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fl: IENESHERBMNIRG];, ETFXILXESHTESMIRE.
o TJiHEM (Computability)

ARBLEMETLATERN, BLnEEAnit&Eal.

f5: {EHERA (Halting Problem) 2ABIHIERY. I Appendix 1. {FHLiM .
o SZ (Complexity)

AR AT E AR

BfRReTRE, Bt OEEFES /OIS E).

1. Bzl

Automata
FEHH=E:
e BIRE@N (Finite Automata) : no temporary memory
FEFEEIRRY "B BR—MEERIARRILE.
f5): Vending Machines

small computing power

“BIREERMRE, BITITRBENRE "SRR CIZBIRER, IRBTUMFREESE (F
B FETEREFHEN, KSEASHAULUEEER, RERER) .

REERBIIEAMIES (regular languages) , TLEMEFETIRITAEBRELLERIER, Wid
BESESLEK.

o THEEZWL (Pushdown Automata) : stack

Compilers for Programming Languages

medium computing power
e ER#L (Turing Machines) : random access memory

If any algorithm can be solved by computers, it can be solved by Turing Machines.
ERTSBATERE, NEWNLHIHENTIIBTEEFRINE, BRI EEEEFER.
ERY (HieL) BRRKNETEAFE, TUESIBNEEL, JLURFIIESER

SHfER.
2. iesNiES

Formal Languages
MREESATHSR. ARUEN, RROUHFSHGEESH.
PR "L RFER R AIAR, MREARRE.

HIEIES (C. Python, Java) BiR—MHNIES.
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RiFsBIREDHT &IEEDTT, REEFESHGIAR FrAE" HlGiZm “aF

— M RIES ERERD IRk :
o BEE&ES (asetof symbols)

o FEZREHIN (grammar)

TE N IIE X T SRR — e MBS F (sentence) .
RSB SANEERN.

FRE (string) ENFSESEEEMAFSEMNFS (F—E&%) .

BF (sentence) BRIAIEEMNAI=RTE.

Lec 1 #15Efil

2025.9.2 - 2025.9.21

1. 88

M K= term 1 ENGG 2440 B#%i%* 6. Set Theory and Counting Principle .

1.1 EX

A set is a collection of elements.
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1.2 FTSFER

1 € A = 1is an element of the set A
ship ¢ B = ship is not an element of the set B
C ={a,b,c,d,e, f,g,h,i,7,k}
C ={a,b,..., k}
{S {2,4,6,...}
infinite set = ¢ S = {j: 7 > 0, and j = 2k for some k > 0}
S = {j: jis nonnegative and even}
Universal Set = 4:4¢
Complement A = ¥
UnionU = Jf4
IntersectionN = %4
Difference— = %4
Subset C = T4
Proper Subset C = H 14
Disjoint Sets = H/Jf. A% ANB=10
Set Cardinality = # A = {2,5,7},|A| =3

£ A={1,2,3}, B={2,3,4,5}, WA— B={1}, B— A={4,5}.

finite set = {

(: Empty, Null Set, =&

0 ={} (The set with no elements)
Sub==S
SNO=10
S—0=S8
D—S=0
() = Universal Set

Powersets: Bt

A powerset is a set of sets. ig S = {a, b, c}, M Powerset of S = the set of all the subsets of .S,

iofE 25,
= {0,{a}, {0}, {c}, {a,b},{a, ¢}, {b, ¢}, {a, b, c}}

If S'is finite, then [25] = 219,

Partition: 3|

A set can be divided by separating it into a number of subsets. Suppose that S1, So, ...,

subsets of a given set S and that the following holds:

o HWEAME3Z: The subset S1, S, ..., S, are mutually disjoint;
e S1USU...US,=5;

¢ None of the S; is empty.

Then, S1, Ss, ..., S, is called a partition of S.

S,, are
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1.3 EERE

DeMorgan's Laws

RS
C
Sy
I
]|
C D
Wl

BN
D
Sy
I

1.4 HRRIR
Cartesian Product
A= {2,4}, B = {2,3, 5,6}, my

AXxB= {(27 2)7 (2a 3)a (27 5)’ (2a 6)7 (47 2)a (4) 3)7 (4a 5)a (47 6)}
|A x B| = |A||B|

BFHEE, AXx B+# Bx A

2. A&

Functions

B—PES (domain) PRITERDELS—IMES (range) PRIME—TTHAIANY.

Rules that assign to elements of one set a unique element of another set

domain —

4 A
1 f(1) = a
2 S
3
5
f:A>B

£EREL (Total function) : ENIKHFRIFTETTREHREEE.
{mEREL (Partial function) : EMIHRIRLITRIRBIRST.
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3. M3t

Asymptotic Analysis

EML K= term 1 ENGG 2440 BE#%* 5. Asymptotics .

Big-0: FRRHAMIZKAHLSR.

f(z) =0(g(z)) if Fec>0,z0>0 suchthat Vo >zo, f(z)<cg()
BRA—TRHILUBEZ Big-0, BEEREERANLR, LURHERHIERKER.
EFR: cXTFO0.

Big-(): RFHLHIZKAHTR.

f(z) =Q(g(z)) if Fe>0,x9>0 suchthat Ve >zo, [flz)>cg(x)

Theorem 1

f(z) = O(g(x)) is the same as g(x) = Q(f(z)).
f(x) =0(g9(z)) = Jec>0, zg >0 suchthat VYx >z, [f(z)<cg(z)

< 3¢>0,x9>0 suchthat Yz >z, g(z)>

By taking ¢/ = < > 0, z{, = zo > 0, we have g(z) = Q(f(z)).

©: RESHRE O 2 e, ERESIEKHTIN.
f(z) =©(g(z)) if f(z)=0(g(z)) and g(z) = O(f(z)).

f(z) =0(g(x)) # f(x) = g(x). It just means that
deq,e0 >0, 29 >0 suchthat Vx> zy, cig(z) < f(x) < cag(x)

ReeinBs f(x) 7 g(z) B,

Small-o: FREEER (FHEESH) . Lt Big-0 EFEHRE.

f@) =olg@)) if Jim Sz =o0.

EMTF

f(z) = o(g(x)) if Ve>0,3xzo>0suchthat0< f(z) < cg(z) for all x > x.

FERMABUEETR ¢, 9(x) Bl f(z) BNAHE.

f(z) = o(g(2)) = f(z) = O(g())
f(z) = O(g(z)) # f(z) = o(g(z))
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Small-w: #RTEETH (THEEERN) . kb Big-Q EEHIRE.
f(z) = w(g(a)) if lim 45 =0,

FNT

f(x) =w(g(z)) if Ve>0,3xe>0suchthat0 < cg(x) < f(z) forall x > xy.
FERENARUERER ¢, g9(x) B f(z) EMAHE.

f(z) = w(g(z)) = f(z) = Qg(z))
f(z) = Qg(z)) # f(z) = w(g(z))

4. xR

Relations

RRBESICTHNEEMS, EREE—MR (general) .

4.1 EX
— KR R 2—HBFY:

R ={(z1,y1), (x2,92), .-}
R (z,y) € R, BEANCHE zRy.
R BMEFHIE TR, BENE—ME
KR BMEHFH—ER, INESRSME, EERBUNE.
KRE 2, REERRN—FEIRER.

Arelation from a set A to a set Bis a subset of A X B. Hence, a relation R consists of ordered
pairs (a,b), where a € Aand b € B.If (a,b) € R, we say that a is R-elated to b, and we also
write aRb.

fl: E€'Y R=">'82>1,3>2,3>1
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4.2 FHHXFR
Equivalence Relations (= or ~)
"="EELIRR XN, AERE.
—PRE R MRHBBUAT=AEM, HRAFNKER:
o Bt (Reflexive)
SER z, B R
o XIFRME (Symmetric)
= xRy, M yRx.
o (&3t (Transitive)
HrxRyB yRz, W xzRz.

Bl FF5'="

Bl2: EIFREBEHEL, EX—TXRAR:
xRy if and only if z mod 3 = y mod 3.
718 R 2—MEMXR.
ELiR EBAEREED R T =MFME (Equivalence Class)
o RECHOMES: {0,3,6,9,...}

o REH1IMES: {1,4,7,10,...}
o REH2MES: {2,5,8,11,...}

5. Eig
Graphs

L K= term 1 ENGG 2440 EE#%: 9. Introduction to Graph Theory .

A directed graph: BRE
Nodes (Vertices): TR/ T3

Edges: 1
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A directed graph (digraph)

&
node
€dge e
* Nodes (Vertices)
V={ab,cd e}
» Edges
E={(ab), (b,c), (be).(c,a), (ce) (dc), (eb), (ed)}

Labeled Graph: tricE

Labeled Graph

Walk: iiE / £17.



Walk

Walk is a sequence of adjacent edges

(e, d), (d, c), (c, a)

Path: &=

Simple Path: fHEEERE



Path

Path: a walk where no edge is repeated

Simple path: no node is repeated

Cycle: ¥
Simple Cycle: fE5F

Cycle: a walk from a node (base) to itself

Simple cycle: only the base node is repeated



Loop: B

Loop

An edge from a vertex to itself

* (vq, V3), (v, V,) is @ simple path from v, to v,
* (vq, V3), (V3, V3), (V3, v4) is @ cycle (not simple one)
* There is a loop on vertex v;

Euler Tour: Ef}i[D]Eg.

A cycle that contains each edge once. B&IBEFE—IX.

Hamiltonian Cycle: I§ZZ{RO]ES.

A simple cycle that contains all nodes. & MNTRIAFE—IR.

Trees: #



Trees
root

/ \ parent

O ()

leaf
Q child

Trees have no cycles

root

/

Q O Level 1

leaf / \ Height 3

Q Level 2

Level O

Level 3 —



6. iEBR7T

Proof Techniques

B, RIEE, #FRNE.
Direct/Constructive Proof: E}iEER.
f5l: For integers a, b, if @ and b are odd, then ab is odd.
UEER:

ab=(2z+1)(2y+1)
=4dzy+2zx+2y+1
=2Q2zy+z+y)+1

z=2zxy+x+y ab=2z+1.
Not only did you prove that a 2z exists, you constructed an "algorithm" for generating this z.

This is an example of a constructive proof.

Proof by Induction: #ZI34R%.

Proof by Contradiction: RiE#.

Lec 2iFE i&ix Bl

=

1.185

Languages

1.1 F8%
Alphabet

FEE (BEICSEY) 2—1ERIFFSES (ASetof Symbols) , HPBNMISTRAFE
(Symbol) .

Y =A{ay,as,...,a,}, n>1
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1.2 =58

String

BEFERY, —FHBEHEN X FERHETIMMS, RINFASSZEIREREFS.

wW=aas...ay, G €N

lw| = n EFFEIHE.

(2025.10.18) FE, ANFEEIRITICHIZFE

ErLTR.

1.3 ZFFRIZE

String Operations

IBw=aias...a,, v=">bby...b,,.

1.3.1 &%
Concatenation
wU = a1ay...a,b1by... by,

|wo| = Jw| + ||

1.3.2 ¥

Reverse

wR:an...agal

1.3.3 Biz8

String Power / Exponentiation

1.3.4 Kleene E2

Kleene Star / Kleene Closure

FFERREHZARN. B2

—MES

PEZH

=aA

F1r

EREY

BE—FEEX Y, Y FRrE X PRRFSERITE TR EIRFRENES, BETSF/E A
¥ = {a,b},X* = {}\, a,b, ab, ba, aa, bb, aba, ...}
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1.3.5 Kleene IS
Kleene plus operator
Recall Kleene Star:
B/EFERY, X' R-HE Y PASEARNFIEURINERFHENES, SESF/E A
¥ ={a,b},X* = {)\, a,b,ab, ba, aa, bb, aba, ...}

Kleene plus RIZTE Kleene Star f9EAR FXigzs=/a. Bl X1 FRRA X PIFSEMNFEIESEER
FRHBNES.

¥ ={a,b},X" = {a,b,ab, ba, aa, bd, aba, ...}
Xt =%* — .

1.4 =F5H

Empty String
A string with no letters: \
IA|=0

AW = wA =w

1.5 F&R

Substring

FEFERY £, —FHE 2z BRI FHBE w TR, NRFEEFFH u,v e X", FFw = uav

BE—NFERY, Y RTH Y PRFSERNTETRENERFAERNES, SETSFRHE A

¥ ={a,b},X* = {\, a,b,ab,ba, aa, bd, aba, . ..}

>

o

0 1.3.4 Kleene E5Siz

b

MR v =N, B4 x 2RI (Prefix)
WMRv =N, B4 z 2RE (Suffix)

WMRu=v=\, BBAz=w (FFEEECHFE)
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1 G\Ed_

Languages

ERRESH, 155 (Language) BXA I (UER—NTFE mOER, &
FFERHEENFERPIIFFSHK.

#l: ¥ ={a,b},x* = {\ a,b,ab,ba,aa,bb,aba, ...}
Languages: {A}, {a, aa, aab}, {\, abba, baba, aa, ab, aaaaaa}
IR BEEALUAEE, B0 # {\}

IESTLAER (Finite) , BATLAEER (Infinite) :
An infinite language L = {a™b" : n > 0}.
A€ L,abe L,aaabbb € L.
abb ¢ L.
(2025.10.18) XERLIRIENZEFFHHE, FEKE.

7 ESEE

Operations on Languages

1.7.1 3ZFHhE
S8R THE) IRTIES:

{a, ab,aaaa} U {bb,ab} = {a, ab, bb, acaa}
{a, ab,aaaa} N {bb,ab} = {ab}
{a, ab,aaaa} — {bb,ab} = {a, aaaa}

Complement: L = * — L.

{a,ba} = {\,b,aa,ab,bb,aqa,...}

1.7.2 %K

Reverse
Definition: L® = {w® : w € L}.
IE=PIFTEFR RS BB,
B

|:|

HFFTE,

XL


af://n424
af://n442
af://n447
af://n454

{ab, aab, baba}™ = {ba, baa, abab}
L={a":n>0}= L% = {b"a":n > 0}.

1.7.3 iEE
Concatenation

Definition: L1 Ly = {zy : ® € L1,y € Lo}

#l: {a,ab,ba} {b,aa} = {abd, aaa, abb, abaa,bad,baca}
BREUSERTRR, BEF—H.

1.7.4 FisH

Definition: L™ = LL--- L
—_—

n

w3, L0 = {\}

B
L={a"":n>0}= L?>={a™"a™™ : n,m > 0}
aabbaaabbb € L2.

Note that n and m in the above are unrelated.

1.7.5 Kleene E=S
Star-Closure

Definition: L* = LU L' U L?- ..

L shty S TR AASRINES. 8, L MR rRITHT.
BETFHFE N

1.7.6 Kleene IS
Positive Closure, IEFAE
Definition: LT = L1 U L2 U

L*=LULt={A}UL",

B¢ LA, 98 L7 = L* — {\}. I80R L A588=F/FH, WL HE=x

FIFER.
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2.i8i%
Grammars

IBS =5 +iE%

2.1 EX
A grammar G is defined as a 4-tuple:
G=(V,T,S,P)

where

e Vs afinite set of variables (ZLEEE / IFLRLERT)
FIASHRIFF, FAREF=ERAN P i

T'is a finite set of terminals (REFFES)
SCORFRF, A BEBEHREIRTIES.
FANER, NREEFEESR {a, b}, REERNFHERSH o 710 B
Sfr ERRRZIE EERANE SN AIFEER.
TR, BEFESEAARNEH A\, AR BAUESE A

e S €V, called start variable (24425 8)

e Pisafinite set of production rules (F=4EZ{HINI)

MURFERAEER A — o HP A BXE, o BREMNEREFFERIFHES.

ERFITERRNTRE: NEREENR, RIEFEXNNAHERE JHRER) BitlE, BEIRFTE
55T

2.2 BiEEEXIES
WERGSHRETEY, BSTHEFEL
F—MEVEESINAE, T 1.6 #5  CIEESEUNFERI Kleene Star KIEETE.

FIME NSRRI IER (PN EF) | BRAIEZRERKEXIESEAFERIIBERESAIA
R (B—ENN, MRk —NFE) .

ESICENER "HATURFNIES", EfR.
ERICEER RS RIS LRN", EFEERIIZIE.
Let G = (V,T, S, P) be a grammar. Then the set
LG)={weT":S="w}

is the language generated by G.
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=t FRGTERERS

i 1
Bl G=({S},{a,b},S,P),P:S— aSb,S — X

58 L(G) = {a"b" : n > 0}.

23 A8 & A)F

sentential forms & sentence
BEEEFaRRIEREY. aifGousRANSENET9E, 97U E2RERNSEREREFRTE
BEIN.

Ifw € L(G), then the sequence
S=>w=>w=...=>w, =>w

is a derivation of the sentence w.

S, w1y, ws,...,w, are called sentential forms.

LR TEERNNATE PEMASER IR
SHESIRE—F, T2HRRERFER, MEKR T —MEF

5l 2
{5 2: Find a grammar that generates
L= {a"b""" :n >0}

==RNECS
G = ({S}.{a,b}, 5, P),
P:S— aSh,
S— A
= L(G) = {a"b" : n > 0}.

BNREELEM EHTEE, FeNMIFRESZS—1b:
G = ({S,4},{a,b}, S, P),
P:S— Ab,
A — aAb,
A— A

EIRRIBHMRIEREESIRIN—1 b, PAISRERGY 1.
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51 3
7 3: EEEx
G = ({S},{a,b}, S, P),

P:S5— 88,
S— A
S — aSh,
S — bSa
fmE=

L= {w e {a,b}" : ny(w) = ny(w)}
FE a 1 b EEENFFRTERES.
IERR :
L(G) = L.

