) - log|V])

gt ERERARRERTLREEMRINAERE O(|V | log |V| + |E])
FFHAFE.

JEBRME: Dijkstra's algorithm does not work if edges can take negative weights.

12.2 SSSP |93 - (EEINE

SSSP with Arbitrary Weights

12.2.1 fAlE

i¥&: Dijkstra's algorithm does not work if edges can take negative weights.

1
—(ef T
-3
Figure: Graph with negative cycle

NREFFERR, RERERKEIERAREND (TR
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AT, ERASTRIEARS{ZIA™ (Shortest Simple Path, SSP) RBEEXAY (BEFEESHAMR) , BE
= NP-hard [a]#R.

NP-hard: meaning that no polynomial-time algorithm is currently known for solving it ——

including Dijkstra's algorithm

FHIE.

BIEESIRBTIR, Dijkstra Bl TAFRERIGIEZAE.
— Bl

B#xr: Find the shortest path from A to C'

SNER{EF Dijkstra's Algorithm, G A B C IERIREN A — C, MARERHESR
A — B — C, AR C & B ZaiF#mkk, BEitigal< relax the edge B — C
Dijkstra's algorithm Z<ZA9RA :

BRNINBERFTRIMIAEER Dikstra, EAENRBRIEALMRIENNEIARR, FEBRITIIR—ER
Bl relax ZEIBMRAIIR (B dist EREXRT, II—MEREARFTRERMRED) , BRANAFR
BECRIES PIli=ATRAY dist MEREZNIR/IME, BA—MERERIEERIES Wix' IR (BN



245 Shortest path problem
e Non-negative weights - Dijkstra's algorithm
e Negative weights

o negative cycles - Shortest Paths are not well-defined. Shortest Simple Paths (FGIR) are
well defined. However, this is a NP-hard problem.

© no negative cycles - Shortest Paths are well-defined. But Dijkstra's algorithm does not
work.

What should we do with graphs that contain no negative cycles?

e Bellman-Ford algorithm.

12.2.2 Bellman-Ford §j%
the Bellman-Ford algorithm
Problem statement:

SSSP Problem: Let G = (V, E) be a directed simple graph, where function w maps every edge of
E to an arbitrary integer (AJIEAJfR) . Itis guaranteed that G has no negative cycles (FfI1REE
RBRIMYIERZ) . Given a source vertex s in V, we want to find a shortest path from s to ¢ for
every vertex t € V reachable from s

The output is a shortest path tree 1"

e The vertex set of T' contains all vertices reachable from s
e TherootofTis s

e For each node u € V, the root-to-u path of T'is a shortest path from s to win G

TENE Bellman-Ford algorithm that solves this problem in O(|V'||E|) time.

Note:

e We will focus on computing spdist(s, v), namely, the shortest distance from the source
vertex s to every vertexv € V.

e (Constructing the shortest paths is easy and will be left to you.

Bellman-Ford algorithm EXLEE
1. ¥0taM: RETRMS s FIIEE dist(s) « 0. }FEMTT= v € V\ {s}, i&E dist(v) + oo.
2. 108 BE |V — LIRUATERE:
o Xt B FROFEHTISIRE (FASIRFEARNm)

o #\ith: 3FFA (u,v), R dist(v) > dist(u) + w(u,v), WE dist(v) BHFA
dist(u) + w(u,v)
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B, FIREREEERT V] — 1% relax, (BRI EREEERR relax RETWEELL.

SZE: The running time is clearly O(|V||E|)

Suppose that the source vertex is a.

a
vertex v | dist(v)

% —6 2 0
b -3 9 b )

O 720
c 00
e s
e 00
g 00

For illustration purposes, we will relax the edges in alphabetic order shown below:

(a,b),(a, d), (b, c), (c,d),(c e), (d, 8): (e d), ( ¢), (& ).

IEfRT4HIERR
o S|IE: ELEGIREF, N s EERTNMN v IREEARS, EVE—LEHRER (RBREEE
)
o HHE: M sBvHRERERESES V| - 1&4
o THE: MRM s Bl v NRERRE | K8, AR | ®istitE, dist(v) BASTF sptest(v).

 ATREBREEESE V] - 1 £, BEENT V] — 1 00E, FrEIARAISa0
1R IEESERRERIRE].

EIEIER: Consider any vertex v, suppose that there is a shortest path from s to v that has [
edges. Then, after [ rounds of edge relaxations, it must hold that dist(v) = spdist(v)

Proof: We will prove the theorem by induction on I. If l = 0, then v = 8, in which case the
theorem is obviously correct. Next, assuming the satement's correctness for [ < ¢ where g is an
integer at least 1, we will prove it holds for [ = ¢ as well.

Denote by 7 the shortest path from s to v, namely, 7 has ¢ edges.
Let p be the vertex right before v on .