BRIEBASGE G 1RYFAERERE a f b HEEFFRE.

Bt G FEESUM TS SR, SFERE o F b #HENTE. B2 L(G) C L.
SRFRIERR L C L(G): #%1348% (Induction) .
@ IAIRIZ (Induction Hypothesis)

Assume Vw € L with |w| < 2n can be derived with G.

@ |3gEE (Induction Step)
IERR: Yw € L with |w| = 2n + 2 can also be derived with G.
w1l B w = awib (BEFRR) .
E w, € L. B |w| = 2n. By assumption,
S =% w;

Blw; € L(G). XRIREAMRIZEHN.

EEIIE
S = aSb="awib=w
Bw e L(G).

w = bwya FEATE.

BR2: Fllw=a---a (BEHER) .

2n+2
B1IE: BEHLREANELS. T Appendix 2. BEHLIGE .

WEEIGEE, S8E— ol (+1) , 8820 IAREER (—1) . EEREER, WLEEE
w DAKE < 2n WFED, XFMBRDEHERE o 11 b HERF.
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B wy € L with |wq| < 2n flws € L with |ws| < 2n such that w = wiws.

WAILUEIE A = ng (/) — np (/) FRERHFEERIEN o 5 b MEEE. FmE—aRe
A = +1, FEEE—NERE A = -1 BAE—2EH A REEH +1, EitA +12 -1
WELS 0.

By assumption,
S=%w;, S=%ws
Blw; € L(G),ws € L(G). XERIBIFHNEIZS L.
FSlli
S=85="wS="ww =w
Bwe L(G).
w= u CiEEEIEES

2n+2

® £l (Base Case)
EEERE n = 0 UERIe]. (E2IERAEEEAER 2: Fllw =a---a (BEER) . ZBEREXK

2n+2
n > 1 (BIZEMKEN 4, 20 abba 1 baab) . EILE n = 1183, BPIGIE Vw € L with jw| <2 x 1
can be derived with G.

e weL,|lw =0: \.BAHE X € L(G) (S=)) .
e weL,|wl=2:ab& ba.Lhabfl, S = aSb= ab.ba FE. Bt w € L(G).
I8 L P FRE—ENBY, FTEESEITHNKE.

RIEIA9, Assume Vw € L with |w| < 2n can be derived with G,
= Vw € L with |w| = 2n + 2 can also be derived with G.

n = 1 AEgRSZ, MVw € L = w € L(G). Bl L C L(G).

&R, L(G) CLELC L(G) = L(G) = L.

2.4 iEiEF N
Equivalent of Grammars

Two grammars GG1 and G5 are equivalent if they generate the same language.
B L(G1) = L(G»).

B
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G1 = ({S},{a,b}, S, Py),
P,: 5 — aSbh,
S—= A
L(Gy) ={a"b" : n > 0}.

Gy = ({87 A}’ {av b}7 S, P2),
Py: S — aAb,
S — A,
A — aAb,
A— A
L(G2) ={a"b" : n > 0}.

3. BN

Automaton (E2#§)
Automata (%)
BIlE—MHSER, ofLAIRRA—EEEa oz TR,

i MVERE: RS (State) . #F8 (Transition) .

3.1 $EUTRR & SRR

Accepter & Transducer

Bt URIE R A 59K

UGBS (Accepter)

An automaton whose output is YES or NO.

RIER R ARIFAFNRBIRES. CRERESEEE— 75, AERIBRERINARHX
FRBRS "G5 BES HEFEMRI

i YES: BREERS, AN ERRAETUZAIMRL.
W NO: BRERSE, RRENNZFERFTEIN.
ART5M48H DFA 0 NFA EBiEHRIES.
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Transition Graph

Finite Accepter

initial final
state state
transition "accept’
state

M qo ik, RETEIE qu BURR, N q4 HiELE.

BEHASE (Transducer)

An automaton whose output are strings of symbols.

HIRER R R EIERI =S EAMNEN—MANF TR, RSRIERMNENR— I FvE L
FRFER.

f: Smi¥es. JmESes. fRRSES. Mealy . Moore #l.

3.2 DFA I EBRBGIN

Deterministic Finite Accepters
Deterministic Finite Automaton
DFA
HREBRINSEI / BEBREM
Deterministic Finite Accepter (DFA) is defined by the 5-tuple

M = (Q7276aq07F)
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i,

REES Q: afinite set of internal states.
Bat B E RS BIRES.
BEVERES. FERE. ZZRE (BERT) .

\

BIANFRZE X afinite set of symbols called input alphabet.
BIRIFESERS, (HUERIXENSSLENFRIE, YRHIXNFERPIFRAHERK.

EigE, MRBAFFRPEA T —INET X F/, BRARBRE § FFXMINZRENX
B (undefined) . ILERHX GRS "R B "BHIR".

(BFESEITSEilh, BHARAEEHENRRAIE, FIRISIA— TAHHARS / ETRE. Trap
State E— MR, —EHNENRT, (EARSNMNSTARETT. FTENERRESHEN
HRALIEETET. £ other KETE T FhI9FR, NIGHHEHEE

5(gi, 0ther) = Girap, O(qurap ANY) = Gurap XK, FHTBBIEFHOTHEHLRSE—
AT, M TTHRIETELS,

BERBEEJ: Q x ¥ — @ called transition function (Total function).
SR IES: N
Q x ¥ — QERRE, BEZ—IHIKSHI—MEAGTS, ARALEE—HNT—MAE.

Total function EREXMINFMEFRER, WHHITEEN K& + W\ HE, RS
<, BBEER. X2 DFA "IBEM" KR

VAR qo: qo € Q is the initial state
BIRENBE— NI FRRRTONET, ERENIBIRSHER.
TR, NREFRHHEEWES, W g € F. AABIWNESFRIERN, AT HERSE
%, BMETREMEEEDEATE qo.
BRIREES F: F C Qs a set of final states
DFA $£5%2 / R FRIEBHIE: BT BEMIANFTREE, MRRFEE F PaoEHT—MR

&, BPARNFAIBRHAIER (i YES) . MREEIRRERE, BAFITERMEHESE (B
NO) .



Transition Graph

Finite Accepter

initial final
state state
transition accept
state
LALCE 941,
Q ={90,491,92,93,94,95}
Y = {a,b}
F = {Q4}
5(q07 a) =q1
5(q07 b) = g5
T (1220
EBREI LA AR kRN
) a b
q0 q1 gs
q1 qs q2
q2 qs qs
qs q4 a5
q4 gs g5

g5 g5 gs



3.2.1 i REETSEREN

Extended Transition Function &*
HEN—MESHR, TEN—BINFHEZS, RESFREMAE.

QXY —=Q

Transition Graph
a,b

Finite Accepter

initial final
state state
transition "accept’
state

0" (qo, ab) = g2
0*(qo, abba) = q4
q

§*(qo, abbbaa) = g5

TEHE: Thereis a walk from ¢ to ¢" with label w < 6*(q, w) = ¢’

5 TERSEREE— R ETE KA, 56" XSRS,

¥ REERBRENIETEN (Recursive Definition)

§*(g,A) = ¢
8*(q, wo) = § (6" (q,w), 0)

BRAENVEEESWENES: — M EFERII—NBASE.
@ EAER (Base Case)
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8" (g, A) =¢q

XEMNBBEEIER. INRIRT ¢ FHa, BLENFHEETH, BBABEBEART, FERS ¢

@ BIFEE (Recursive Step)
§*(q,wo) = 6 (6%(q, w), o)
IXEHNTE X T IEEE— N E=F /R, BIRFRED RN w, o FEES.
o w: FREBAWIRED REFE—FRLUGMIERS) | FTHERRKNFRE, taseRsa.

. o FHENRE—TH.

BRAENHNERR, BERH 6" (¢, wo) AR, 5, BIBKEMN ¢ FHR, RiET w HBDRFE
BRI, XNMERFRE 07 (¢, w). B=F, NE—PBERRIRES 6" (¢, w) Bk, BEASERNRLER
BRE O ENRE—1F o, BESUEIME.

R AMERKFFFBRNER = MERE—\RIER + BE—F.

3.2.2 {f DFA &2 /IEBINES

Language accepted/refused by a DFA
i2— 1~ DFA 8 M.

Definition: The language L (M) contains all input strings accepted by M.

L(M) = {strings that drive M to a final state}.

B 1
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L(M )= {abba} M

71 2

L(M)={A,ab,abba} M

FiEN
ForaDFA M = (Q, %, d, qo, F), language accepted by M:

L(M) = {w € =* : 6*(qo,w) € F}



W i F

ER, —M M EZRIES, MUEHEFAREENR M £2, MECEaamamn M &
ZHIFFFER.

WNRRBEBDW M ZZAFFTERMRAIES, FEMAR M ZZES, URESHE—EF
FrER M 1848, tHABERRAW M ZZANES.

—* DFA SME—MES, (BE—NESTLIRZNARERY DFA. BA—MESILAXINZ 4 DFA,
EXTHHA—NEWES, REEE—"T&/IMLE DFA BRAIE.

W 3.5 R&E®ME .

Language rejected by M:
L(M) ={we X" :§(q,w) € F}

ERIRMBEAH M EZHFAHEES. T8 M EEESARETRELFRIEMIER, M
FRE#EMEIES, BERSTIER M BBIFRES.

WNERRBEBDH M BBAIFFTERERRIES, FEEMAR M BEIES, IRESHE—E=F
FFERIR M 2%, thARRERRIM M ERRIES.

3.2.3 IEMES
Regular Language

A language L is regular iff there exists some DFA M such that L = L(M).
TR, ENERRZE DFA, T2 NFA.

All regular languages form a language family.

N
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The language L = {awa : w € {a,b}*}
IS regular:

L=L(M)

Ch2

5 3: All strings containing exactly 4 "0" s and at least 2 "1" s.



f5 5: All strings ending in "1101".

f5l 6: All strings whose binary interpretation is divisible by 5.



JRIE: WNR—PELN BRUA 5 BOREZ r, BBATEERN—HERERMI—MEb (08 1) /5, #Ey
BER2N +b, FEORE ' 22r+b mod 5.

NERIGDHIRREN 0, 1,2, 3, 4 AR

51 7: All strings that contain the substring 0101.

f5] 8: All strings that don't contain the substring 110.

1 9: Find DFAs for the following languages on ¥ = {a, b}

(@L={w:|w| mod 3 =0}



(b) L = {w: ng(w) mod 3 > ny(w) mod 3}

5 10: Every 00 is followed immediately by a 1.
TR, MUEEESN=10, mEXRELKRERERE 1800,



0

5 11: All strings that start with 0 and have odd length or start with 1 and have even length.

0

1 01 0,1

51 12: All strings where every odd position is a 1.

0,1



\|

0,1

3.3 NFA IEfEBREN

Nondeterministic Finite Accepters
Nondeterministic Finite Automaton

NFA

IFHERMRRSEN / IFRERRE ML

Nondeterministic Finite Accepter (NFA) is defined by the 5-tuple
M = (Q72767QO3F)

i,

KEES Q: afinite set of internal states.

BIANFRE X afinite set of symbols called input alphabet.
BRI Q x (B U{A}) — 29 called transition function.

Q x (TU{\}) — 20 BBE, BES— YIRS —MANGS (TLUESS=RTSE
1) | AEAHT—\TRUASAIES. The range of & is in the powerset 29, Bl Q HIFFEFE
EATTEERES, TRPEETE.

IR, NFA FUEBREARENATESAINSIHRANGHEN , WREBREXI R SRS E
NFFEFRENY, M é(current state, input) = 0 - no transition - the automaton hangs, A
IZIREARE TIZFRFER (the input cannot be consumed, ERIEFERligMSHZT) |, (BEM
R E I ReRE=.

IR qo: qo € Q is the initial state
BEIREESR F: F C Q is aset of final states

NFA 55 / ERFRHEARE: BFE—FBL, EEFRNAMEFERElE Bt TRE
W&, MIZFRFERIZ NFA 552, EFTEREEAIASII "R RNMAF RSB B aLt
TERERT", WIiZFFFEHiz NFA B4,
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FEIMIDE: NTERESERE, aFFEMEFRAEMENEAGTRERTS, ZFHEEXE
BAESIES, EFTEFE[LAEIEN (BREmigta%BT) | ZFRIRmXRIRE

SIS EFTERMEFHHMEINENTRERTS, ZFTREXEBEHES. REE—%&
BEESFHAE, ZFHAEHMNAMZ NFA 52, IIRFIERAEELAFRTER, WiZFHFENA
#1% NFA 3548,

3.3.1 4B
Lambda Transitions
NFA %55. DFA RAiFE=FHEBMATFAT.
0(g, A) = {q MprA AT LUl X B BARPIRAE, G55 g A28}
g; € 8(qi, \) BRI, SNSRI — A BRI,

SCRR_E The A symbol never appears on the input tape. “IEINE 4" SLfR E27 F— M NFRAE
BZfE, T MFRAERZAN—NEEEEENBERT, ERERTLUEE \ bk, e
DI TR EE R T — N4

3.3.2 ' BiEIsEmE
Extended Transition Function &*

gj € 6*(gi, w): there is a walk from g; to g; with label w.

3.3.3 #i NFA i£% / {EBROES
Language accepted/refused by a NFA

The language L accepted by an NFA M is defined as the set of all accepted strings:
L(M)={weX":§(q,w)NF #0}
A

REE—FRIKZEEZTFAR, TR M 22,

i
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&
N @QQ

L(M) = {ab}" {aa} U {ab}"

3.4 DFA 5 NFA B9t

Equivalence of DFA and NFA

Two finite accepters M7 and M5 are said to be equivalent if
L(M,) = L(M>)

That is, if they both accept the same language.

f:

&)
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L(M;)={10}* 0_ A

NIEERS DFA 5 NFA B9/, BIERR:
{Languages accepted by NFAs} = {Languages accepted by DFAs}
"Languages accepted by DFAs" Bl Regular Languages.
IXEEUEARRYZ DFA F1 NFA 28K LN, MARE— DFA FIEE—1 NFA.

RN HESZHNESERE, BPANTEE— DFA, HEHKBIZED— NFA IECESHE—
MES, B finite accepters FfY; RZIFA.

Step 1: AR
{Languages accepted by NFAs} O {Languages accepted by DFAs}

Proof: Every DFA is trivially an NFA (DFA TEEX L £EB#%/E NFA BUESK, EIt DFA ABFHE—F ST
A9 NFA) = Any language L accepted by a DFA is also accepted by an NFA.

DFA % NFA EXASHAILL, AEEMEHTHY.

Step 2: ERA
{Languages accepted by NFAs} C {Languages accepted by DFAs}

BERE Any NFA can be converted to an equivalent DFA.

Any NFA can be converted to an equivalent DFA = Any language L accepted by a NFA is also
accepted by an DFA.

Step 3: 1EBA "Any NFA can be converted to an equivalent DFA".
TH2IMzCIERR - ERAS I RITTIE.



3.4.1 NFA 5 DFA

Convert NFA to DFA
HBE—MNFAM = (Q, X, 9, qo, F). TELHSEHSNH DFA M HOHKETS A

Step 1: #J88{L state of DFA.
1Bi& M B9EIRER qo. W M B9RI9a RS {g0 }-

IR, XETRAR M' HWIERSH—ES, MEARXMISSNEIRST—MrE (IFER
BNEF, EEEA DFA FELIBEER)

Step 2: FRSHTIE
For every DFA's state {qi, @j, - - - , @m }, {RIBLATERY NFA ITE:

6*(gi, a)

6*(gj,a)

5* (G, a)
LEEFTE, BE—FNES {¢),q)- .., 0}
Add transition to DFA

0 ({¢ir@js - -1 am}>a) = {45, 5> - - - a0}

Repeat Step 2 for all letters in alphabet, until no more transitions can be added.

B IXE 5 (g5,0),0%(4),0), - - - 0% (qm, 0) HERTTREEASMETRNES, BARERE
SIEAREHEE (B NFAREIX—SHBIEREY)  BFELBESE, BEHERRRb=
t, (B8 DFA SAIE— N EIAUORTSEEHEY, RBARERE 6 ({4, ¢jr--»am}ra) = 0,
HEDERI— N BEESE 0 (EA— MRS, HE, MRS PREN AR TER, MER
NFA iSRS, EHX MRSHRTEREEIERET (T EHRES, FaoRim
%) .

Step 3: MIERERS

For any DFA state {g;, gj, - - - , @m }, if some g; is a final state in the NFA, then, {g;, qj,...,qm} isa
final state in the DFA
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A EEREET L. TEIEBFZ S EMTEHAY DFA S5/E NFA 2411, B) Take a NFA M, apply procedure
to obtain a DFA M, iFBA

@3E88: L(M) C L(M").
B, v = aias---ay,, BJUEEA

M ’ W ~~~~~~~~~~ ..... %

a0t g3 1453 a3 dm>--}

FEIANE, BT,
Elt, MFEEw e L(M), B

Ok
M 4! 03 Vs ..... ‘ o

M’ @% ........ N @ﬂ@

905 , g3

@iE8E: L(M) 2 L(M').

Pk, FHAFE.



Bl: FFHh3E.

3.4.2 NFA SEERRERIRTS

Any NFA can be converted to an equivalent NFA with a single final state.

NFA

— ©

Equivalent NFA

M\ A
Single

A
—> 1 Q final state

Wi iER
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NFA without final state (it accepts ¢)

Add a final state
Without transitions

3.5 R&mIME

Reduction of the Number of States in FA

3.5.1 X4
HE—1DFAH, BFMES pfq.

TICBMATAFRE, pfl q BARREHEZRS, BEARRRREAHESSNGS GRIR—) . WiRE
MNEARTXSH (indistinguishable) .

FaReENX
Two states p and g of a DFA are called indistinguishable if

{5*(1), w) € F < §*(q,w) € F
§*(p,w) ¢ F < 6" (qw) ¢ F

Forallw € X*.

Lec 3 IEMIFRET IENSCE
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£ Lec 2 i W AL 1.6 EF T, FHTIESHEN.
B (Language) XA X" BIEE—FE&.
BRESAMRE, WTENEARINES, ELEHEMESFXS, MEREEFMNZRTE. Fl40,
e [falanguage is finite, you can list all of its strings.
L ={a,aa,aba,aca}
e Descriptive
L = {z|n.(z) = ny(z)}
e Using basic Language operations
L = {aa,ab}" U {b}{bb}"
IENESHATLUXER.

1. IEMIRIA
Regular Expressions (RE)
ENRAXATFHAENES. B2H
o FEREY FHFRE
o EES ()
EHES: Parentheses
o BEFF A+, *

HETRRITTSE.

IR ENREXKAARESAS, MEmitiEsSHTIE.
It is incorrect to say that for a language L, L = (a + b+ ¢)*

But it's okay to say that L is described by (a + b + ¢)*

FrEENLESET LABENRIADRGA.
f:

(a+b-¢)* g{a, bc}*
<{, a,bc, aa, abe, bea, . . .}
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1.1 BESEN

1.1.1 [RIRIENIERE

primitive regular expressions

[RYRIEMIZRIAZC (primitive regular expressions) &iF

& e BIENERX, W

° 71+ 179

® T1-T2

or’{

o (r1)
WRIENFRA.
XEMNENX T FrEIEFRBIENZFRIAR.

A string is a regular expression iff it can be derived from the primitive regular expressions by
a finite number of applications of the rules in (2).

IR, RAERKERE.

Ik
FUFRESL: (a+b-¢)* - (c+0)
FRIENERIAT:

e (a+b+)

1.1.2 IEMRAXANES
Languages of Regular Expressions

L(r): language of regular expression r

fl:
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L((a+b-¢)*) ={\ a,bc,aa,abe,bea, ...}

For primitive regular expressions,

. L(0) =0
. L) = [N}
« L(a) = {a}

For regular expressions 1 and 7y
e L(ry+r3) = L(ry) U L(ry)
e L(ry-79) = L(r1)L(rs)
 L(ri) = (L(r))"
* L((r1)) = L(r1)
IR, XTRRENRAFIRTINESAIEITEX.

fGgn, L(ry+r2) = L(r1) U L(re) BEX, MARESEIN, AEFAEIRHALLSET
aia.

f:

L((a+b)-a*) = L((a+b))L(a")
= L(a+ b)L(a™)
= (L(a) U L(b))(L(a))*

= ({a} U{b})({a})"
={a,b} {\, a,aa,aaa,...}
= {a,aa,aaqa,aaaa...,b,ba,baa,baaa,...}

1.1.3 BHFFHKHR
Priority of Operators

Star closure (*) precedes concatenation (-) precedes union (+).
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1.1.4 IENFREN S

Regular expressions ry and 79 are equivalent if L(r1) = L(r2)

2. IENIFEXNSIENES

Connection Between REs and Regular Languages

2.1 Kleene EI¥

Kleene Theorem

Regular expressions and Finite Automata are equivalent (w.r.t. the languages they
describe/accept)

{Language Described by Regular Expressions} = {Regular Languages}

For every regular language there is a regular expression;

For every regular expression there is a regular language.

UERR:
@ For any regular expression r, the language L(r) is regular.

BIE If we have any regular expression r, we can construct an NFA (DFA) that accepts L(7).

UE%: X4 size of r HTEIEFIALN.

Induction Basis

Primitive Regular Expressions: 0, A, c.

X=EMRiER, EREHEE:


af://n1177
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NFAs .
0 O LO)=2=L@)

R O% L(My)={A}=L(1) > Iraer?;llJngeS
—(O- () L(M3)={a}=L(a) ,

Inductive Hypothesis
Assume for regular expressions r1 and 73 that L(rq) and L(r2) are regular languages.
We will prove:

L(ry +7r2)
L(ry-r9)
L(r7)
L((r1))

are regular languages.

Recall 1.1.2 ENFREAMES .
For regular expressions r1 and 73
e L(ry+79) = L(ry) U L(rs)
e L(ry-79) = L(r1)L(rs)
o L(r7) = (L(r))"
* L((r1)) = L(r1)

#5518 L((r)) = L(r,) BEMES.

HOR, H 3.4.2 NFA BEEZRZE BIFD, Any NFA can be converted to an equivalent NFA with a

single final state.

Eitt, Schematic representation (7~A[E]) of an NFA M (r) accepting L(r) AILARTRA



M(r)

2.1.1 RE — NFA: $iaZ
TR “$kEI— NFA that accepts RE AR ANES"

ZOEE: e, IBEXRMNIENFRILAT "5 AL MEERE subproblem, 3Bk
subproblem B NFA. ZAfEEIE A4 HRI=FMEIE Tk 8", 2BA subproblem BY NFA 525
2219 NFA.

* NFAfor L(7, +r,) M,

FOLVAVA SN

A
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« NFA for L(rr,)
M, M,

£x k., For any regular expression r, the language L(r) is regular.

SRR, IXEEY=Fh NFA ¥hEaT LA S HER

Find an NFA that accepts L(r), where

r = (a+bb)*(ba* + )



_a M a M,
P N,
b X5 I X\ b [ 0 A
> S > /| > b !
= ;t-
}\ —
e R—
¥ 2 iy O X s oY -
) b Kb g A/ 2 b .f A ¢ 2
> »- } > .: > - IR > } 2 ] |
*\7‘44 — 77? >
Sa——
.-

@ For any regular language L, there is a regular expression r with L(r) = L.

Since any regular language has an associated NFA and hence a transition graph, all we need to do

is to find a regular expression capable of generating the labels of all the walks from g to any final
state.

2.1.2 NFA — RE: J-Ni5#8

M— NFA M B9%ERER LA construct the equivalent [~ X46#8E] (Generalized Transition Graph) ,
in which transition labels are regular expressions.

Example:M

a C C
2,90 = 0., 0
- f‘\ @ a+b ‘©
' b -
IR, RNHIEBESRAET NEBENENX, 2—M5HRar XiEzE.
GTG PR BEBRZIRE. FIZEFERY walks IR21RFERT.

TENME—MIERE, IBES > 3 MASHEEBEIRILA 2 MR EEBE.

B, NMB Complete GTG:
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;/_ \'\ / % \|
| £}
. . el b AL
{ \ / \ / \ A S \
( 9 ) [ 92 ) | 90 ] o 23 |
N N A-\_\_J/" "N //V\:-—_ e e ‘
( \2 d/ 4 \ \o dy g
\ \" / /, \\ \ [ /
\ L / ||
a\\ / g N / /‘: a\\t ,r—-‘t\ ___.f‘//"
& :: [
L 9% | 7t
X N !
4\ 7\
|| " | '|
"I\\ /'}' Il‘k\—/."'
€ A

Complete GTG EREMNTRE 1 KISEATEIRAIER. MRERK, A 0 #5T.

iTE5 DFA NEBEIX S : DFA BREMRSHMAGIEFN (RIFERPIIFR) SMEX—FER,

a MAZSHN b MEEFRHE o x b £EBAIL. T Complete GTG 2B NAREPEISMAIETRAA 1 &

w#H, SIEACEN (BIR) . REXAEBA 0 ERsER. Bt V] ANRSE |V £iEm0a. e
IEFRFRIME K.

NFA — RE FRERIE:

@ Convert the NFA (with single final state) into a complete GTG. Let 7;; stand for the label of the
edge from g; to g;.

@ If the GTG has only 2 states with ¢; = o and g; € F..
IR, XERNTCEMER, FEAMER NFA ST LA AEMRAVER final state B9 NFA.
Its associated RE is
r=r5rij(ri; + rargri)”

XEEHBNENESR. BTTIC M B AR EIX E.

® If the GTG has three states with ¢; = qo, g; € F, and g; € Q, update edges:
Tii < Ti + TikT LT ki
Tjj $ Tjj T Tk LT R
Tij < Tij + rikrzkrkj

T ji < T ji + rjkrzkrki

IR 2ANTR 4508, BIEHFEHNETDSEERINLE, SIS



XEBEREEMZE FIIRET Rl BRSO R ZIMIB=1TR
When this is done, remove vertex qj, and its associated edges.

BirfE, ®R2 MRS, BEPR Q.

@ If the GTG has four or more states, pick a state g to be removed. Apple step @ for all pairs of
states (i, q;), © # k, j # k. At each update, apply the simplifying rules

r+0=r
r-0=10
0* =X

B, r0'ry = ridry = riro LA 0F = A, 1.1.2 EUEERNES (ORAEY. 1.1.4
IENFRE SN 152,

L(riX) = L(r1)L(X) = L(r1) {\} = L(r1), EANFEEFRH

W= aiaz...0,,0q; € %, §A\w=w\ =w.
EA L(r1\) = L(r1), FRLAriA = 7r1.

wherever possible. When this is done, remove state qx.
IR, fE—Rremove B, FIEER r; IFEEHF—IX
EA i < T + rakTip e SRR 7 RISEEX.
EMRERIR V| NS, WREEMT V|2 REFTE.

TR, XBEIRIAIMERT g PIe ST R I KBRS R ZIMIENM TR

O EE ®, HERIR 3 ME, EEEERO.

BZE, EREUESTLSKEEATRENZRIAT. B For any regular language L, there is a
regular expression 7 with L(r) = L.

FeFHiER L 9 NFA RUBERBE], AISIRnIEEE/ RE.

fl:



Y naw) s even and myw) is odd }. A AL L# RE.

Lz {wefan
/‘q@\
/ KJ Step 0 VY NFA that accopts LBy Tunsition Graph,
@ a2
Sy e
|
V4
AN, a AAGN #h17 (mny),

NFA - Cam,pu,fq, GTG

K‘> S /
S17 2 . Delete of

J
¢
I~ * '
] Towsen & Toton 4 Teeske Tos Yozooo = o
R Yoosres e Yoooee + Toos0s fo:we Toevee = b¢*a' = be
B 7, *
e = Vo T Vg, s Tere = 0+ adpa = aa

Eﬂ\ Yoo-voq < Yoos 0o + Yw‘)oc Y;:,,E 'fge,w = ¢p+5b ?*b = bb

d" bb 123 ]
i \k;_, g) o bt il Tee 260 & Yeeseo + Yeesoe Yogoog Yoo = b+ a¢"¢ = b

\ b 22 B BRABE Tepres « rg-,EE + Teoos Yopoe Yesee = bt 00%a = 3

. B WBIE Teooeo & Yeongo + Teosor Yo Tobscp = $1d0%gp = ¢

*
Teosoo < Yeosoo + Teooe Yorame Tosee = oo + ¢¢¥p - @

ko, &0 {
73 only 70260 & Yooseo + Yoo 0p r,:_,,,e Tgoeo = 0t ¢4 = a
Step 3. Delete 00 ( Hbds 7o ik 24} )
}/as-,eo <« Yesseo + Teo0 futao Toorgo = l>+a}>(bb)*ov
»
ans ab i) be M’M* Yeo2BE & Voot + Teoson Yooug Tores = & + adbb)*po

b+ albb
‘”@K—)\ mﬁm:t Teesee & Vesmpe + Yees 00 Vo:m foodge = aA + oblbs) b

=4 remove
Haubb)a. ”W'Eﬂﬂ ¢ + als)¥a = alh)'a

N.4) 2 states

Heo 2e0 & Teoreo + Yegooo u:a-a Yoo spe =

Step y . Hkifg 2 stotes B9 Complete 16 M43 G & %

‘/‘EE-;EE B (YED,B., + Teo »es Ygque Teseo )

* (raad)
(aa+abisn’sa) " (bravion‘a) (““»"0« t (bracmby (MW“"')“‘)(""""%

AR ]



3. IEMIZi&
Regular Grammars
Recall Lec 2 5T & HZIHL 2.1HE% ¢
A grammar G is defined as a 4-tuple:
G=(V,T,S,P)
where

e Vs afinite set of variables.
e T'is a finite set of terminals.
o S €V called start variable.

e Pis afinite set of production rules.

Let G = (V,T, S, P) be a grammar. Then the set
LGQ)={weT*": 5= w}

is the language generated by G.

Ifw € L(G), then the sequence
S=>w=>w=...=>w, =>w

is a derivation of the sentence w.

S, wy,ws, . ..,w, are called sentential forms.

3.1 Z1¥30%
Linear Grammars
FENAENEZRE—NREANGE.
Grammars with at most one variable at the right side of a production.

TR, SEMSOETREERIENES, BAREMAFIENES. ERSEEIENSGEET

1

G = ({S}.{a,b}, 5, P),
P:S— aSb,
S— A

5l 2:
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G = ({S,4},{a,b}, S, P),
P:S— Ab,

A — aAb,

A— A

5l 3:

G = ({S,A4,B},{a,b},S, P),
P:S5— A,

A —aB| A,

B — Ab

L(G) ={a"" :n > 0}

{5l: A Non-Linear Grammar

G = ({§},{a,0}, 5, P),
P:5— 88,

S — A,

S — aSb,

S — bSa

L(G) = {w : ny(w) = np(w)}

WEAAMD Lec 2 iEE iEVE AN 2.3 # 3

3.2 AEMHXE
Right-Linear Grammars

Frear4BEE A - wB& A — w IR, Hb w BELERE (string of terminals) .

1k

G = ({S}’{a’b}’s’ P)’
P:S— abs,
S—a

3.3 &M
Left-Linear Grammars
FrErExtBEE A - Bwig A — wiIFER, Hh w BEERFS (string of terminals) .

fl:
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G = ({S,A,B},{a,b},S,P),
P:S— Aab,

A — Aab| B,

B—a

3.4 IEM3Z%

Regular grammar
A regular grammar is either right-linear or left-linear grammar.

A regular grammar is always linear, but not all linear grammars are regular.

Theorem: {HAIENSGEERREER—MENIES,; HAIENIESEBRILAKEI—MERBRIIENISGE.
{Languages Generated by Regular Grammars} = {Regular Languages}

IERR AR

F— IR “HIENSGEEREER —NEVES";

W 3.4.1 ENSCHEERIENES .

$£2 IR “HIENESE I LIREI— MR ERIIENSGE".

W 3.4.2 IEWRES @ BLHIEMSORAER

3.4.1 IEMSTEAERLIENES
{Languages Generated by Regular Grammars} C {Regular Languages}

The language L(G) generated by any regular grammar G is a regular language.

HiTie:

OF=1-1:3"43

&>

The case of Right-Linear Grammars
Let G be a right-linear grammar.
We will prove: L(G) is regular.
P& #E— NFA M with L(M) = L(G).
ALE DTN

%% a right-linear grammar G has variables Vy, V1, V3, ... and productions V; — a1az - - - a,, V;
or V; = ajasy - - - an. We construct the NFA M such that each variable V; corresponds to a node
(state).
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OO

—»

@ ‘ special
final state

For each production V; — ajaz - - -amVj, we add transitions and intermediate nodes

a) ay —~ . W

For each production V; — ajas - - - a,,, we add transitions and intermediate nodes

a Ay —~ .. ‘ A @

@ EZMENE
The case of Left-Linear Grammars

Let G be a left-linear grammar.

We will prove: L(QG) is regular.

FBRR: #giE—A" right-linear grammar G’ with L(G) = L(G')%
XER PR R 18R/ (Reverse) .
W Lec 2 HF Wk HIH 1.7.2 B .

NEIEK

L(G") is Regular Language
= L(G')® is Regular Language
= L(G) is Regular Language

FE— gk, BRI Lec 4 EMRE S AN 1.4 Reverse
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HIRRAE

A — wiB
A — wk

A — Bw

Left-linear G { A w

= Right-linear G’ = {

3.4.2 IENES—ER LABRIEN S AR
{Languages Generated by Regular Grammars} O {Regular Languages}

B SEHEZZIENESAI NFA (EREN, NFA—EFE, BXSREinERE, BEEERS

H) , SABEM NFA KIETERSSE.
NFA ¥iEIEN S ERAR |

Let M be the NFAwith L = L(M). Construct from M to a regular grammar G such that
L(M) = L(G).

For any transition g; iR gj, add production 4; — aA;.
For any final state g, add production Ay — A.
F—HNERAZRISGE.
X q;,qj,q9r 2 NFARMRES, A, A, Ay BIBENER.
510 0 B g EREETH o BHEE q;, aA; I a BrrElhRILERT.

Since G is right-linear grammar, G is also a regular grammmar, with L(G) = L(M) = L.

IR, BT —MNMESTLBAEEEER, Bt BAERSRER TN FHEREWES L, 207
HE—ANEUSGE G 18 L(G) = L. TiARSEBRRTE 4R L ABEERRIENRY. S5sCE, L RDREAIEN

AR, AR B FTE NSO AR,
il

L={a"|n>1}
TARERSTS (L)

G = ({S},{a}, S, P),
P:S—aS|a

Rk A LA BAFIENIASG A

G = ({S,A},{a}, S, P),
P:S5—aA,
A— Aa| A

4Rk
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4. IENLES AR

4 Standard Representations of Regular Languages

We now have several ways of describing regular languages:

DFA
NFA
RE
RG

LANFA SRR, XA LAE SIS :

DFA % NFA: EXEC.

NFAZE DFA: T Lec 2 &% Bk HzHl 3.4.1 NFA % DFA .