By the inductive assumption, we know that dist(p) was already equal to spdist(p) after the
(¢ — 1)-th round of edge relaxations.
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In the ¢-th round, by relaxing edge (p, v), we make sure:

dist(v) < dist(p) + w(p, v)

= spdist(p) + w(p,v)
= spdist(v)

HUBIE: SIS RIS BRI A, 8 ¢ SR T TG R | 1
T, HPAEREIIERIIEE. MTEARAET, BEREESE V] - 1 5, ALSERES
V| — 1 St ST R R

B—MZESY IR

12.3 APSP )35

All-Pairs Shortest Paths

12.3.1 [JREHER
A SRR

BE—EEEG = (V, E), il waLARES. THhd, EREERSHEGR. BingHE
FrETRRYS (s,t) ZIARISREEE. BAREH ALV hENRAAIRIRESEN.

IR, RSN, F—ERENA.

EAIREIRTS SR BRI :

o UWNERFFAILINERER, TLUSTT |V| R Dijkstra &i%, RRIESZER
O(|VI(|V] + | E|) log |V])

o WTESIENE (TEENR) BI—48 APSP 88, BILUEST |V 3k Bellman-Ford &%, fafdia)
szER O(|VI?|E))

JEBR: Dijkstra (IEZERILIES, (BEXOBEEYMES; Bellman-Ford i&ER%I, ERESIE
N

TENE Johnson's algorithm, BEEFT Dijkstra FISZREMREARZIREIIELS APSP .
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12.3.2 Johnson &j%
Johnson'’s algorithm

Zl BAR: EHIMI (Re-weighting) , #AFSH Dijkstra.
N ERERLE B NTIREN, EERRZBNEESIIN
Johnson &EiERZEEHEIBEIE TRARTL S SCI OREE R

% : We cannot apply Dijkstra's algorithm because our graph may have edges with negative
weights. Can we convert all the weights into non-negative values while preserving all shortest
paths?

The answer is YES.
WRALUETRINEFENIERE, SHAES Bellman-Ford &iA?

Answer: EAMNESFEFERET Bellman-Ford.

EE—NREER: FeEERRAEENE—MERREL (filan, B&NGUATHEIEL, BttanaiEt
HEIVE)  FAAXFESHRERENE. AABELSRNENE, BEs, FRRNSERETE
BERSMNG, ERFIETENAERERET.

@ WIS
Bix: BE—EHNERE, ERIESETEINEENIFRERNRRFREHRERE.

{E R TR ARG + Bellman-Ford, &8 h(-) BXA h(u) = spdist(Vaummy, u), EF
ueV

EHINEE: ERERRE AV — Z, BEFA (u,v) € EBHRE W (u,v) EXS
W (u,v) = w(u,v) + h(u) — h(v)

BEREATM: WTFE G hiEE—KBRE v1 = v — - > v, WRTE G hEKER, B
LACESHEAENE G FIKER [+ h(vi) — h(v,). WF v1 B v, WFERTAEES R IS FELER—
#, E ! S/NEGE L+ h(v1) — h(v,) EEHIMS.

@ EMTR=EIS
dummy-vertex trick

HNBEQHFRNERI, FUERE: SRIEHRE— RO h(-), HEEFERS
BB G R W (u,v) > 0.

SN ARRLIS
1. NRE G = (V, E) {9i&#HE Ga = (Va, Ea)
2. Va =V U {Vdummy }
3. EA 88 E PHATEL, FHEI vdummy 2V PRABTRRAGE.
4. 95%H E fGONAZ, Fginauasigs o.
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f:

RIEHE h(-): EGa 7, (£ Bellman-Ford BiAIEM vaummy ZBIFFEEMEIRRAVRIEERZIERS
spdist (Vaummy, ©)

BEREL h() EX T h(u) = SpdiSt(vdummy7 u), HhyeV

ZR: AR L) EFRE, B G (EFRAENE, 72 Ga) NFEniEiRIEai
Bellman-Ford iX—HIitERTRIEZRER O(|V||E|)

UEBE: dummy trick EFMRAUSFrEIRNERIER
=AAEN (IseRM) -
spdist (Vdummy, v) < spdist(vVdummy, ®) + w(u, v)

SR BT RS ANER: M vy B 0 MORIGHAEIEE, RATAE oM
Vdummy E2lu, BEHS ('LL, 'U) EE v NIEEEK.

BEERE (RETE) OEL
h(u) = spdist (Vaummy, )
KNSR
h(v) < h(u) + w(u, v)
SHE:
W (u,v) = w(u,v) + h(u) — h(v) >0



O)-F o7
Johnson &AL

1. BT o EmmiAHT5 F1 Bellman-Ford &%, HEIGER h(-)

2. FF h(-) BN, BEHERIE G
3.3 G' hBAMR u € V, BfT—IK Dijkstra 8%, SREF—RINA u HISAEHRER (3
V| xiztr, 53 |V] g, BEEER) .

@ SRES

ISURIE =P
O(IVI(IV] + |E|) log [V]) + O(|V||E)
=0(VI(IV] + |E[) log [V])

Bellman-Ford #3RAISZE AT BHET T

Tut 9 APSP: Floyd-Warshall §i%

9.1 BEEXSE=R
o @A —FRRIGERERE G = (V, E), OEUAIE, SRR,

o BitR: SKETFREMSY (s, t) ZIANSEEE,

o 'TH&bYs .
Eﬂrﬂjﬂ';.
o Dijkstra Eik: EWiEER, &7 |V REEHEERER O(|V|(|V] + |E|) log |V]) .

o Johnson Hi%: ERTERMNA (KRI) HIER, SEXRERL.