RE %% NFA:

NFA % RE:

RG

% NFA:

NFA % RG:

W 2.1.1 ez .

W2.1.2 TR .

W 3.4.1 IEMSOEERIENES .

W 3.4.2 IEWRES —@ W BLRIEN SO

When we say: we are given a Regular Language L

We mean: Language L is in a standard representation

Question: Given regular language L, and string w, how can we check if w € L?

Answer: Take the DFA that accepts L and check if w is accepted

Question: Given regular language L, how can we check if L is empty (L = 0)?

Answer: Take the DFA that accepts L, check if there is any path from the initial state to a final state

Question: Given regular language L, how can we check if L is finite?

Answer: Take the DFA that accepts L, check if there is a walk with cycle from the initial state to a

fina

Question: Given regular languages L; and L4, how can we check if Ly = Lo?

| state

Answer: Find if (L1 N Ly) U (L3 N Ly) = 0
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LHANBESICENES (MASEHE) , BEEXNMNESEN, ERERS HIUM AR ES—M
(BES RE & NFA) . SNREARWR, WIS ERRS ERIEEXMESAASEN.

I Lec 4 2.%5|5 .

Lec 4 IENESAIEIAE R513E

1. IENESRYEIFATE
Closure Properties of Regular Languages
HiaH:
IRMES S PRERTHERITEMIZE O, EERNPARES S PH—1 TR, BARIIHMRES
MzE O 2.
f5ign, IEEEHEE 77 MINERSIDN, WRERREIN.
flan, SCEREE R3O0, mk. 3R, BR (BREA0 0) EEHEDH.

TR EEAENE SRS :
For regular languages L1 and Ly, we will prove that

(Union: Ly U Ly
Concatenation: L1 Lo
Star: L]

Reversal: Lf

Complement: L;
Intersection: L; N Lo
| Difference: L; — Lo

Are regular languages.

In other words, regular languages are closed under Union / Concatenation / Star / Reversal /
Complement / Intersection / Difference.
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XEREENESESTGERENYE, TCHTHLEERRESERE, SREFSED TEN X/,
Eit, FNAFERPHIGRCHTERMBERERFES, EACIRATLSEIRENHIRE.

1.1 Union

iF=, tETLAER Product Construction, FHE Final state i&it4 (q1, q2) € Fiffq1 € Fy or
qo € Fs.

7 Product Construction, Ul 1.6 Intersection .

1.2 Concatenation
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1.3 Star Operation

NFA forL; *

lELl*

1.4 Reverse

EERNSEREBINEXE, ARBEkERRE:

NFA for L;
L M, M,

VO OVV O

TEVEBRIENIE SEREERF LR M.

BiR—NMNES L 2IENES, WETLME—N NFA M #% (BASNIBREERIRE) 18 M ayiiR
SRS, SLLIPREE, BRI HHINFA ME,

SEEHTR M BESNEEE v, Bkt w? —sa M2 g L(M)E C L(MR).

B2, (Haw ME ESnrgs w, 2R v —Eig M B8
L(M) 2 L(M®)E < L(M)E D L(ME).
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W L(M)® = L(ME). @% L(MR) RIEVES, il L(M)R REVES.
2, EMESHNREPAREIES, BENESEREEE LR,

1.5 Complement

Take the DFA that accepts L1, make final states non-final, make non-final state final

iEE#0 Reverse X4y, Reverse BIKEARER DFA, BRIHETRIATIHRLR. Complement E3K
DFA, BIEFRA final state B 93E final state, IEFTAEIE final state 24 final state.

5CEY DFA RUJRE: #2552 Ly A9 NFA AJREXIRLMNIRBIFEN (SABHAEZERIFR

) , WRETIXN NFA REEIRT, JRITREXRUDARENX . ATIFTHRERPRSHINIZE XAE
SXLRTARENNBN, BATNINEREWIEEE L1 *MERSHL, FrERHRIEEIEE
BHHIERIIER.

Fth, FAIEX DFA, XIFrEREERIMINERLSE TEN. BBA, SRIIREBIRESE, B52I89% DFA A
AIFIE I REMAEBEH TEN, RAIRAEZH (GB1E final state) IAEARES (FB1E non-
final state) , RIEAESH (B1E non-final state) MEES (FB1E final state) .

fl:
M,

a a.b

L, ={a"b} by asb

Ly ={a,b}*—{a"b}



af://n1565

1.6 Intersection

LS HH R AMEIERA :
@ ZEHES

If Ly, Ly are regular,

L_l, L_2 are regular

L_1 U L_2 is regular

LiULsis regular
L1 N Ly is regular

il

#il>2 DeMorgan's Law: L1 N Ly = L U L.

@ NFAHZIE

fl:

XN RBEFRA Product Construction.

R L, 70 Ly RENES, 23IHBMW M1 = (Q1,%, 1,90,1, F1) #
My = (Q2,%, 62,q0,2, F2) %, BBATNINALE L1 N Ly hEIENES, AJLABE— B
Mo #3.

Mino ¥BERES: &HL M) 1 My RSIET. ERIRESE—NERY (01, 92), B% ¢ 2 My Fi—
R, g2 B My PH—MIRE.

EHEEIBESIESERT, MAX BER (4, X).
MlﬂZ = (Q,E,&, QO,F)
e Q=01 xQ2={(q1,92) | 01 € Q1,92 € Q2}.

el
B R/,
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o Y. REF,
* g0 = (40,1,90,2)-
e )

SFFHARTE (91, ¢2) € Q FUERHAN a € X, FVEBREEN S
6 ((q1,92),a) = (61(q1,a), 62(g2, a))
#/93E DFARINFA, T 5 ((q1,92),a) = d1(q1,a) x d2(g2, a).
o F=F xXF,
— MR (q1,92) € F 2B{X& q1 € Frandg; € Fo.

—

XERRZERIEN.
1.7 Difference
[EFLS H AP A 4EIERR -
@ ZIEES
If Ly, Ly are regular,

L, is regular

4

LiNLsyis regular
L, — L, is regular

4

#ZI M2 Difference BIEN :

T € L1 — L2
x€Liandzx & Ly
zcLiandz € Ly
re LN L_2

Tt o0

B0 L, — Ly = Ly N L.

@ NFA 3i&
[@# Product Construction. 748 Final state &it+4 (g1, g2) € Fiffq; € Fy and go € F5.

HARMELEFR] 1.6 Intersection STEHEE.

1.8 BE&
homomorphism
Suppose X and I' are alphabets. Then a function

h:Y —T*
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is called a homomorphism. In other words, a homomorphism is a substitution in which a single
letter is replaced with a string.

XEBR h BAREXE, BEBEREGH.
RSE—FERIEE, Hh X RS FER I pi— P FRFHER.

ESHIE X A LABAMY EEIFRFERFIES.
FREMOES: R w = a1az...ap B X" F—NFHFE, B4 w WESIET h(w) EXH
h(w) = h(a1)h(az) ... h(ar)
BFREFRs N FERORNBRSHES, FBERFRRIEETE.
EESHIEZ: If Lis alanguage on X, then its homomorphic image is defined as
B(L) = {h(w) :w € L}

SHES L RIS FRF RN FARSIRST.

ENGESRSMETRLAN: MR L E—NENES, 38 h E— F5MSY, 34 h(LD) BAR—
ANENRES. XSS, BT RBIRRE, BOUBATLUER DFA / NFA SORBIHI0ES
h(L).

2. ;R5|1F

Identifying Nonregular Languages - Pumping lemma
How can we prove that a language L is not regular?

e Prove that there is no DFA that accepts L
e Problem: this is not easy to prove

e Solution: the Pumping Lemma

2.1 #ERIE

The Pigeonhole Principle (R8%/5RIE)

B nNEFH m NEE, n > m. M There is a pigeonhole with at least 2 pigeons.
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NETF DFA, 515:

for any DFA, if string w has length > number of states, a state ¢ must be repeated in the walk of w

walk of w

Ch4 Repeated state

2.2 R5|1E
Ak mEw, FEzyz, B

ZE5|##: Given an infinite regular language L, there exists an integer m, for any string w € L with
length |w| > m, we can write w = zyz with |zy| < mand |y| > 1, such that zy'z € L,
i=0,1,2,...

SR L IR, FAMAK m —EEE;
HamAN m: WERw € LE (v > m, SEEFSHIANHR

RERIANDE: w=zyz, [y <mB |yl > 1 suchthatzy'z € LIHER=0,1,2,...
Ciloava

IERIXEERY infinite ERYZ L FAIRME, MIFKE. MEBEANFAREONEIRK, F1HEEHR
SR

T 2AELR infinite? FJ9 finite FIESWARIEN (BIRMEMN=ZRE, JLARERENENREA
w1 +wy + ... @A) , FEERIRSE.

I5h, KA infinite BESZABURIE |w| > m HFRFREFEN.

REEEE:
@ XF: FEFR—IMFFEHER m
FEMRN m: IWHEB w € L B [w| > m, HEFEFSHANDE.

IR, REEEZRRE TR FEOIUFONRS FBRIERYE (FFEiEAR m BAFE) . B
XMFEMR L ZIENR, BELREHEL—MIESHIAR m. ZPAXER m BYFRITEARR
Gk, SEhR ERFEHERR m STREARFE.

@ s Pick astringw € L of length |w| > m.

2 w BRSWERIR, BEABIYPIIIERTRESEPRY, RMEFEERT.
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@ MWF: BEIFR—MFEHEIARN decomposition zyz

HEANSR: w=zyz, |vyl <mB|y| > 1, suchthatw; = zy'z € L 3HER
1=0,1,2,... &L

FiE, XENENFORER, A—EEE
@ Iz Pick i that the pumped string w; & L.

IR, BTHFER—MRIEH, AAESFE, S5EZENRBFIRFEENR. XMEHENLS
BT AN ERERTHb -
o Hhik—: Hhbkm NFEME

EAFRSENEMIFLEIFE— m BEMELLRH M, FEIHIROSUERRER SRR m
BAFE BREAFEAm = 1,m =2,... — S, FEAREEMEETLAEM
SHFS m RE—Fr. R RABERE m BE— 1 EEN w HAS Mk (X1
w FIEERITRIVBYERES, WRTRAMDERBIY, IBABKATRESEN, BIEES
L MsEARIENES)

o PRk PhikDEERIFEM.

ENFREEWNENTELF— P ERSR w = cyz iHRYE, BHTSROEBRaEEaE
REDREAFE. BMRAFTESEMENSHE, RENIRLENA |2yl < mfMwiB
IO FESREI R (1328) . B0, SSFE&E L = {a"b" : n > 0} IXHANES, XA
HiEw = a™b™, X wlE m MERFEE o, MEDBEAREANT N EE——,y 2
a™ BFE, By =adk k=1,2,..., m REHEX—ESRIE. NFESHAHEENE
=, B8TF |vy| < mAEESH, BEBITLIFNADESE, RENE—£05Hkk, £
Einavpia=1:2u}

o PEEk”ERIN, REAE—EXOMREARTSHR, BAFEEAFFEEmANDHE. BTkik—+
DIRFERMRFTE m BrRNFAIREEHAE m, BIXNTHERE m, iREEEEE— w

(BIFEZELD— D w) FEENFSRIRANSBENAEE, s m HBAFEHE, IR

GIEEAUSSERN m, PEE—BIThT.

REENFSEEZERMAI LR Rig L B— P IEWES, BA—EFE— DFABEBIEZE.
FERIX? DFA FIREHERBIRE (CFA P, P > Pmin, EF pmin RFFEAIEE DFA BIRIVASEL, p
REAMREFERRE MSE DFA BIRSEL)
IR, E7i% DFA BEBEAFE, FTLIFIIAREME— SR DFA FHSZICRPIREEL. Bl
RERRFEX4— DFA, FABR— 178 p RERPRSEENA.
XN AZEHE—NEBK (KTFETFTRKEm, BEN m = p) BEF L OF/FRw, BPAY
B
FREZRRIREN, RAF/BHMIEM > pmin M—EERMFER DFA LAIR. (BERRRIEX
AOIZEE, EARMRIREIED MEE DFARSEN p, FRLANGZER m > p ZATERAMRIRAI DFA £
ARER, REARORNR L IEN, NFEHEARN m —EFE. XRFIER: B p 268
B, WEm > pWmBEFE (FlIm=0p) .
SKIRFRIR EETXAFHE, BEAXS p fl pmin. FFERS FEESBAIRTETICHIEARERL, L
PRERIIEZE m BIA] (m > p, BRAFERR— p, REZMERKE M) .

IWAHZZRFERRI D BA=ED: w = zyz.
o x: NERFFUARIATERS.
o y: MEEAS (Jy| > 1, |zy| <m) .



812 Ty BENTEIRE qo FFia, BEE—RHIRSESHFERNGS. & [zy| > m,
W zy ASTLBEER, BVE oy KR EERMCRSERES, FEARIMEEN “S—) K
BES.
R4 oy —EERERBRSE “E—x REEE (y RIAT—B8) ? TRESESIUR (6
N zy?) PMRTR (vy!, 200 %) | EEXEAWEREERE. FTRERIFETHRIMN
w B |zy| < m WTRAR, OIS RBRESEN, EAERRES
. AR |zy| FEHIRG), BHOIERSIER, XUFREAF, ENFRRGIER
FIEDBETSERY, AR
TMNFIENES, —E5E oy < m NETRAER, NESFHIRE: FRA— AR
HEERI w (B0, a™bC” TEHE a5 b cF) |, BANFERXEENES, BaHT
BERX AN (RFF a ) WETRHEBEEE.

o 2 FRERETREHILES.

MNTESF SRS vyz, B yIN—NRE, BAEXMAEHEMERIR, DFA HSEZIRE
—ANRES, FHRGEANE 2 BRARES. BIFE "R TR oy'z (1 > 0) #B5/HI% DFA 5552,

SNFIEASHHARNOMR yz, WRBRATGERE— ST i, BEFHE 2y 2 BERNHE L NE
X, #EEFrE, RKEERN (FEHANSRE cyz FAMEE, WEESHEIAN m RMFE, WES L
) DFARFEE, N L ARIENES) .

BENT =081 = 2 \F.

TR RS M UER” NEIEEARE.

"IRSEEE RR—ER, ENNFAIREH T, ST, REERBNFLALRZES
RIENES, HARGERZESRIFENES.

"Z2VIERR NIRFAEFREIRNIFrE FReRIS BT THEE, MRRIEMTH, NsEERRIBZESEIFE

WHES.

HERAY, NSREEB R "Prove the following languages are not regular’, N2EkEA B NIERNS
& RIOHEER w IIMEiE, FEMERIREIISHE vyz BEMIFEARE/DRINE, HEEE—EW.

Lec 5 EFXFHX BrSIENX

1. ETFXEX
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1.1 L FXFTXRXE

Context-Free Grammars

SEM: BD Lec 2 2. #vE H%d Grammar BIEN.

A » v
Variables Terminal Start
symbols variable

Productions of the form: x

Variable 4 —> x String of variables
AeV and terminals x € (V U T)*

We say that the grammar is context-free since this
substitution can take place regardless of where A is.

52ENME F RXEXILE (Context-Sensitive Grammar, CSG) , B ETXNEEIGEE T, BA.

CSG: PN aAB — azfB

Regular and linear grammars are clearly context-free; But a context-free grammar is not

necessarily linear.

1.2 EFXEXRIES

Context-Free Languages

Alanguage L is context-free iff there is a context-free grammar G with L = L(G).

IR
G = ({S},{a,b}, S, P),
P:S— aSb,

S—A
= L(G) = {a"b" : n > 0}.

IR, LTNAEXESBERARES, R —CEaRNEEREICHEF/AE (KRR
8% .
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Eith, FIER CFG REFMN SIFEEERT.

1.3 X5E

Regular Grammar

S — Aab
A— Aab|B
B—a

S — abS
S —>a

Context-Free Languages

{a"b" fww')

Regular Languages
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1.4 S

Derivation Order

In CFGs that are not linear, a derivation may involve sentential forms with more than one variable.

X, EB—NFEREEARIHESIRE.
fl:

G = ({S,A,B},{a,b}, S, P),
P:S— AB,
A — adA,
A — ),
B — Bb,
B— A
= L(G) = {a*b™ : n.> 0,m > 0}.

LIFRFER aab A, NMBRCESHRAHES.

1.4.1 BREIES

Leftmost derivation

S = AB = aaAB = aaB = aaBb = aab

1.4.2 RAKES
Rightmost derivation

S = AB = ABb = Ab = aaAb = aab

1.4.3* RERAGIESTER
@ JWFEE—H CFG £I=R/ER, EEVE— IMRLEST— REES

@ MTER— T HEEEXA CFG £RHIFHE, EARE—NRAHSHIEEHES, BEiIXINE—HRE
.

@ MTEE— T HBEXAY CFG £RFHRIER, EXNNSRESH, ESRFErHESHEE—RIRA
HSHNRGHS.

1.5 IESH

Derivation (Parse) Trees

An ordered tree in which nodes are labeled with the left sides of productions and in which the
children of a node represent its corresponding right sides.

MR REIF B R =L AERA.
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f:

G = ({S,A,B},{a,b},S,P),
P:S— AB,

A — adA,

A=\

B — Bb,

B— A

= L(G) = {a®™b™ : n. > 0,m > 0}.
S = AB = aaAB = aaABb = aaBb = aab §UHEEHR:

Yield
aaAlb

= aab

FRENX :

Let G = (V,T, S, P) be a CFG. An ordered tree is a derivation tree for G iff it has the following
properties:

@ The root is labeled S
@ Every leaf has a label from T'U {A}
® Every internal vertex has a label from V/

@ If a vertex has label A € V, and its children are labeled a1, as, . . ., a,, then P must contain a
production A — aiaz...a,

® A leaf labeled A has no sibling

XEBRY ordered FEF I RAIINFREERY, FREMERIER. fla, MF~4EXN A — abABe, A
AN FERNERIERIRFESE a, b, A, B, c.