Floyd-Warshall &% : SRFEEIASMIBIER, FESRES O(|V|?) . YEIEERE (0
|E| = O(|V|?)) B, =R MTARE .
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9.2 HiZZLFE: SIS

BRBIRMRmSH 1 2 n, EET KAHEATETRINIRRESIKRE .

WEEX: spdist(i, j| < k) FRrMRR < B j ISERERKE, BiZBRNAHERRS < k
IR EARIET R 9.

o HERBTIIE:

spdist(i,j| < k—1) (K& T k)

. . . < — s
spdist(i, j| < k) = min {Spdist(i, k| <k—1)+ spdist(k,j| <k—1) (LT k)

o WHRRES (k = 0):
[e] %'L - j, EE-I'%}?S Oo
o & (i,j) € E, EEEAIN w(i,7) .

o BNA oo

9.3 SEFIIER (7ANRR)

First, decide spdist(i,j | < 0) for all i,j € [1,7].

a vertex v a b c d e f g

a 0 1 oo | —6 00 o0 0o

% —6 b 00 0 1 00 00 00 00
bt e -3 9 c o0 oo | 0| -2|—-1]oc0|
9 f‘/y d oo | 0o | oo 0 oo | o | =3
1J/‘5 O e oo | oo | oo | b 0 | c0o|
e '/1 f oo | oo | oo (o'e] 1 0 oo

cO 1 O g oo | oo | oo | oo | o 2 0

MEHET— M AR a Bl g 9761, BTk =03 k = 7 A9EMREZITIE:

° k=0: XESEEBEERDN .
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e k=1...7: BESINFEDTR, GlIEL =3 (PR c) B, RIMTET c FX d NERERE

o BREBIRE (k= n): spdist(i, j| < n) BARENSIRREKRFIES.

9.4 IRIZFWE . Piggyback

o RIS ENREETEEES, EFJLIET EEFERA (piggyback technique)skii &, M
M HE N TRRIREREN

Tut 10: Bellman-Ford &Ntk

1. BiZER583

Hihhet: mRBOREANER T, Bellman-Ford EiARTFHARIRERAEKE (SSSP) A7 2,

B : EISHE (Relaxation) IREEIINAM dist(v) 3. IR
dist(v) > dist(u) + w(u,v), WEH dist(v) FHCR parent(v) = u 4444,

H
iy
=H
i
1

RBEESHIT V] — 1 {H3RME 5.

2. AREMENEE
AT, EETEFRARER V] — 1 #1575, 18hng8 |V| §H3t 6666

IENRE: ELERMURNERT, 5 |V| RISt SBE I dist E7.
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FligkiE: WNRESS |V| ornsth, (PEEATRRE dist(v) BEBHRN, NiBAEFFERIER
888888888,

SHE: HESREREO(V||E) 9.

3. IEHfHAIERE
RYS TN ENER T &R0 10:

1 NRE |V £30HE T EANRRIES, NERUAFERSER (EBEI)
11111111,

B 2: IREHFERSER, WE |V| 805t —ELSREE > — N RAEERS 12121212, ZE
IREE 2R ERDAOSEAER, HESHFE (0 < AfE) , MMIEELER 13,

4. AN{IFREN AR
—BEE V] RIRNEIGEER (GULBIIAEN (u, v) BK) , TTLUBIE TARKERR:

BEXTR: NZWRRTTE, i85 parent fEEHEIMA 15,

RBITER: R EIR—TRRSTRAER. XEMERIRRZERE ERIFETRREER 1
—MAEA 16,
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Week 11-13 NP-}[a@5iR{UEiE

NP-3)5E & P=NP? & iR{LlE5%

TFEEELRENMEE (MERER. FEKN. KTHETES) BrnkECHrE (AIZIzlY
B])) BE, ElIETNP-EE.

A graph coloring assigns colors to the vertices of a graph so that no two adjacent vertices
share the same color. In the Graph-3-Coloring problem, we ask: Can the vertices of a given
graph be colored with at most 3 colors such that adjacent vertices have different colors?

ENREMINSE:
* P (Polynomial time): AJLATE"ZINA A AR, XERRBERIANE DHF 2R
ERY (fian: HiE. #BR) .
¢ NP (Nondeterministic Polynomial time): E#rJLAES I AT EIFESIERYRE., SR
T—ERREREHER, BUNRBASTHR—ER, (FERFQEETARYT (Flan: #IR, #
E) .
e NP-complete (NP-5E£): NPEPRWERIRIRE, XE—MBETA02E5!: MPIREEKRE—HPRERR
HEA—/MEOEAFE, BBAFRTE NP XKIAEEERI LA RER R,
A P = NP, (({UKE"EA" NP RRRNZIMEREEEAER, REERE
AR ERAERYIIRR"
AESZFMIRICH, HIBCXSEEFRRY NV P [aIFR9 NP-532 (NP-Complete) [aJl
B

MTIXELHERER, TENRFRREMFARRE: FAURBES (NP-T2tt) MEMEE
NREER: AUEE

AEIREEE, HENMZREERIARER: PREFT NP?
o ENEMARIEHE: MR—NIEAIFTLR RIFOIE", BEEE—ELER RELE? (B8
REHRIFZRINA P # NP, {EEFKIER)

* MR P = NP, BBARRBHINP KEE (TEENEERSAARE) HaLIBEISHREI
8y, RBILpy P EPAJEIRT

EMEZEBR: RITEMNEE, SR EAREEERRMRAIE, FEERFSRINESRIE
ZEFE—ARERRRIEEER (RNE(RILL p)
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TRAE SR & MAX-3SAT [

Vertex Cover & MAX-3SAT

Vertex Cover: TS E=|a)qH

1. [REfER
G = (V, E) is a simple undirected graph.
simple: ;ZEEA.

Asubset S C V is a vertex cover of G if every edge {u, v} € E is incident to at least one vertex
in.S

. BREEFIRERE ER . WTFESE—FA, YRREBXFORRELE— "ER" (86
AL | IXEFRNEDESHE— vertex cover.

The V.C. Problem: Find a vertex cover of the smallest size.

MR EsRREEENESH—  RIRRESE (Minimum Vertex Cover)

Example:

An optimal solution is {a, f, c, e}.

EEFSLIRaPEENA, fil: NERE (FENST RPERe/NIERNT R nEEE
%) . BiR. LS.

HE—ENSRNIRESE—INP-ENEE. XEREXNTAMENE, HNERECEH. &8
EZ I B AR EI SR RERE.
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2. BIEE: mERiE
A = an algorithm that, given any legal input G = (V, E), returns a vertex cover of G
OPT; = the smallest size of all the vertex cover of G

A'is a p-approximate algorithm for the vertex cover problem if, for any legal input G = (V, E), A
can return a vertex cover with size at most p - OPT¢

The value pis the approximation ratio.

We say that A achieves an approximation ratio of p

EETIEE:
Input: G = (V, E)
S=10

while E is not empty do
pick an arbitrary edge {u,v} in E
add u,v to S
remove from E all the edges of u and all the edges of v

return S

SlE:

e Sisavertex cover of G

e The algorithm runs in time polynomial to |V| and | E|

We will prove later that the algorithm is 2-approximate.

fl:

Example:

Suppose we start by picking edge {b, c}.
Then, S = {b,c} and E= {{a,¢e},{a,d},{d, e},{d, f}}.

Any edge in E can then be chosen. Suppose we pick {a, e}.
Then, S= {a,b,c,e} and E = {{d. f}}.

Finally, pick {d, f}.
S={a,b,cde f} and E= 0.
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EIE:

The algorithm returns a set of at most 2 - OPT(; vertices.

UEBH: Let M be the set of edges picked.
Lemma 1: the edges do not share any vertices.

FOIE: ERREHIEEAINE AR a, iICEFRNLR e, BEFHIA e, Nk e BB
B a B9iLEf remove, BiE ey, BIEFE.

Lemma 2: |[M| < OPTg

{E% vertex cover, M HEFNEVPEFT—NTUREES (EHREA Graph HIFIELEZEDBN
TRERS) . BAM Fia5nigE AR, At |[M| < OPTg.

MZELEIREIRY vertex cover 5 2| M| N (BRILAIRNEBRIER) |, 2|M| < 20PTg, Bt
EALE S 2

MAX-3SAT [aJR&

The MAX-3SAT Problem

XEMRBEEERARRER. o X —EE:

variable: —Mp/RANEL =, B9 08k 1

literal (X=¢) : = EMNBR

3-literal clause (3%¥4)) : =MREFAAEELFH ORIZE

1 (iBl V xo V :E3)

S: FANES (MAX-3SATIEREH, 1E3FFaANES

X S hHMEEENES

A truth assignment (E{EWRE) f: X — {0,1}

ERERRS X £E5THENREEE—MIRE (081)

WETFH:

A truth assignment f satisfies a clause in S'if the clause evaluates to 1 under f
MREXNRE f T, XMFINERA 1, Wik fEEzFS.
FAR=ANFHN OREE, BRE fitFIPMHI—MNFHRIRER 1, ZFIHEHE
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MAX-3SAT [ARE: 5E—H n M3FFOEMNES S, HE— [ LAXEE X, FENHENTE
HESANK.

Example:
B S:{X1VX2VX3,

x1Vxo VX3,
x1Vx2 VX3,
x1 V X \/)?3,
)?1 V X3 VX45
X1V x3V X,
)?1 \/)?3 \/X4.
X1V X3 \/)?4}
n=8and X = {Xl,Xz,X3,X4}.