1.5.1 =
yield
SRR 18 leaf WEEEIGHHE.

Depth-first, leftmost.

1.5.2 BB IESH
e :
e Atree that has properties ®, @ and ®.

® Every internal vertex has a label from V'

@ If a vertex has label A € V, and its children are labeled a1, as, . . ., a,, then P must

contain a production A — ajas .. .ay,

® A leaf labeled A has no sibling
e (D does not necessarily hold.
@ The root is labeled S
e @isreplaced by: Every leaf has a label from V- U T U {\}

@ Every leaf has a label from T" U {\}

f5l: A — abABc

- g \
& a0 W e
__/"' /" \ e
> / NG
-~ //‘/ \ .
~ / \ L~
> R p ¥ 4 \"\ o ~
- v \ -
> / .
" P 5 ’ e
® ¥ 4 \ S
¥ ' % N
o~~~ i — L R —

S~ Y P Y Y

\ f \ / \ J
L2 ) [ & ) | 4 ) \ B ) -
\‘\ = A \ o \-»__ __./ , \\ o

Theorem:
e LetG = (V,T,S, P)be aCFG. Then for every w € L(QG), there exists a derivation tree of G
whose yield is w. Conversely, the yield of any derivation tree is in L(QG).

e Also, if t¢ is any partial derivation tree for G whose root is labeled S, then the yield of 5 is a
sentential form of G.
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TR, BNARIHESIRFRTRER R E—MES:

Leftmost:
S = AB = aaAB = aaB = aaBb = aab

Rightmost:
S = AB = ABb= Ab = aaAb = aab
(S)

Same derivation tree \'
(4) /

@/é)

6 as @ W

2. R SIRX

Parsing and Ambiguity

2.1 f#R
fET (Parsing) SEEME—MEENFRAE w 2AET L(G), NIRRT, HIESH w ir=4EF7!

(derivation) .

2.1.1 RIER

Exhaustive Search Parsing (Brute Force Parsing)

FSEEERENT / BT
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REFTETREM, BRI —FILISH w KR BRREAI ENLERMRENLER.

51
Bl1: S — S5S|aSb|bSa|A. Find derivation of aabb.

ITERAER: MR, Phase n RRET n KESREEBRANGE. INIREF—LIABHERHEL
AUFFFER, ATLAEREMIZ.

Phase 1:

S =SS
S = aSb

T=+5a
E=/MZE, B bE a BIEACSASESL aabb; SUMIZE, Bl A\ TEBH#E, B )\ # aabbd.
Phase 2: {RE8 Phase 1 HEIEMILEER, MEHES

(SSS
aSbs

S=58= z Z

SaSb
(S
aSSb
aaSbb

S = aSb = M
2K

Phase 3:

S=85=5585=---

S=585=aSbS=---

S=585= SaSb=---

S=88=5=--.

S = aSb=aSSb= ---
aaSSbb

S = aSb = aaSbb = z b:

HE|T7T— derivation: S = aSb = aaSbb = aabb
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e
e Tediousness (bad for efficiency)

e |tis possible that it never terminates for strings not in L(G)

EXEBERM A — A5 A — BRFER, WERERFS wiKE |w| RIRGIESHR
KAE (JREZKIZEZBARERER, HEE AN B ZARSER) , WAREKIELE
Bk,

Theorem: Suppose a CFG does not have any rules of the form A — A or A — B, then the
exhaustive search parsing can be made into an algorithm which, for any w € ¥*, either produces
a parsing of w or tells us that no parsing is possible.

TeeEiE,; MRBERKEART, BERE—MER: FHAFN A — o WFEERIE— N EEEHRER.
XIS |w| R, EALE/R—BHIMAEMNSR, BESSEH (w| 1

RTYRIIKEARE, RE—ER: KETK TKEVETK 1, UMBERESESKRE (v
FRLAMKEER |w| R EBRREZ REE 2|w| phases RIETAEHT.
REMRERETRERE:

R

S= 55
= SSS
= 5SS --
= S58§5.--88S
o 4
= aS§---88S
= aaS---58S
= aaa:---

= aaa- - - aaq
—_——

|wl|

FRAESBIHIERZAET, 2w RREMER.

For grammar with P rules
Phase 1: we have no more than | P| sentential forms

Phase 2: we have no more than | P|? sentential forms

Phase 2|w|: we have no more than | P|2*l sentential forms

Total time (—XESITA 1 PNEJEE(L) needed for string w:
[P+[P[ 4+ P
—EnYi= 0(P2|w|+1)

tREE, B P BigK, b |w|i58ugk.
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2.1.2CYK §i%

For general context-free grammars, there exists a parsing algorithm that parses a string w in time
3
O(|w[”).
CYK algorithm. tLALAREEFF.

XE R general CFG, i&A _LiA theorem BIPRTH.

2.1.3 @
Simple grammar (s-grammar)
There exist faster algorithms for specialized grammars.
BlaNfEERSsE (simple grammar)
EX:
— N ETNFEXIGE G HIRAEERGE, MREHEATRM:
o FTEFEERU T AZ—:
o A—aX
o A=A
o MHE—MEM: A — aX;f A — aX, FEERERITELE. B Pair (A, a) 5% appears once.

AcVETE, ac X BEERER, X € V* 2 string of variables (BHTFZEAMNFRH

%, /\ggi)

ME—MERAR X RETE, WREET, AFEEERANNT IS, HecE—mmeEEA
A=t

For S-grammars, in the exhaustive search parsing, there is only one choice in each phase (¥ input

MWER”, BEM—MEREFE— phase).
Time for a phase: 1
Total time for parsing string w: |w|

IR, GUERE. XRPREMNGEHERS, BINEHSRRS. XBEAHKI], TEEERELR
12, EERGERNAEZTRTINGE (WEBIGE) ?

2.2 X M

Ambiguity

A context-free grammar G is ambiguous if some string w € L(G) has two or more derivation
trees / leftmost derivations / rightmost derivations


af://n1944
af://n1951
af://n1979

2.2.1 BRIl X

Some context free languages have only ambiguous grammars.

IERA— CFL Z2EBIRNA, IFEEME, FAZIERRFEFMEEBER L AR CFG.
UEBE— CFL AEEB XA, ExIfER, RFEHEI— 8884 L fIFFIR I CFG BIA].

3. fWiEiES

Context-Free Grammars and Programming Languages

3.1 fwmi¥sEs

Program

v =5;

if (v>5)
X=12 +v;

while (x 1=3) {
X=X-3;
v=10;

Machine Code

fixss LIEAT:

\ 4

Compiler

Add v,v,0
cmp v,5
jmplt ELSE
THEN:
add x, 12,v
ELSE:
WHILE:
cmp X,3
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o ) lexer / scanner / tokenizer 1%/ H7 # parser fEbTEE / EIE N AR
JB(CHES (source file) Stream of tokens

code generator

Parse Tree (f#tfriY / #ES#HY) ——————= Object code / Machine code

RTERAIERIEIESHNGE, ESRIEBOEREIMAFFRIHESITE.

derivation
Parser
input E=>E+E
E_TIIEE:EE =>E+E*E
10+2*5 INT -, =>10+E*E
| =>10+2*E
=>10+2*5

LL and LR grammar: parse in linear time
PRIREEJIHESH:

derivation tree

=

derivation

=E+E
=>E+E*E
=>10 + E*E
=>10+2*E
=>10+2*5



REEE =R

derivation tree

/i\

machine code

multa, 2, 5

> [ addb,10,a

3.2 Backus-Naur gz},

Backus-Naur Form (BNF): f@i2iE = EBISGE R

fl:

(expr) ::= (term) | (expr) + (term)
(term) ::= (factor) | (term) * (factor)

Lec 6 i5iX4EH
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1. BRI

1.1 EEEHIR

Theorem: Let G = (V, T, S, P) be a context-free grammar. Suppose that P contains a
production of the form

A— :l?lB:Ez
Assume that A and B are different variables and that

B — y1lya| - - - |yn

is the set of all productions in P which have B as the left side.

Let G = (v,T,8S, P) be the grammar in which P is constructed by deleting

A — z,Bzs
from P, and adding to it
A = ziy1z2|T1y222| - - - [T1YRT2
Then
L(G) = L(G)

AR, MR A — 1Bz (ERERESR) . B — vilya|. . . [y, AEFEREEMR, R
BEMBANE B Br-EzCEwEiR/E, B) B 3Zpk useless variable, Z8EE
B = y1|ya| - - - |y, R RN FAIZEE—EEFEOBEREENS B r-EEpEiRE7

ZFTLMRREIX =, 2ERARE 1.3 fikinlE |, BEHMTENSRNH A B EEEMRERER
KiEMEE, FrLANSRABE e fill, BEMEIEHREANE B NF4EXNE&ie, A
# B — y1|y2| - - - |yn.

RE— I EETEAMT, F 1.3 ffiifl P, BEERENEENFEREESRINFZE LM
bR (=4, BMSETER, SefEA~4) M =28 EERIRRZ,

B — yilya| . .. |y, BFFE B EAMFER. ILEEERE, X eREERE, BEEEH
3B (—5) ke, FREERE 1.2 #sEik .

1.2 EREiR

AR 1.1 et BNEEAR, B B — yilyel - . . [y, RFFELLRE BRFEER.
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NBEE: A — z1Bxo — £1y1%2|T1Y222| . . . [T1yn®2, H A — x1 Bz, FRE#H—EER
T1Y1T2|T1Y2Ta] - . . |T1YnTo ROETRE, EULETLAMZEEEE A — 1 Bro. MRS T —EHE
A B WFiER, WREEE A — x1Bxo BERM LRI, TARERIR A — =, Bxo.

BIE0TRY “BR & AN (fodk 1.1 seadhie)

{A — .’IleiEg

B = yilya| - - [Ynlyni1

{A — x1Bxs|z1y1To|T1y2a| - - . |T1YnT2
B — Yn+1

XEE B — y1lya| . . . [yn BHTEHR, BE—%K B — Yo B Elt, Taghiis
A — z1Bz,y, BERNFEMIEXE, WA — 21Bry = T1Yn1122 TELH, BEREM.

FFEER, XERMEE B — y1lye| - . . [y, BREAMBEENS B F4Ex (XBRE—%K) B
W BB

A BRIOEE:
A= .’L'lBCBQ = T1Y1T2 A= T1Y1IT2
A= :ElB.’EQ = T1Y2T2 A= T1Y2I2
: A :
A = z1Bxrs = 1y, A = 1Y, T2
A= mlez = T1Yn+1T2 A= mlez = T1Yn+1T2
IR
A— z1Bxs
C— r1Bxo
B = y1ly2| - - - [Yn|yn+1

C— r1Bxs

A — x1Bxs|ziyize|T1y2xs| - - - [T1YnT2
<~
B — y1lya| - - - [Ynlyni1

XEBEAEEMEE B — y1lye| - - - lyn: BA C — x1Bxy GMILE B, WMMEMER
B — yily2| ... |yn W C — z1Bxy — z1y122|T1Y222| . . . |21Yn®2 T5ESEHL

XEAHEMIR A — z1 By RNERBHER.

XRBRELG, SEPMRRREICTIERIZ HIXFRIEN.

fl:

C— {L'lB.'Bz
B = y1lya| - - - [Yn|yns1
{A — 1 Bo|zi1y122|T1y22] - - - |T1YnT2
<~

{A — :I:lBZL‘Q

C — z1Bxs|z1y122|T1y222] - . . [T 1YnT2
B — Yn+1

XERTLMER B — v1lys| . .. |yn: FFEANE B RIZRAER "SOSH".
XEEEMIE A — z1Bxy F1C — 2, Bzy: HHER.



XZECRENRIER, TEERRTSRATE. BRBURIANEAIREINEIXMER (BRefR
XA LAA dependency graph) .

1.3 LRI

Let L be a CFL that does not contain A. Then, there exists a CFG that generates L and that does
not have any useless-, unit-, or A-production.

EE, FBAE A N ETXEXRESE LG,
BERZIRR: SRk A\-production, BEB#ER& unit production, FEB#8R& useless prodcution.

1.3.1 BIREFE
A-production: 4 — \

Nullable Variable: A = ... = A

bR SLfn L ZEBRATE Nullable Variable. BN, RBBFRERT=E A RU=4, FIaEEHAI A-
production 4fg,.

Bhr=rAR: BB A — ARY A-production #ffitE, AFEMBAMES Nullable Variable
A9 production FIIGMIAY Nullable Variable B3 A LAY production (ZB{11.2 o E#H ) . X—FHikK
INEIE N BWEREZAIE production b, B0 A — A BBRFHHRBEE T . SFEFNMRHR ST~
430, ERMAYZEAEAM Nullable Variable F§ A B34 HHHELE Nullable Variable AJgEFHE
BRI EERE MR, (BEIREERN.
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Find a CFG without A-productions equivalent to the grammar G:

Grammar G
S —> ABaC S — ABaC|BaC| AaC| ABa|aC| Aa|Ba|a

A— BC A— B|C|BC
B—>b|A B—>b

C>D|A C—D
D—>d D—d

A,B, and C are nullable variables

1.3.2 BRI ES

A — B
E— BNMRIR.

o N A — AWFEXNEERR
* A — BH, RxeE8H/EnEiR

7%=_: Dependency graph

BEFE unit production BIRIHHREE]. XL ETEEPIIEENASFE(TAILRER. BB4, MR A5
B B, BRA B #Er=4HY non-unit production A tBEJLAHE.

FrLATEIRSEHY non-unit production &t £, IN_EZRBATLHEZEM AR non-unit production, FLEE
12 unit production RYZER. BAXREHLZT, FRLAEEZ BRI S E R0,
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S — Aa|B
B — A|bb
A—albc|B

Example 6.6

S — Aa S —al|bc|bb S —>albc|bb| Aa
B—bb |9P|B—albc | S |B—=ratbbtbe
A—albe| |A—bb A—>a|bb|bc
Non-unit production New rules

(s (X X2)
e dependency graph

1.3.3 BIREAFER
THAZE: NSTEIRE, SINERESHEEFRNER
FZRrEl: AXRAZENE.

IfS=...=zAy= ... = w, wherew € L(G) contains only terminals, then variable A is

useful.

Otherwise, variable A is useless.

FTRFEN A LB

2. BNER
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2.1 Chomsky g},

Chomsky Normal Form (CNF)

A— BC or A—a

/N

variable variable terminal

CNFIGEFERXRBERM N A — BC (AIRAWAYEE) 1 A — o (BMR—MERER) 7
B N EREF T RRZRESHRNFIR, XEREESHEZH.

MNF—MKER n (F/FE, BE CNFIGEFESHEEESN 2n — 1.
IR B CHLUER (fF5h5E) .

2.1.1 CFG 5 CNF
FE: WHHIAARTTE A BY CFG, ZE—ZE8Y CNF 5.

XA “AFE A IERIR1% CFG ERRNES AR A REESAES A\, AIEGEHEER
A — AFER, ZEEER (MPE @) |, BEEIEIX CFG #9 CNF.

EEBSRESHREE \ WERERS CNF Tkt A
SE:
@ BRRETERAEBATTER.

[ 1.3 ki .

LA RBRRTCArEL: RASFEBAFEUATNHE CNF IER, BEBR, T
RFAEVERIRERE CNF VEK, BMEEIRLEAHERN, RECRARTEANBARBN~E
I (XWEPMEPEIBIRT) | BAERELPREIURENNEERNSFEL (BIELA, A
/R CNFRIENX) . FTLARGEMIRR.

NITHEER, HEEHRTAED.

Q@ MTAMKEXRT 1 f-EXNPIEMELE a, SIN—THERET,, BFEEXN o BN Ty,
FRIAN T, — a.

AURKESFT 1 NEEHEER (B ~EXhR, RTIRRAW A — o B=4ER) .

KT 1.1 etk TR, EATEERREREINOEFN, EAERIRIBEEF N
AUSGE. XBREUTEBRMARHROER, BAGSIN—FEE T, REE— T, BEN
WFEER T, — o, XFHETHEE.
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R AWEAMISKAYER, BRETEANKEXRT 1

® WE, AUKEXT 1 WFEX A HIRE
Efzan A — BC (RIAMKEREEN 2) .

£ A
Replace any production A — C1Csy -+ - C,, (n > 2) with
A— Clvl

Vl — CQVQ

Vn73 — Cnf2an2
Vn—2 — Cn—lCn

B, FRepBR A — C1Cy, Cy — CoCs, ..., ERXESTIRBR, R&Mh. BREE—5&TLL
Hiz Vn_z — Cn_lCn, AEEHSIA anl, E3ps) Vn_Q — C’n_lCn AEBER2 7.

X—ERU—RFNERR 1.1 4B [HTE.

J\XEI Vla VQ, ceey Vn72 ZEEf;‘\Egl)\E,\JEPrE—_IQE

XHE, FHBER—NTTE AN CFG, BT —NENIY CNF 3TA.

2.2 Greibach 53,

Greibach Normal Form (GNF)
a— CFG BB r=ENHRIA T AL

A=>aViV,V, &k

/N

symbol variables

vV
-

TR, kELiET 0.
, ERARAMRERTFT L. RERE, tBARE > 2

eI
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IR, ANETFZETLRILIGER (5+hk)
MFRA Greibach 5E=. jF&, Greibach BT A4 .