The truth assignment x; = xp = x3 = xa = 1 satisfies 7 clauses. It is impossible to satisfy 8.

MAX-3SAT 22— NP & NP T2

IERIEE: FENEE
A = an algorithm that, given any legal input S, returns a truth assignment of .S
OPTg = the largest number of clauses that a truth assignment of S can satisfy.
Z g = the number of clauses satisfied by the truth assignment A returns

IR A ZBEHIULETL, W Zs 2REHER. RIEIIXTERIHEE.

A'is a randomized p-approximate algorithm for MAX-3SAT if E[Zg] > p - OPTs holds for any
legal input S

FEAR, MEBEKRNERAE, BRRIILUEEZRENENNTFRAE p E8% (p<1)
The value pis the approximation ratio.

We also say that A achieves an approximation ratio of p in expectation.

Consider the following algorithm

Input: a set S of clauses with variable set X

for each variable x€X do
toss a fair coin
if the coin comes up heads then x<-1
else x<-0

EERETVRE

It is clear that the algorithm runs in O(n) time
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Theorem 2: The algorithm produces a truth assignment that satisfies Tn clauses in expectation.

8
n &S NFIHE

SNFOE § WERAHRE (SMBRRETOA T EHE)
HELE, n ANFEE Tn MERE.

7 7

E S gEn B FORERS B (BIEHE)

AL : %

4=t
hR{TRSIE)RE
Traveling Salesman Problem, TSP

Tl EERIMARRRZEERE—FRIL.

G = (V, E) is a complete undirected graph
Each edge e € E carries a non-nagative weight w(e)
A BEE/ATE)/ZRA. ..
A Hamiltonian cycle of G is a cycle passing every vertex of V once

HEHERIMTIZEES. BUOAN—MEMmER, SIEREMIRTIRF—R, HEEERRIAHT,
TR — NG HIERES

IR E S AT AR R mHF IR . iRt A B RIEES.
The traveling salesman problem: Find a Hamiltonian cycle with the shortest length.

HEIRMREIREZ: NP-#
HERREFMAERR, RSN K: NPRE

IEEE: RUVERERT + BRREA
A = an algorithm that, given any legal input (G,w), returns a Hamiltonian cycle of G.

ICRIEIEN OPT G W
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A'is a p-approximate algorithm for the travelling salesman problem if, for any legal input (G, w), A
can return a Hamiltonian cycle with length at most p - OPTg 4,

PAM, TSP X p THIAIEIEERZE NP HERT.

FEE, FI=ZBEEETFE:
We additionally assume that the graph G satisfies triangle inequality:
Forany z,y, z € V, it holds that w(z, z) < w(z,y) + w(y, 2)

HRMRZ A BB TRE. XEDHE T RLBEFPRIRALERS.
ERE=AAFNES, TR p = 2 FEUEERSR/INSETR

gxaa=%
(1) ZRE—1 MST (B/NVERRY) T of G

Example:

(2) IREN—NAIEI8BEE m, where every edge of T appears on 7 exactly twice. (RRBER)
MRFHEHTRENSER (EI— P =EALUSER)
Eitg O(|V]) Bfial

(3) IS IR RIEAITNRFS o (IFEU)
B%, #0 SN RE o

Rim, BH T

HEAMERTNR v, WRFKION o, IOA
NERELHIIN, TNME(E

&E, BrHRE—1TRINAN o

T ZEHRE—MEEMER, KE&RE 20PT6 4

p=2



Lemma 1: OPT¢,, > w(T)
EAERISZIARIAERE—REEERN, Bf—ER/)\

Lemma 2: The walk 7 has length 2 - w(T)

Proof: Every edge of T appears twice in .

Lemma 3: The length of our Hamiltonian cycle o is at most the length of 7
MA=AREFN:
Let the vertex sequence in 7 be w1, us, ..., u; forsomet > 1
Let o be the vertex sequence u;,, Uiy, - - -, Uiy, where
i1 =1<iy <...<iy <41 =t
o o HYTRM T TR FFIHistH

° ull - ul /_\Etz oY uZ\VHl - ut Eggtﬁ\

o IREIEANINRFFIRT LABHREBAIAGERZR, ARERE LEENRERE. RAZE TR
IMNEEEIRR, FTLAEIFRAAREAEAT MREE (BESPT—L, MARZEIBE)

By =A%, we have foreach j € [1,|V]]

i1
w(uij7uij+1) < Z w(ukauk+l)
k—i;
TERBEF, 11— 12>
INEREIEAE—FE, NFETNRAIAPET REE LRERE (EARAIAREREIENE
)
Hence:
\4 t-1
length of ¢ = > w(us;, us,,,) < Y w(ug, upr1) = length of
j=1 k=1

ZEFSRIRIS TR < XINERAFA = 2fE&R/NEMN < 2S5/ EIEA



EEEEITE & HHEME

Set Cover & Hitting Set

Set Cover: ESE= |

BE—NEENEE S, EHEAZEU = Uss S . RABRRESH—NFECC S, #BUH
BN TTREEDHIE C F— N ES

FEBR: HE— RN\ IESES

S Il:,\:

—£, EFE— I REERZ IR EERENESIINIEECH

T

The algorithm runs in time polynomial to n

IZEER 1+ In|U| iE

14+ (In|U|)-OPTs < (1+1In|UJ|)- OPTs

p=1+n|U|

EEROEZES 1 + In |U| BRI, FEEBSHHE—E®IRERRRBESTEMRLESE,
T EET RURSIIFMERLSE:
1. FSEX

o & C* HEfE, HEXINAOPTs = |C*|.
s RADEREET ( MES: S1,52,...,5:
o &z FTAEEET S 25, 2R U PIREESNTRNE

o MRS 20 = U], SRS 2 = 0
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2. %S HE: FRTREAEREE
Sl WFE—RER € [1,t], B

zi < Zi-1- (1— Op;TS>

IEBEZEE (VIESH) -

1. kR S; 2/, B8 zi1 DTRRES

2. BEAABIINE C* RFFT OPTs MEAHBEE MRS, BANERHERE, &C* v—5E
DS, BHESED Jok N 4IRESNTE

R

AR MRXENES — AR, BMANNESREREENTREERERT OPT,

ANED
|$D-

3. RILEESREPRIRE SR EmEA RS, B OERN S; s TREELAHE

|FNSi| > 555
4. F, ®RTER 2, = 251 — |Fﬂ Sz’ < zi1— OZI’;%S = zi_l(l — OP+TS)
3. BAKAE

BEBEATN, HAITLUSEISE t — 1 LRIRIRTREE:

t—1
a1z (1-opr) =101 (1 ohr)

FIRgERER 1+ 2 <e” (Hz=-1/OPTsH) , 15:

1
zio1 < |U|-e orTs
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4. Shggie
EABEES t PAER, RPE L — 1 PHEDEE AN TRIWES, W21 > 1

HE LRAREN:

1< U] e 5

PRIAENEARIEL In:

0<In|U|- g5z = <z <In|U|

t <1+ OPTs-In|U|

BOER T RIOEEF RIS AHE ¢ ABERMRN (1 + 1n |U]) 13

Hitting Set: THErh&E[Rga

BN AELEU—EANES S, FhRERUN—FEH CU, B HS SHHREES
S#ERE BHNS#0) .

BEEER: HE—RRIMIETE H .
SRE: TR E NP-#E AT,
S5&£aBEMNXE: TSNS SBERAR E2ARMDE,
o BIEHPEIRELNAESEZOA, ALEEI—EF 1 + In |S| AU ST AL+

8%,

o EBBIR: EB—A 0B, EMIRSNE S PSS S, AN eE U btz ..

o HEHREEE FNTHE— M HNENRRE R, FESIMENIIRES R FHEDS—NR
HEE.
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o XIRIFEILN REESME A

S1 Consider the hitting set example on Slide 40. Let us create a bipartite
s, graph G (shown left).
S3 1
Each set S € § corresponds to a vertex on the left of G.
S 9 Each element e € U corresponds to a vertex on the right of G.
S5 An edge exists between vertex S and vertex e if and only if e € S.
Se 3 -
Solving the hitting set problem is equivalent to finding a smallest
& 4 set R of right vertices such that every left vertex is adjacent to
Sy at least one vertex in R.
This gives rise to the set cover example on Slide 3.
Sio 6
Sll
512
XIFR

k-FRG ()R

k-Center Problem

LE—HTET—ER P —1M B8k, BE— AN ERPLFEC C P, #EENE (P
FE—REESRITOREBSIIRAE) &I\

C BN RERETL, FE—REPOFE CHEESFTER C NFEHORESNS/IME (B
ERITRIBR I IOAYEER)

CrESE: AMERE C REEBEPRISRAE. B C &EfIf =2l C RIIEES.
[ #HE—C, #58 C &zhI=E C REEEEIR/

HEERik: B/IMEpen(C) = max,ecp{min ¢ dist(p,c)}

NP Y.
IR : EEFLIE kMPD, EESRAEENET r?
NP 524

p = 2 BIAEE: &O
Input P, k
C+0


af://n3812

add to C an arbitrary pointin P

fori=2 to k do
p<-a point in P with the maximum dist_C(p)
addptoC

return C

F—MEE, ZEE N EiEESER C &ixly, BE LD

HXNET N ERNROEZE, Bt 2 (AFSERNETENBS KA 2 ) -
1. 40480, BEAERE P P—NRIIAES C.

2. BEHITUTEEERIC 9B kP
o 7£ P h#F—MEEMaIES C BiENAp.
o BizmpiIAC,

3. REIES

Theorem 1: the algorithm returns a set C with pen(C)< 20PT_P

Blp=2

UERR: 5.
P OB R NERIERS TIZEER 2-4EBURE (pen(Cours) < 2- OPTp) :

o &R 1: MREFRELA k PRISHFSHERMERN k MNEEREXEF, FIBAZAFRFRAAILIE
RAIEEASEY 2 - OPT,

o B 2: MRFZFER—RMBEXEAETHIR, BIOFTROERIERE, IEREHTRE
HRTPOERIEEBASETXA N RZERIEE, MXANRZENESREZRT 2 - OPT



Tut 11 1385
A

P RIERE: AJLAEREME R EIAZ T RS BRFRATERE 1.