FEXS:

@ Lec 3 3.2 A%

FrEFFERBEE A — wBE A — w I, He w BERERFE (string of terminals) .
f:

= ({S}v{a7 b}>Sa P)>
P:S— abs,
S —a

@ Lec 5 2.1.3 fRig30%
—NETNFEXRE G WIRAEENE, NREHBUATFRMY:
o FIEFEREBRUATHMERNZ—:
o A—aX
o A=A
o ME—MHM: A — aX1 T A — aX, FEEFERIFE. B Pair (A, a) &2 appears once.

AcVEEZE, ac X REEREER, X € V* & string of variables (BTEE2HMIIFR

%: /\l:lxi)

ME—MERMEFN X RETE, WREET, RFEEERANT IS, MetE—HEEMER
A=A

2.2.1 CFG ¥ GNF

IR WHHAR4E ABY CFG, FE—NEMNE GNF 3TE.
TR ATFEANRER

FREUX NS GNF 1833 CNF BEREME, i RERE T LB
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S — AB S — aAB|bBB|bB
A—>ad|bB|b "> A—>ad|bB|b
B—b B—b

S—)aTbSTb
::> S—)ClTa

1, —>a
Tb — b

S — abSh
S — aa

Greibach
Normal Form

fFrhze: BIRRIERLTTIE.

3. CYK §i%
Recall:

B RFIEIERE (Membership Question, BJ Lec 5 2.1 fi##hr) : for context-free grammar G, find if
stringw € L(G)

RRREIEEEL (Membership Algorithms) : Bl Parsers.

e Exhaustive search parser: O(P2vI+1)

PRrE#E, W Lec 5 2.1.1 BT .
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e CYK parsing algorithm: O(|w|?)

J. Cocke
D. H. Younger

T. Kasami

BIEPR: R

gz O(Jwl’)
AR,
EHRIRE O(P - |w|®), EVFSIIESGERIARE (PWARE) , FAEA O(|w]®).

HAFRE izl

Midterm

Lec 1~ Lec 6 RMADAMERSY, Lec 1-4 RIEMIES, Lec5-6 REFXEXES. B, EMESRLET
NERESHI—EB7, BIFEMEEBIFARINIENESATF, BRREE L TYEXES.

cheatsheet:
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B A 1 ML

Context ~Free Grammars (CFGQ) B%IA \
l. 1933?.“)8 LCGY or not 2 _ P Ierv xe(vuT)* %‘ ® A —> aX, 3o wlv.&XF
If yes, 3P) &8 wH derivation . .. = Context - Free Lanquages 5 246@ 8% \_,w :
Fhnnar . 0 prmy \WK &/ E3 Q:sc )
CYK « O(Iw®) . . , ® @@%
2. Rmbiguity : A CFG is, Ambiguity if some 1- Greibich qmn.
B ..\w.mmﬁd WELCG) has 22 derivation trees | leftmost / rightmost devivations @ ® A aViVz Vi K20
‘ . ‘ m V)ngbﬂlvghs&SWVleD»v
1. #%P4. ZS:Pﬂﬁ<§2»Z§ wmoigk No‘:qgam &nﬁ\cﬁﬂmm&vﬁd&.vﬁ.
_ (-#YPR\ - productions) | BRL ,
o L - & ZBLIEERL | oy B (V)
s ; ,wﬁ%% IR Pumping | o nt or Ba
. - , AP . 0:PEm.
2. BH. Unit Productions - Y oFR bon | PPick wel, lwizm, CFG5% CNF: .
/ % 2 0\.. 0: wﬁlms.:!rg @ #3P4 A production FoUnit productiol
¥-754%% . @7n) Dependency Grl hevFR% \M N.Q.tm.m\wv\u@ SWExyz. © LR R X316 production , RI42$3
L : PePicki. xyzg L. %nmﬁwqup R
BAlvy - VA C.G~Cn (n72) h.
g A—>albelphy a3 xmng R e S e A%AWQS it &wTJS
\Vo\ /E/s E: TR | s L) OC Iw) - T Wb, g
S—fa 5> albelby b . : o S S
B>bb - + B—> abe xsi Linear mlviw o A»w ™]: Is aabbb € Wmhvvu,
> a a b
A->akc A— bb Sw raﬁw nlvws or A>w Mlvﬂw : ‘
F3k wnit production.  New rules gidn o an wmm mw. mzwlm
B—>aB [
| 3. #W Useless Productions B—b mmmWWmmﬂ.lmF
: . o5 b
s x%lv wELG) oy gnf
U usefus . R1es seless, 4 useless B procuction B, RSALL 3




DFA : Deterministic Finite Accepters

®
M= (Q.Z,8, % F)

B,
Q: R&ERS
. ﬁ:k?@fi
S HHAR axs-’
(BRI B AL
HRHAG AT RE)

iniy GIRRTRK)

F: %M% FcQ

B oRAERERITHS BB
FRER-TRE, RS

* NFA : Nondeterministic
Mz (R Z. 5, %, F)
4 VFA B3
§: Qx(sufa})—» 2"

J v
TEH  THo.8P
ABEHTH

YCRVER D) WA 7 A BBk
BHE, BH 4% }

REA -G b IS 2118
* FRIGHERERIBS (RGH NFA)

Vs s @il

_(Mﬁﬂﬁﬂ%)
¢ FRNZS ) ERITARH (NFA%S RG)
For 00y 45 5545 add Ag —s apj

L)z fwes?, 8" %00 nF49]

Vi = GG Am ¥ @io.,“bo”;@
5D

¥ NFABS DFA ( lec2 34.))

YNFA M= (R,£.5.90,F). Ml
Httvrn m ‘

Rdd transition to DFA:

Repeat Step 2 for all letters in = .

AR @), .. §%m)

ARG, RIFELH . Eorm
AG- TR M BB ETRIL, A
BERE S (190.93,... 0, a)= 9,

BYRID @Yo, .
GiR, bl
FI8L. 4 tap state )

Ster 3. X Final state

§(19.9....9n}, )= fai4,..4

¥ RE: Reqular Expressions

I- Primitive reqular expressions

. @A\, aeg
Stevl: Miwr, 2. %rden, kR g
TRIBME M RE 5 90, A rrm

M8 20 by R E g} Tio T
Step 2: i IEMIS 0"
For even) DER's state 44,9, 9} "
MALHA e 1 LR .

S'('h,o.) ; Z
: {4 4. 4] L(®)=9, LN)= fa), Lia)Hd)
S"(?m.a)

For RE 7. and 1, ,
Lirtn) = Lm vl
Y Lirm) 2 LemLany
Ly - (Lony)?
-1('(m)‘_= Ln)

* NFA % RE : fﬂﬁfz’ JEARE
Complete Generalized Transition G
BAREA IR A R %,
(BERX, A Pars)

© % NFR % Gomplete GTG.

Rk

For any DFA state £4,4j,..., g,
if some 4 is a final state in.the

i NFA. then {49 a9 ) isafi"ai
stafe ‘in. the A

For aryy final state. U, agd Af — X

j’?l‘]-k 9. update (

- i
¢ "
R 2 states: r: Vi 1 (vgem riny)’

) % 3 states with %0, )¢F. qcr

i ¢~ Ri thikrehg
'iie~1'35+ Tik r,;‘ Y

ﬂi‘— B+ "’:k Y

n‘.srﬁfmr:xr“

wve.

. 0.3 24 states , 4. tdF.

:"ﬂ%‘ixﬁﬁ al-(41.9), i¥k,jak

C | MO R I Tege T 1920, ¢ty
© o [0FR. 19 3 states, MHO

Lec 7 BRI
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7.1 NPDA IEfEE TR

Nondeterministic Pushdown Automata

7.1.1 PDA TR

Pushdown Automaton

Pushdown Automaton (PDA) H9Z5faa]{i{L

Input String
Stack
Control Unit
@
. < >
~0—0Q
States

K PDA fEEF—ME (Stack) EFPRMBITEL (Count without limit) , MTDBEIRBIAN
L ={a™" : n > 0} XMFEENEHENES, RERNEERE o #EE— b ZEIHI.

PDA 453
o BINFFFE (Input String)
o IZHIEATT /JRZ (Control Unit / States)

e 1% (Stack)
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7.1.2 ¥

Stack

7 e stack
head

(top)

bottom

HBAE—MEE (bottom) , #k /IR (stack head/top) , LAR—MIIAHTFS 2 (Initial Stack
Symbol) .

7.1.3 NPDA IEifEM TEEEITN

Non-Deterministic Pushdown Automaton (NPDA)

M — (Q, 29 ra 69 Q'Oa 4 F) Final

/' \ states
States

Input
alphabet Sttaar? ‘
Transition Initial bol
Stack function state e

alphabet

HFERT (Stack alphabet) : SEBEHEKRPEENERIFRIERS. 8%, Inputalphabet 3 2
Stack alphabet I' j97& (X C T', BEXFIREEBEX—R) . [ F288—% X FRBEIUTIANT
S, IKKFGS 2.
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@ HBRY

EEFBRREL (Transition function) :

6(q1,u,81) = {(g2, 52) }

e q1 € Q: HBEMAZE (Current state)

e u € XU{A}: HEHANES (Currentinput symbol)

o 51 € I': HEMHKINFFS (Current symbol on top of the stack)

e g2 € Q: T—IRE (Next state)

o sy € I'": (& s1 ROKTNFTER.
T™MEEIWAER D ARANERD : IRSHIRBaIFtRAE L. B, IASA0RBaNF0 NFA S£06L,
TRV AT LAIRR /958 51, JEA so.

FRERTRCER, FREWIESLI. IESLirdmiz®, TLARSERSCI—MESEH, LAY 51
RtSHb RIS M T R R (E.

s2 0 s1 ENXAR, BATR—MERSRLIMSHPINGE:
i (Replace) : 1R sy BRNMFS, ML 51 BRAB—MIS.
S (Pop) @ W s2 = A, M8 s, [REFFSEA.

FEN (Push) : MR s B—1ESFRFMAHR, SRFSEXEBREAZIMTS, X
BRI LE TR GERESIERER. 1530, R s2 2 s1 BRIR—1=/FEH, WHERSEM
FAEE 51, BEERENGHIRENFRE.

o §(q1,u,51) = {(qo, 52)} EEAME—NES, FEH NPDANFLEN q1,u, s1 FTEEESEA.
—NEHENT—EREENER. EANEINTE (92, $2) BBE— TN T —IRSHENFF &
pair.

OF:7:7:
Labels on the Edges of Transition Graphs

1 NFA SR, HEBERIRSIERINERMN. B5R0FT 8RR,

Heh, SFROAIFER=BOMIRL:
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Input
symbol

S

TRMNERERE.

Pop
symbol

|

@ a,b,c

5(%9 d, b):{(Qp )}

DRIINENX P u, s1, S2

{0

Push
symbol

N

—IRESRERILAGE 1 HE 1, SR HES. RHERSE (RBE) . R RN (RER) .

IR ARF—IR pop Z4NFER.

@ a,b,c >@

9T HE1:
input l
a
stack
b l«— top
h
e
Z

tHATLAGE 1 #E25:

Replace

NSO




a a
— C pushed
stack d string
top
4_

b Replace f

h :> h

e e

Z Z

ARSI, GNSRHEN s2 = cdf, MFBGKIIA ¢, RER 4 f.

R LAREARE:

@ a,A.c =@
input i l

a a
stack C le—
b «— top b
h Push h
e e
z z

IR XEARWESE, BatkraRl BERAEE A

. a,b,cb
WESE: ¢ — q2, BP0(q1,a,b) = {(g2,cb)}



BRTLAR AN

input l

@ a,b,A =@

stack

b <« top

N QS

Pop

XERINESIE, B sy € T* TR M

ABEAHE:

input l

@ a,A A ;@

stack

b <+«— top

XEARRINESE.

No Change>

N S




R a,b,b
WESE: ¢1 — q2, B10(q1,a,b) = {(g2,0)}

BXEE: ARF—IX pop 24F/ ((BRERTLA push 219Y)

WEHATS 2 AVFSE:
a,z,A
input l l
a a
stack empty
7 |«—top Pop L
a,z,b
input l l
a a
stack
7 —top Pop b +—

AT




@ a,b,c =@

input l

a

Empty stack
) HALT
—
‘—

The automaton Halts in state 91
and Rejects the input string

@ a,A,c @

input l
a
Empty stack
HALT
—
4_

The automaton Halts in state 41
and Rejects the input string

No transition is allowed to be followed When the stack is empty — REEZITH, BIEFIEAEE
xRy, AFEE pop H push fH4.

INRABedrEAE S, (BRIEBFRIEN input symbol, NHZEREEYR. BTG I REEREERESE, N
BRI,



® IHRENM

"JEFREM" FELA T AW

@ /1,1?,(3 =@
a,b,c A — transition

AR eI R ERI R L NIRBIRENX.

@ HREER
Instantaneous Description (ID)

IR TSR PDA TEit BT REPRIE —ITZAIEIRTS.

— 1D Bi— =7t

(q, u, s)

Current Current
state Remaining stack
input contents

Example:
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(g,,0bb,aaaz)

—> a
Time 4: Input 4
a
Z
Stack
AAA A,z,z

Example: Instantaneous Description

(QZabbaaaZ)

Time 5: Input 4
alalal|b| b b a
T z
Stack
a,A,a b,a,A o

o i
/1,1,/1=@ a ZZ=

@)

g

The symbol "" denotes a move from one ID to another.

We write:



(q1, bbb, aaaz) t (g2, bb, aaz)

a,A,a b,a, A

l,ﬂ,igb,a,l b A,zZ,Z ;

A computation:

(qo, aaabbb, z) - (q1, aaabbb, z)

- (q1,aabbb, az) - (q1, abbb, aaz)
- (g1, bbb, aaaz) - (g2, bb, aaz)

F (g2,b,a2) F (g2, A, 2) F (g3, A, 2)

For convenience we write:

(qo, aaabbb, ) Ii (g3, A, 2)

® % NPDA iESZRIES
A string is accepted if there is a computation such that:

All the input is consumed and the last state is a final state
At the end of the computation, we do not care about the stack contents.

R, BIHIRE.

BEEN: — TR NPDA 1848, SBNEMEITEREEHAEZZF S, IESRHES:
o BMATIEWHFE, 5
o BWIAIHEST, (BRERVASAZ Final state, BL
o HESBERRIRLAT (= XI=Hit1T pop #£(F)

# NPDA IZZANES : FTERIEZF THIES.

FREN :
Language L(M) of NPDA M:

L(M) = {w: (qo,w,2) - (a5, ), 8)}
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H, (qo,w, z) SEBFIER, (g7, A, s) ERLEAEHA. FRFEM NPDA 2, IIFE—&KITE
B2, EEVSNBRERESNELERE, FIAREEE.

TR, RERREEAERE:
o YR final state;
e Remaining input A \;
o HRA s € I'" JLUIRGEIERRS, FX0O.

® fIF

Example 1 L(M) = {a™b™ : n > 0}
NPDA M :

a,A,a b,a,A

E,Z,ZQb, A A,z,
>@ a >@ ZZ>

XEFEN a WRTE D 2RI, BTN a #HT7RH (push) , ARBHN b HTEE (pop) , &
[EIEFRIEA BEREN final state.

Example 2 L(M) = {w : n, = np}

a, Z, 0z b, zZ, 1z Single loop
Use negative counter symbol (1)
a,0,00 b,1,11

a,1,A _b,0,4

0 Az, z :

EARKD a, b NIRF, RXOHE, ELAILIS a, b BADBISINITERTS. &M, 050 1 9%
BULURIR o 1 b FOAERIEE. B, 0 HMERTR oL b SHHE, 1 NIMERT O o ZHHE &
%2 — a, ALUERE push —1 0 8¢ pop — 1 (IRIBERIMETICRIEREE, BBE—MHMERTLH
A9) |, “EXENHENIE—E (£ o FEXHELN 1/ 6 b fENHERD 1) | 8EZ—10,
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BJLAESE push —> 1 8 pop —1N 0, Z“EXHEXIEERIRINAE—EL (6 b fEXIEEIEIN 1/ a BY
BENEERD 1) ER, NRIEFRE push, —ERERIE FHIRBEAFRRS— input symbol A9
TR 0, 2 a b, RETNE 0, N—ERRIEEMEFIREEEI 1, WRERE 1, NEERIE
HRREEHIN 0 (METERRISEHE) W TESE— 1B, MREFRE 2z, WEEZFFFEHET
ne = ny, WHTATLASSEERE] ¢o (BRTHBE ¢ RANRINEREZFR, BAE accept) .

Example 3 L(M) = {ww?}

AR, BESESREBMNIBERIFITERI (palindrome) .

a,ﬂ,,a a, aaﬂ“
b, A, b b, b, A

@ A A A ey A,Z,Z »

Ch7

qo B9 loop FB push 4MERTHER, g1 B9 loop F pop AMEFHER. RA push IR pop IRFEISIFER
KA REEMIRERERF 2. X —RAN=FFTRAIE (palindrome) .

Example 4 L(M) = {a"b™ : n > m — 1}
IR, RMHERRR
Recall Example 1 L(M) = {a"b" : n > 0}:

NPDA M :
a,A,a b,a, /A

[

ﬁ’:ﬂ')ﬂ‘ b: Dﬂ’ ﬂ’) 9
;\qj a >@ 2,2 >

RECHEM E, FRE—FEBRFIFEN: b, 2,2 (RFOLS—) fb,a, \ (RF a SEED) .