NP & : JLEIFAEEERL ELAZ TR B RAE 2.

NP-hard [@&: BRIF P = NP, BNXEETRNMFEZSIIRIEEE 3.

2. 138975;% (Reduction)

EERE— Rl Py & NP-hard, AILABELATRNMEE 4

RECHIBE: HH— B2 NP-hard f9E)E P> 5,

BVERER: IRNREEKRE P, NZIEERE A, BBABAILIFIBERITHKE P, Y
ZIMARHEE A 6.

&5e: BB P, 2 NP-hard, FrlA P; BER NP-hard 7,

3. EfIst: EBEIFERA NP-hard

AENFEITIE 3-SAT [ (209 NP-hard) 329 0BIHIZEMRR (The Clique Decision Problem) k5%
FUERA,

o HXEX:

o
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3-SAT [@:: #HT—MERAT (BRSEE 3 1M NFHNFIHT 5 zREmMm) BEFERE
RN 1 NEERIR.

BIFEREE (Clique): EXEE G F, FIMESFE—IELES L1 TRRIIES S, 5
S PESRNTRREREE (B k-E) .

ISR

o ERININEELINEER: ENAER—NMFa+, BE(IERAEBEXRR (Hla0x, Flz;
ZIERNESD) .

o IEGRTHIERR:
o FHME: WR 3-SAT ANEMR, NE—FIHUE—IXFN 1, XEFHHATRREEF
1R — k-Hl .

BN NRESFE FE, XEMSNNANFEAPREREARAEFE, FELLAgiEd
3-SAT BYBEXU(E.

4. rETE

AR (Maximum Clique Problem): XZ2FFIERRAILILIRE, BiREkEIEhHEAR
k {EO

&0 FHEIRSHIEBE NP-hard, BMRE3ISFEBEUERERSE AR G@#E P # NP
BIRIR METEEZ AT B RRR,
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HIRE>

1. 2024T1 final &%

Problem 2 (10 marks)

HH: EETAOHNERE G = (V, E). BESIEN a, 1577 Bellman-Ford &%, 1T 4 14
MRME, BETERZESNRA € V 8 dist(v) A

BE: (FERERMOBEXGTIRER Free marks”, BMESDR, KRIEEEAEELE) .

Problem 3 (10 marks)

BR: < SHEE n NEMEREENES, kifk BT L < ki <k < nOESEH. BR
S FEEHES ., FRIT—MIERASERER O(n) NEZE, RS S PBHEETE [k, ko] SEERRY
B, T BYE S PR SET S PUIVTEHETIZEHI TR,

BR: 1. B%NA k-selection &%, £ O(n) HAEATEINIREISE k1 /NEEE 1. 4
2. BRI k-selection &%, 7E O(n) HALRIAINIREISE ko INIUEESS 22,

3. BEBEE—R S, REFERE 11 <y < z, 8Ty € S. BE—HHH O(n).

Problem 4 (10 marks)

BR: ©G = (V,E)hERLaE. SAZEERE 5 KUK, SN E Pgifias D EERE G
PETERY 538, WFRFE D C E A'S-HBIRE". < D MRS S-IEIAE. Rit—18%,
£ |V | (S EB R — M &SR O(|D*| - log | V) B9 5-3RERIAE.
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+1

X

v; €

1. &%, T G TS STMES S, Folt, BEEFTEISHRE (v1, v, vs, va, vs) (b
V) , HeEEsFKs (Ul, Ug), (’U2, '03), (1}3, 124) (’U4, ’U5) (1)57 Ul) EEETFE G,

WS S-IESMRAEZRER O(|V]®), St |S| = O(|V]°)
R, BRI EERNELEERTERE.
2. ZIAFIERA D — N NIETEE S higE—A 5-5R, iXE— P erhEEREE (Hitting Set

Problem) RIS/,

3. NFEtRERIAEE. BITHERARXT V NESIaRE. EUtESH

14 In|S| = O(log |V]).

Problem 5 (5 marks)

asEE

1Efzi§i Goofy ?ﬁﬂ_ BRE G Lisf7 DFS —ExEITI‘EU}:EW? fibSRLATER: ¢ E'F—AH?&J_

\\\\\

c E’JJ=1’C7 lﬁlFEHHIEEH

Let G be the following directed graph.

a
!
e \\*,h
b / I,/ k
\C O T\\ol
O = 0——.‘0-/
d i J

EF: RIEQIEEEE (White Path Theorem), ¢ £ DFS &M FRIEHR: b,d, g, f,h (E: EXRR
NHERR e RN, RIEESMERIER c REAXHNARIIR) .
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Problem 6 (5 marks)

WH: ARSESAES, BiEP = NP, EUSESHRMEEE, Goofy #uSs T — M stk:
ek < n, SH—AMUEESH k WRSES, (ATRREIT —NEFHEHR O(n® - k') fE
%, %R P = NP,

BE: Goofy MUSHEAE(TMIAN O(n!?) (AR k <n) . HTHIS/IVIENTISES, RITT
ASBIREE k = 1,2, 3, ... i57i%E%, AESEERERRAESEE. SETHDEE
O(n'%), BFzu=Atia, HitsgR P = NP,

Problem 7 (10 marks)

BH: BEE—IR n KKAOMEIEIRL n B 1 KAV, I8 KBNS R Al], RiT—1NahS
MpEE, 7 0(n?) MEPHEHEIVERA, TIREGBIPRS. EEEARESHT. 16161616

+1

B8 1 RBARN: € OPT(l) i | KKAIEIZEIR 1 KERSMEA, W OPT(1) = 0, MF
1 >2: OPT(l) = A[l] + min!_} (OPT(i) + OPT(l — )). 17

2. 8% BRIAFHTEOPT(), 18

3.9 84 OPT(1) %E O(l) iia, 18 OPT(n) maman Y, O() = O(n?).
19

Problem 8 (10 marks)
IR RAYESe 2 EEE R

BH: EX'SHERTEANER s ik, hiE S FREEMEFRIRES—X, &EEE s, ’it—
MEMANEEE, SKKEEZH2 - OPTH S-EBRITE, Hb OPT R&/IMBRKE,
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Let S be a subset of V, which includes a source vertex denoted as s, and k other destination
vertices, where k is an integer satisfying 1 < k < |V| — 1. Define an S-round-trip walk as a walk
that starts from s, visits every destination vertex of S at least once (the order by which those
vertices are visited does not matter), and then ends at s. Recall that a walk is a vertex sequence
UQ, U1, U2, ..., g, Where {u;, uiy1} is an edge in E for all ¢ € [0,£ — 1]. The length of the walk equals
the total length of all the edges traversed. For example, consider G to be the following graph. If S
has source vertex d and k = 2 destination vertices a and g, then an S-round-trip walk is dabcdg fed,
whose lengthis6+1+1+4+24+1+2+14+5=19.

a

7

bo d
2

O

g

10

BR: 1. 8hER—%2E (B) G* = (S,EY), 3IF SHEEANIR u,v, 8 {u,v} HIE
ETRE G & v 5 v ZENREKRZES. XOULBE SN ERNSERETEK. 21

2. OPT fYEXNT G* AR ERRENRERIME. SE—IMRKEEZH 2 - OPT NREIRE]
B C (AR EeRIEIER) .

3.5 C B RREFTE: WF C EBRMNESIRR u, v, il {u, v} BIRAREH v E v 19
R, BRMNMTERES CHR, 282 OPT,

Problem 9 (10 marks)

&H: Goofy BIEXWFE {a, b, c, d, e} iE(T Huffman BIEFHEE T —IRFSEMIHKSHK (WE) . EX
a 1 b ABREA 1/8. K c, d, e KBTEFHHAFER,
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AV
/\
/N

R 1RIE Huffman EZIEFHIRE:

1. ERARESEAT a, b IR 2 GRE1/4) , WEREATAS e SEbHAEE A%,
2;&%{%& fc > fa = 1/8, fd > fa+fb = 2/8, fe > fa+fb+fc — 2/8+fc° 26

3EHTRUREMN: 1=fot+fo+fetfatfe>1/8+1/84 f.+2/8+(2/8+ f.).

4 H— S8 f, = 2/8 (B11/4) , f.=3/8



Problem 10 (10 marks)

BH: < CHE G PESR, e 2 C PERKIA. A G FE—RAEE e Ns/I\EMN
(MST),

BE: .97 HGEHES—BRMST, MR e* AT th, aISIL.

2 MR e ET" B NT™ iz e* SBED AR NEEDE 11 7 Th.

3.IRC wAEERR—FKiBe # e, He & T 1 T2 PHITRR

4. BeEET T, 52— T, HEWNERSEE T* (AH e* BAPNERKN) . Eit
T HE—E MST BAE e*

Problem 11 (10 marks)

FH: B G ERiR. AHE—MEX £ O(|V||E|) HEnien G BEEEKERN 0 IR, FHIEFIE
HHEFDITEEERE,

EXR: 1. EFBUE (Re-weighting): MRZIEFNEASKIMINE, R Johnson EiEHEIS
%, HENEEA V — RESHNE w'(u,v) = w(u,v) + h(u) — h(v) > 0, BFERR,
XAEILTE O(|V || E|) BIER5EH.

2. 18 0 IR Bk G hATEHFNE ' AIERNA, REENED 0 RUILEEIFE G/,

3.G 88 0 IRNENY G’ BAT, A DFs 717 O(|V] + |E|) MEmian ¢’ aaw. et
[EISZ:EH Johnson BixES, K O(|V||E|)
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2. sp-ex afif

3. IR SRR
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