7.2 NPDA 5+ TFXELXKIES

Pushdown Automata and Context-Free Languages
F£1#: {Context-free Languages} = {Languages Accepted by NPDAs}

TEBIE: ARIENIESH, FiIFE DFA BXIENEES, AREDHNEBSBIN=FfZT7 (NFA/IERIX
i% / IENZRIA() #0 DFA BIZE.

R ETNEXRESH, HIIBLETXERIGEREN L TXEXIES, ASHIER NPDA fIFE.

EIBIERRD AL :
{Context-free Languages} C {Languages Accepted by NPDAs}
i

{Context-free Languages} O {Languages Accepted by NPDAs}

7.2.1 CFG — NPDA

Convert any context-free grammar G to an NPDA M with L(G) = L(M)
i&—: Greibach BX-REHS
XIRER A RI CFG, B%%, 1§ G %9 Greibach Sg.

ERL A\ B9 CFG —EFEZMNEY Greibach Normal Form.

XITFHELERL A RY CFG B455RALE. AR ®.

A= aViVy--V,

Top of Input New Variable in
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AIEIIEE— NPDA M RiEH) G NRAES.
IR, EIRCHESITERIVFHESER N LRENM, MBRERINFHESHAFRr St —ERE

RAHESASE.

EFRURAHESTARERINFHS, BRARESRRABERHTRE TR, WREATRE RIS ARIR
TEHENEEA, PBAREEEHRITMES T AN REZEHITHES.

U EREREFEESEREPARERNRES, BXEBRRTIKES. BEEHF=ME:

-

S
@ A, A, S =@ A, zZ,Z '

RIFE @~@ HJEE NPDA
@ B, HE—FKEB:

3(q0, A, 2) = {(a1, 52}
B push ¥IRATHR S BIKTT, REHEN 1.

XEEKRFER S — aV1Va. .. Vi, REFIE S push A.

A,z,Sz N U A, S
Blqo —— q1 (BEAAIEEL: 90 — q1)

(ql, ViVs... Vk) € 5((]1, a, A)
XEBEIES — a1 V...V, BIEMAYIREENT4R.
CL,A,V1V2. . Vk

Blgg ——— q1, EEHEIA loop (AILAEZD) .

EARAGE pop #5IN, BIREHS, IBALERMAI symbol —xER input AIFKIEENERS PRIR
symbol. BATEHESIH, X4 symbol AMASELE, BAMIRSE symbol tLE2HKIETAY
(=M symbol BHAMBEEER, XNEREZRIFTTHT) -

O XWENTERX A — a (BMEEZE) | WE—KER:
(ql’ >‘) € 6(‘11’ a, A)
XEEE pop XIRZEE, ARIEBRIMAT symbol, A& push FfIETE.

B0 g1~ g1, RIS loop (AILIESA) .

@ SFTERERET DRERRIERE, RPRIR 2. (R

(g1, X, 2) = {(q2, 2)}



R R 2 REBESER (RBRIREE)  BUTEBIIREZRE.

A2,z
B0 g1 —— qo. B ¢o 2 final state.

® KRB : BIR CFG BeERk A\, NIREEEE GNF. (BiEEEI, Titix CFG —FHRRER S — A\, IR
HABEL Lec 6 1.3.1 B AR FFMNIIRTTE, BINE S — A ZIMIBETF4, WHFNEY
CFG—EE S — A

RIBHBERE, REUREIHESEBRSRETMIX—F, BARFNER, TREHEEBE
B A Ti#ghRis S — A ZHMIRMEZF A RRIX—5KEELZ CFG R A, FTLIE—EFTE.

FELE, BT

B Lec 6 1.3.1 BRa~4 BigEMESTERX A - N (BE) .WIHRE S — )\ (—&8) . A
B S — X (—FB) ZIMIFERXERR— M CFG, F5£ GNF #1T ©O~®@.

—TEREEE GNF, EJOME——SRASERY \ BOP=EtiHERTES
IXERH CFG B4R L — {)\} B CFG.
BI5, TI—SEBEmNE ) € L:

(Q2a Z) S 6(q07 )‘7 Z)

A2,z

Bl go — qo.

MRS EIE= R final state.

AMEHRIERES 7.2 WEE, TLUSHES:
LEFFYEXES, HANNL - {\} BETXEX
HEANZL, WL—{\} =L, B
£\ € L, WEEHER © 2

e MLHECFGEEE L — {A\}HICFG (IR S — A ZoM=i=4=k, RB S — A\, &
Bk S — A ZHMI=EX#E L — {\} B CFG) ;

o ML —{A\} &9 CFG thaTL it L B9 CFG (RN S — \) BDAJ;

o 45 7.2 EEHLHLUR, ETXTHEME NPDA, M L — {\} B9 NPDA aTLAREiEH L A9
NPDA (HII—&EmEIERIEREIA) , B NPDAHR E T EX.

o ZF, LML — {\} BALTFXEXR/AELETXTX.

T EEHES S E
EiEA, TEERHRERA € L.
E—RISRRESE Greibach 58\, ARIEEIHZERATHT.

EZAEEL Greibach, {BRIEE input Tl EH BT

bl ERERFEESIIETRNERNER. BENRSH, FREBRT—IKHESHIEN.
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EOHREESNOE (PERTS) XECEERIRERSERR, BRNER.

BELEF=TRE:

@ l,ﬂ,S @ /19292

@ B, WE—FE%:

6(q07 )‘7 Z) - {(qla SZ)}
B push #1853 & S EHEIN, ARHA q1.

XERKFER S — x, REMIE S push A.

A,z,52 . N AN
Blqo —— q1 (BERESL: 90 — q1)

Q@ WEBNER A — =, HE—RER:
(q17 :L') € 5(q1a )‘7 A)
XEBEES — ., BENANHRTENEL.

JAx
B0 g1 " gr, TEESREILN loop (AILIGEEA) .

O WENERERT a, HWE—KER:
(Qb )‘) € 6(‘11’ a, a)

XEEEREE pop HIRERER, AEZHE, & push FTHIAE. EAEKXREE pop 111, BRAIEENRY
symbol —E& input AIKIEANERS RIS symbol. RAEHESRH, X4 symbol £IFEE
e, HAMWRSE symbol BEMFHEHRY ((F/utkIR, BZEMAY symbol FcRIEH pop FisEEY
7).

B0 q1 % q1, EEREIA loop (RATLABEA) .

@ SMETEIREAEBEE LIAEBIER, RPRIR 2.
MRS
8(q1, A, 2) = {(q2,2)}
HRAPRRE 2 RIGHES. R, BUTEBIIRERE.

>\7 ki
B0 q1 = q2. H gy £ final state.



7.2.2 NPDA —> CFG

Convert any NPDA M to a context-free grammar G with L(G) = L(M)

$B—: NPDA Z{fi%if
AT EEHERERERZIIUL, FITXITHRI NPDA M #H{THM LR
B#xr: Modify (if necessary) the NPDA so that

¢ |t has a single final state and empties the stack when it accepts a string

e All transitions are in a special form: 58 1 # 0 258 1 # 2.

@ H final, =8 stack

{&—: Modify the NPDA so that it empties the stack and has a unique final state

NPDA Empty the stack

A X, A Vxel-{z}

R, T stack KB 2 18 pop .

@140, 38142
{

R

Z—: modify the NPDA so that transitions have the following forms
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(2&) o, B, >Gi2)

OR B,C, D :stack symbols

@ o, B,CD =@

Each move either increases or decreases
the stack content by a single symbol

SETE, TLUEREES BHH TIPS

B, FMEEEIESHIE:

T~

@ o,7T,VT

Vrel —{z}

X2 y FKERLUER.



NUCERIBETZD /058 1 HE 1, 381 S, FURRHE BAEEE(18/958 1 #E 0 258 1 3 2.

OF:NE: 3

. a,A,B
pop 1l push 1: #thq; —— q;

— a,A\ A\,7,BT
SIN 1 NHERE: g B > qj

Heh 7 € I' RESBNKRIFR. Thr LRSI, AR5 E4MEIERE push 4 B.

OF:BE: 22
5 a,A V]V . V!
poplpushn (n>2) : g ——— q;
I n ANHEMRE:
G,A,A A,T,VTZT /\17-7Vn1717— A77-1‘/1/7-
qi > q1 > q2 »q3 7 7 Qpn ———7 (qj

e LAERfRA recursively 5IANAEMRZS

a,A\V,...V, AT,V
q; q i) 7 qj

Hep 7 € I’ RIESBENERINFR.

@ FIEAHE: B2 1#E0, (REERIA.

S| 192 CFG
The Grammar Construction
SNTBU=TEFRBS: (¢:By))
Hrh, ¢; #1q; 2 NPDARPRE, B € I JLINERHKMAS (B85 2) .

TR, IXEEF0 NFA % DFA BIROIRSEL, ZEMNBERRE, FEXREARS. et CFG FRILUE
TEIFSEREN

£REERTE] NPDA.

=554 (¢; Bq;) < NPDA M ¢; ZIIHBF pop/push [FEIX q;, HERAE B LAMEHEIFSHEHET
T B IRXHENEEATRERE, BANN=TTHMASS CFG MF=4azE.

=5t (¢:Bg;) TrM q; &l q; 38 B BHRE "+ iEI‘D] B U™MHEIRFS" BIKEIR. B CFG
BAHOREET HEAILRIANR, B (q02gf) = wXMESTURD RIS FESHE
5ok, BNTFES (¢:Bg;) WIREIHEERE (REBMNZE) 79 q; BTN B RAOREBRIFHEARA
B, FERET B UUTHHERAE.
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@ 3 13 0: FPeEELREERT

a,B,\
For each transition g; —— q;

We add production (g; Bg;) — a

R REEFR (¢:Bgj) — A

@ 3% 13 2: =4 Greibach

a,B,CD
For each transition ¢; —— q;

We add productions (¢;Bgqr) — a(q;Cq1)(qiDgy)
For all possible states gy, q; in the automaton.

BRE, WTIEZEE (¢;Bqy), % transition 127 —KATREITEIRR (FiiBEl j, AEHER
B k) , AREEZ transition mRAIR—FHEE, BIFERAXNMERIRNE, BZ— 1 a, REn5l
pop C' #1 D. B8F pop C #l pop D EHFT (—RREEpop —1) , BHEESINFAEATE q;, &
Mg, 38 CEl q, BN q 38 D E qp. 2598, pop C 1 D BREIsEH—EBAFRIFEEE.

@ BiREE

HAEIET NPDA EF— AR w, B (qozqs) = w, EHBILTERE (qozqy).

In general, (g; Ag;) % wifand only if the NPDA goes from g; to g; by reading string w and the
stack doesn't change below A and then A is removed from stack

Therefore, (go2qy) % wifand only if w is accepted by the NPDA.

Therefore, for any NPDA, there is a context-free grammar that accepts the same language.

7.3 DPDA 5t L FXEXIES

Deterministic Pushdown Automata and Deterministic CFLs

DPDA: ET NPDA, AAWHER—IRSHULIGS T, BERRITFS1ER.

Allowed transitions:
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a, b,w, /'L,b,/wl.

a, c,w, N

E It R LARSRIRET A, ATlA DPDA St E—REEHAR SRR, RESBHATEIRA
B (REERESIRITERRE M=) .

Not allowed:

a, b,w, A, byw,

HRIE SRS HRARTIUTR T AR IIE . AT

7.3.1 DPDA ffEE TR TN

(g, a, b) contains at most one element.

If §(q, A, b) is not empty, then &(g, ¢, b) must be empty for every ¢ € &
AARATFER—RSHIHETRAS T, FERRIT A BBFIEARTS c NER.
XEE empty 2 empty set, BIRIFiZ transition HITEN, XEIFAY, ARETF DFA.

At all times at most one possible move
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dpda SFE—IRE. E—KIUEZARFHHTARER, BEFEE—RS. B—KIUEZHERFH
HITAEER, AR —RE. A—KIRERNEFFHERNTER (RATEBIIF R RINE
A9IE, ERXEHALAEARERIS L)

Bl: L(M) = {a™" :n > 0}

7.3.2 REELTXEXKES

A language L is deterministic context-free if there exists some DPDA that accepts it

7.4 NPDA Lkt DPDA EHig

NPDAs have more power than DPDAs

There are context-free languages that are not deterministic

HTE1 DPDA #Z2—1 NPDA, FTLAEM L TNEXRESR L TNEXRESH—FE.
{Deterministic Context-Free Languages} C {Context-Free Languages}

FHELTNAXESEIHHEMLN, BIEMF8ER{EM DPDA 3.

XEEKE NPDA 1 DPDA HAZEL), B) NPDA HARRZEEENZENAY DPDA. iXF NFA SEEEN
DFA RE.

We will show that there exists a context-free language L which is not accepted by any DPDA

The language is

L= {a"b"} U {a"b*"} n>0
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We will show:

e [ is context-free

e [ is not deterministic context-free

@ Language L is context-free

/\H‘EEQAIIIH_AEEE Eg CFG:

S — Sl|52
Sl — CLSlb‘)\
Ss — aSsbb|A

@ L is not deterministic context-free
BPIERH there is no DPDA that accepts L

KiE%: Assume for contradiction that L is deterministic context-free. Therefore, there is a DPDA
M that accepts L

% DPDA TEER a"b" I LIRIARARIRTE:, BEUEST b" NEEEIAB— I RN

accepts a nb n

AN
4 A

NAOAAD
-/
v

aann

o

o accepts

251 {a"b"c" : n > 0} is not context-free.
0 Lec 8

If L were a deterministic context-free language, then

L=LuU{a""c":n >0}



would be a context-free language. We show this by constructing an npda M for I: given a dpda
M for L.

MI

a c C

7
Let M = (@, %, T, 0, qo, 2, F) with
Q = {q0aq1,"')Qn}

Then consider M = <Q, X, I',6uU 5, z, ﬁ’) with

Q = QU{qAO)qua---)qAn}
F:FU{(ji:qiEF}
and & constructed from & by including
(ar, A s) = {(dy, s)}

forallgy € F,s €I, and

A

3(dir ¢, ) = {(dj> w)}

for all

3(gi» b, 8) = {(gj,u)}

qi € Q,s € I',u € I'*. For M to accept a”b™ we must have
nin *
(q07 a™b ,Z) '_M (Qi) )‘a U)
with g¢; € F'. Because M is deterministic, it must also be true that

(q07 aann, Z) l_M (Qia bna u)

el

BRE, B "0 KRR (5,07, u), NPDAMAEIX—sR, BRILAGE.

so that for it to accept ab?"™ we must further have



(qi,0",u) Fur (Qja A ur)

for some g; € F'. But then, by construction

(di’ cn,u) |_M ((j]a A, U’l)

so that M will accept a”b"c". It remains to be shown that no strings other than those in L are
accepted by M. The conclusion is that L = L(M) so that L is context-free. But we will show in
Lec 8 that L is not context-free. Therefore, our assumption that L is a deterministic context-free
language must be false.

Lec 8 L FXEXIESRIFIANE R51IE

8.1 3R5|HE

Two Pumping Lemmas

Lec 4 PNBETHE—MESARIENESHIRS . FHNMER MRS FE.

8.1.1 L FXEXKIBESHIRSIE

The Pumping Lemma for Context-Free Languages
ATIERREESAR L T EXIES.

R WF—ER (FHABHELR, MARKELR) NETXEXES L, #E—1EHm, X
FHHIRKE > m 578 w € L, FHALUSHEAD w = wwryz, FHEE:

* |vzy| <m
o vl +yl>1
o wv'zy'z € Lforalli =0,1,2,...

IR, WTERNES, E—ERLTXEXES (BE—ERIENES)  TENARER

BRIEIER:
CFG HESWE— M ERRSE: YT —PEBRNFHS, FeiESTRETLRSHNZENES.
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Derivation tree string abbabbbb

7 ;\
S
N
b 4

repeated

7 Chsg

L—EE A EESKNE—BR EESHIN, SHEESKRRR T — MERGEH. Y, F—
PMEREKNFHREw (|w| > m) , BELWSBARNERD:

w = uvzyz
e,

o u R AFHAERRIIRIE;

o 22 AFHEERRIISE;

o vzy BHE A (EREAN A) HSHIEEFS.

o vy B—RIER A = vAy PRSI,

o T 2TFE A (ERKRN A) HSHIEEFS.

IR, BTRERES (TRMENTRAFHR) | LRAFE [w| > m BFRER.
RIE%: B ﬁLTT??‘Eﬂ,ﬁE w| > mWEFEw, WFFBw e LB |w| < m. N
L] < Z 2| (BAEEAHALTERE, RENAREIRN)  RATFESSHERE
= ﬁﬁL;OEBE%;zEEz\%ﬁE |w| > m R w .



Possible
derivations:
u Z
\ 4
* A
S=uAz
* 1% v y

A=vAy A

%k
A=x
33 Chs8 x

DREEFHEREAR: |vzy| < m,|vy| > 1
R

lvzy| < m: XRLEWNFHLAR TR, R5IENZOEAERRIEEMESARE CFL, FLAREREHE
REIE, WNFHRBIMSMT. fla0, XBREIDBEHRE |vry| < m, WFHRERERSRIEMN
w, BH—MKERZRAGEES vey, XN Thackin T—oKJiEHMERE T .

DESTER A, BEH S = udz > wAyz = wryz. USRS lvey| > m, WS
LU RHE IR A = o/ B2 = w'v'By'2 = u'v'z'y'?, Heb
u'v'z'y' 2 = vey Bv'z'y < m. BIUBAIEGHERS BROSFEIRG], 1EFRE.

[ENIESAYERS EH, zy BAERER, BB —MRESIRE, BEIRMEXRNEESAIRS
2 K, XE A = vy ENEE— (BRs8n) RESNEREE, HEmSE—K
TEES, BIHESHERTRE — M RIRS, — M MEIRE, 28X

lvy| > 1: —REARBOHENFZHALATER. B CFG BASMINTRLFERNTE=4ER

F7.2.1 - R, BES:
BETNEXES, HBNRE L — {)\} BETFXXFEx.
EFrEEREE L — {\} LizfTa0.

fign, & L2 ETFXRXES, WL — {\} BR ETFXFRX, #HMHERSE; BEnxEARS
kiR L, NIFRSIENk L — {\} 80T, RJopkdk L — {\} BIDRIHkER L pTh.

BT, sTLUSEI m BITR:



Let G be the grammar of L, G’ be the grammar of L — {\}.
X8 G BRTRAFERNURR S — A NoEr=4R, G b ER HBrTaen S — A Bk
HhgE (Bl ONF, ZisR~bV)

Y |w| > m, WEBTLR, BE—RK tﬂui’ggi A G’ 38ETEER, EHXANESTLUR
HegsE (B lvy| > 1) . BF G R G 2T7T—&8609 S — A\, STEREXTF |w| > m RLMEE),
AL GBS —3, thalR.

): B L = {a™b"c" : n > 0} RE L FYEXIES.

EQZETEIER
JFE: B L 2 CFL, 58— m
gk Pickw = a™b™c™ with |w| > m, BXNFEHR

F: BH—FIOMRE w = wvryz with [vzy] < mand |vy| > 1

R PEC vey BINE, BNEH

Case1: vxy iswithin a

m m m
gzaa...aaa bbb...bbb ccc...cc@
S ~

U vxy z

52 Ch 8
Picki = 2, wlzy’z = o™ Wb ¢ L

Contradiction!

Case 2 (within b™) and Case 3 (within ¢™): [& Case 1



Case 4: vxy overlaps a’ and b™

m m m
/ Y Y \
aaa...aaa bbb...bbb ccc...ccc
N NN 7
2
U 129 z

> =Fh Possibility iTig :

Case 4: Possibility 1: v contains only a
ki +ky 21 Yy containsonly b

m+ ky m+k m
4 A

aad.. aaaaaaa bbbbbbb bbb CCC...CCC
LH\ ) v g

u VTXYy Z

63 Ch 8

Picki = 2, ww’zy’z = o™ Plpmtlvlem & [

Contradiction!

Case 4: Possibility 2: v contains @ and b
foy +ky + k=1 Y contains only b

m k] ﬁg/ m+k m
aaa aaaaabbaabb bbbbbbb bbb ccc.. ccc
VoXxy

z

67 Ch8
Pick i = 2, uv’zy’z = a™bFak2bm e ¢ L

[RE: ki, ko, kA BEEL/ 0.



Contradiction!

Possibility 3 [A Possibility 2.

Case 5 (vxy overlaps b™ #1 c™): [& Case 4.

Since |vzy| < m (FR3IBAIFHRESK) |, string vay cannot overlaps a™, b™ and ¢™ at the same
time, there are no other cases to consider.

In all cases we obtained a contradiction. Therefore, the original assumption that
L = {a"b"c" : n > 0} is context-free must be wrong.

EARFHAHFER MO

B2 MR L = {vv : v € {a, b}"} is not context free.

fFEh7e.

f53: 3B L = {a™ : n > 0} is not context free.

FHFE.

5 4: EBR L = {a"2b” :n > 0} is not context free.

7.

8.1.2 ZHESHIRSIE

Pumping Lemma Il for Linear Languages

Recall: Lec 3 3.1 NMBETLEMTE.
FEREGNEZRE—NTEN ETFXERCE

SRR E TR, WEEF— S BERNR, LM SOAERERREME ETXIRIGE,
RIEM/RRRNEZE, BMES—EE. R, ZMESGER—EFAN CFG.

R—ETFNEXRIES L AJLAHR— MM ETTERIGE G 4Rk, U L BE&MHES.

e~

o LMGEERMBNESREMES, (BREMNESEARHRIFRISOEEM, B— M RIHEST8EE
R — P EMESGEN— M RSSO EEN. (BRRBFEEMENSISGE, MIANEREKIHES.


af://n2910

IR MR R MHE S HIBIF
o HMES—ER L TXIRM. ELMSGER—FMSIAR CFG.

HHESHIRS !

For infinite linear language L

there exists an integer m such that
for any stringw € L, |jw| > m

we can write w = uvzyz

with lengths |uvyz| < mand |vy| > 1

and it must be uvizy'z € L, foralli =0,1,2,...

7.

8.2 EF PN EXIESRIEIAE
Closure Properties

Lec 4 NMATIENESHIEIINE, A HNMELTXEXIESHIHIDNE.

8.2.1 Union

Context-free languages are closed under Union

WuEBE: ATLAMEIERRAY CFG.

For context-free languages L1, Ly with context-free grammars GG1, G5 and start variables S7, Ss

The grammar of the union L; U Ly has new start variable S and additional production

S — Sl|52

8.2.2 Concatenation

Context-free languages are closed under: Concatenation

WEBE: ATLMEIERRAY CFG.

For context-free languages L1, Ly with context-free grammars GG1, G5 and start variables S1, S»

The grammar of the concatenation L1 Ly has new start variable S and additional production

S — 5152


af://n2941
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8.2.3 Star Operation

Context-free languages are closed under: Star-operation

L is context free = L* is context-free.

UERR: AJLAMGIEHRY CFG.

For context-free languages L with context-free grammars G and start variables S

The grammar of the star operation L* has new start variable S7 and additional production
Sl — SSl\/\

8.2.4 IR I%

AFiA: intersection, Complement.

AN EAHBERAME, (BIEEREHMMERER R

Ly = {a™b"c™} is context-free

Ly = {a™b™c™} is context-free

but their intersection L1 N Ly = {a™b"c™} is not context-free.
R

{Bi& Context-free languages are closed under Complement, M L; U Lo 152 CFL. 8T, EIEEER
f2, L1U Ly = L1 N Ly 72 CFL BRTHIL.

8.2.5 §5%%: CFL 1 RL BY3ZEE

The intersection of a context-free language and a regular language is a context-free language
UERA: 1’ L) RETNEXRIES, M, REZERINPDA. L, RIENES, M, 2EZ BRI DFA.
HEE— RO NPDA M, 8Efgies2 Ly N Lo

WETT%: M RIS TREBRIAENL My 70 M, ZBUERIFRIRIAYZRI. 1N My 70 M FiEEIARR
F, SR ESTSIERN M L.
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NPDA A, DFA M,

@ a,b,c =@ @ a

>

transition transition
NPDA _Af
transition

NPDA

jh[l DFA jv[z
A, b, c
(@) {(42)

transition

NPDA _Af

. o)) b: € @

transition




NPDA

M,

DFA M,

initial state

initial state

Ny

74

NPDA M

Initial state

NPDA

M,

DFA M2

final state

final states

Ny

NPDA

4

final states




GE, ETFNEXRESHENESHNRER L TXEXIES.

fl: EBE L = {a™b™ : n # 100,n > 0} 2 context-free

WEBE:

B& L1 = {a'%b'%} is regular, Ly = {a"b"} is context-free.
EMFESI#MERST, BD L is regular.

L = Ly N Ly is context-free.

EAR E T ERESHIENESHIRE.

fl: sEBR L = {w : n, = ny = n.} is not context-free
WERE: RExE
‘g L Fxckx, W LN {a} {b} {c}* = {a"b"c"}

Heh {a}"{b}"{c}" RENES, EAENIEST star operation ] concatenation 2. FIHE
H{a"b"c"} B ETFXEX, XMBEAERS EHEHNECHEE, EFRSEE0.

TR, XEALHER, BHE—MESARLTNEXR, RTYEARSIE, EaUSEEHMEN

8.3 L FXEXESHHERZE
Decidable Properties of Context-Free Languages

MNFLEFXEXRIES, NIRRT HERN:

8.3.1 A RFIEITA
Membership Question

HIE—MAEFRE w EEETIES L(G)

Membership Algorithms: Parsers
e Exhaustive search parser: O( P2I+1)
W Lec 5 2.1.1 Fifgth

e CYK parsing algorithm: O(|w|?)
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8.3.2 SFS AR
Empty Language Question

For CFG G, #IE L(G) E&R=.

Algorithm:
Remove useless variables

Check if start variable S is useless

8.3.3 ZLIRES A&

Infinite Language Question

#IZE L(G) 2ETR

Algorithm:
Remove A-productions, unit productions, useless variables

Create dependency graph for variables

XEBRY dependency graph 1 Lec 6 1.3.2 A2 —F. XBRELLTEFERITE, ®M
BEEIF—5REW, B4 TRERSHMTE.

If there is a loop in the dependency graph then the language is infinite


af://n3041
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Example: S —> AR
A—aCb|a
B — bB|bb
C —>cBS

Dependency graph Infinite language

177 Ch8

Lec 9 EIR#N

FIFTELTNEXRESHREE, HMNERIMIAFE—EIESE L TIEXRGELERBIN. flan

a™b"c™ 1 ww

AEHSINER, BrEBRAIE L TXEXIES, BREBRE—ED L X EXRESZIMIES.

TR, R —EIESTERERTIRE]
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Languages accepted by
Turing Machines

nin _n
a'b’c
Context-Free Languages

a"b" wwR

Regular Languages

a*b*

a*

A Turing Machine

T

Read-Write head
Control Unit

HpY:


af://n3076

o HEATT (Control Unit)
e JF53L (Read-Write head)
o U (Tape) : KR, iRBIARA.

1.1 E5k
EBMES, EELMT=E:
e Reads a symbol

e Writes a symbol

e Moves Left or Right

IR
Time 0
...... a b a C TR EE]
Time 1
...... a b k C "TELEE]
1. Reads d
2. Writes

3. Moves Left

1.2 HHESWMAF TR

FoRRAEH D PLERTTIE, BT BRI LR — S,
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Input string Blank symbol

...... ololalplalelololol

T

head

ZAFFS (Blank symbol) @ B—PEIATS (0) For RETEFSER TR CATERERAL
73, R TERiRFCIRIGH.

BAFFE (Inputstring) -
o BNMERIFFFER, BIIEF abac
o MAFHRBMEERTINESRITIE L.
REs:, FEDLERESAZE/ASHTHT
° MAFHHRKEF2PE.
YIRAECE (Initial Setup)

e F5L (Head) : A—1ELAYEILES.
o EIMUVE: EEAMNAAFFRNREMMET A

1.3 BRH: BRHEX
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Input
alphabet

Tape
alphabet

M = (QZF qO,O F)

Transition
function

Initial
state

13 Ccho

1.3.1 RE5%B

Write

Read Move Left
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1.3.2 BB

@ c,d, L @

5(Q19C) — (Q27d9L)

71 DFA R, ERHIATEEISEE § B—MRES, TR ¢ USRS a, 0(q:, o) FIEERE
EY.

1.3.3 IBEH

ERNATFEREEANEE/S:

@ 0,g,R >@@

XEFAFSHAN—NERRTS, MiFSER. Lhrt, EERVF, SEBEAITR. Wik, 7
EMRREE AT
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Allowed Not Allowed

a,b,R a,b, R

. .
b,d,L @ a,d, L @

HFEEiE, Turing Machines are deterministic.

1.3.4 M0

Halting

S NRENBATFENRE ¢; FHEBEFS o, ESEE0ERE 0(q;, o) FTLAETE, WSS
SZEMEA.

fl:

No transition
for input symbol C

No possible transition

HALT!!!

RN BEXFMBER ™EL, FEISRPRSEIERIERE, NEABIEE.
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1.3.5 £1IERE

ERZTHS, BRTRT. =5k, BR4EP—MEHRT (RE) =BT DIs TR, K&
B E RS,

ENSRENT, BECHETREBIREE. T8, RERRTARITFEHER. iR, WEEARE
NSRS, BEE.

EI=H

RERNS—ERBHER, BREHEBNTI—ERRENE.

RELER—EE, BHERIREN, BasEAE. HIERNE, DL
o FEIINE q;, EARERTS, BEE

o Hq FERBERES, BETNS. BRLRIESLNE o, BNEEIRENER 6(qi, ) (FEX. &
B, M. &ZRE, F.

IR, MTIRMRSHHSERA, BRRESRSREEN—1EE (BElt)  REEFEX—
BHREENXRH.

@ . Allowed
Q >. Not Allowed

BENEIPRSHEL, HECHMEROEVEBINEL. RRMRELFRIDRSSWES, SERMIRS

"SRR,

1.3.6 155 & 1B

If machine halts in a final state, accept input

If machine halts in a non-final state or if machine enters an infinite loop, reject input
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ToRRAEIAGIF -

Time 0 010l al b|ald |0

1.3.7 BIF
NS,
1.4 o8 & RATHEAR

Configuration & Instantaneous description

"EE" ERRE RV T RETE—RENRRBAERR. A7 2md=05erkt, BEFES
BEMXRER:

o {HEAT: HH LIARMERS (RBRBNITRE=E/AS)

o FEAME: EEAIRIEAENEITE.

o RPAT: IEHIBEITATLRISREPIATE.

BHIEAT S ATHEBENOTERNE—LIET (ILEERREE) | BAER—FRRE
SFEmE, BIBEREA.
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B EFRER A LI R

Configuration

O/ O0lclal bl a O

FEiERI A, WA ca g1 ba
LIRS EES L LEHEEEFS (b) R,

F#h3E (move)

Time 4 Time 5

Olx a y b 0|0 Ol x

!

92

AMove: q, xayb Fx q, ayb

2. EBAIREES
Recursively Enumerable Languages

BEREFRABRENRBIES (Turing-Recognizable Languages)

For any Turing Machine M
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L(M) ={w: qwtr zi1qsza}

The sequence of configurations leading to a halt state will be called a computation.

3. tREE RN

Main features of the standard Turing machine:

e Deterministic
¢ Infinite tape in both directions

e Tape is the input/output file

4. (ERERNITERZ

Computing Functions with Turing Machines

ERMAMXATLIBRRNES, BaLARRTERE.

A function f (W) has:

Domain: D Result Region: §

weD 7 - f(w)es

“Transducer”

S rha

TN, (Domain) D
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o FEERMA wHES
o ERVNENE D hESMAFHE w
#Z£RX1E (Result Region) S
o FETERIEE f(w) NES
o ERVIEITERG, KF EBTHER f(w) BFRNES
BREL f(w)
o FTBENE D A w BEIEIERKE, S HgEH f(w) BOMNIEHTE.

4.1 ¥igEEE
Transducer

BaIEeS, —MNRsEERE— MR — AN (BEAFY) ER— Ml (SEtFEs) R8s
.

ERTUEoHEERs: SERTARTERLEN, enEmsE— MReEsnme.

4.2 ARTHE

A function f is computable (Turing Computable) if there is a Turing Machine M such that

Initial configuration Final configuration

ol w90 O f(w) 0

qo initial state qf final state

Forall we D Domain

A function f is computable (Turing Computable) if there is a Turing Machine M such that

qow - g7 f(w)

For allw € D domain
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A function may have many parameters

Example: Addition function

f@y)=z+y
We prefer unary representation:
Decimal: 5
Binary: 101

Unary: 11111

4.2.1 ik
fl: The function f(z,y) = z + yis computable. z,y are integers
Turing Machine:
Input string: 0y unary
XE 0 2 delimiter that separates the two numbers
Output string: xy0 unary

The 0 helps when we use the result for other operations

Start oltl1l - T1lo1! - 11190

I

qo initial state

X+y
AL

P
Finish 011 111090
f
1/

final state
73 ch9
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4.2.2 ik
The function f(z) = 2z is computable

x is integer

Turing machine:
Input string: x unary

Output string: zx unary
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Start o11.1] - 1110

qdo initial state

2x
AN
/
Finish 011 111
qf final state
E R
Example
Start Finish

94 cho9 I



fi:

* Design a Turing machine that multiplies
two positive integers in unary notation

1. Repeat the following steps until x contains no more 1's
Find a 1 in x and replace it with another symbol a
Replace the leftmost 0 by Oy

2. Replace all a's with 1's

nlllllllll‘]‘ o1l - -|1]lol1l2]1]o]1

¥ X Xy ) 4

4.2.3 Lbi%

1 ifz>y

This function is computable.

Input: z0y

Output: 1 0or 0

(e K
Repeat

match a 1 from x with a 1 from y
Until all of 2 or y is matched
Ifalfrom x is not matched

erase tape, write 1
else

erase tape, write 0
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4.3 HEERMN

Combining Turing Machines

Example 9.12:
JSxy)=+

0

e

Adder
N
g7 4
x, g1l C omparer |~

(‘ \‘-1"‘»
| 4 (-

E

#A Eraser

x+y if x>y

if X<y

xX+y

>/ (x, y)
(0

GeoWX)OW(Y) F g, wx0w(y) Itx2y == 2 oWX0WY) F g, W(x+y)0

GeoW(X)OW(y) F g oW(x)Ow(y) Ifx<y

XEWREIES (macroinstruction)
if a then g_j else g_k
S EEE RN BXASTIAY:

FETE RN ik

= Gy WX)0W() | g, 0

ILEE o BYTEM: WERRTS i IR a, FENFRIPIEIRTE gjo, B

4(gi, a) = (gjo,a, R)
N7 q; KI5,

FFSRIFAE a, FHESELEAEHH—N (R). XFHET—MLiEER

FEE a BIER: MMERE g; EBEHEIARZE a B95FS

6(%’7 b) - (QkOa ba R)

b el —{a}, HNFEIPIEPATS qro, BIHRFSHRIFAED, FHGIE

BkmAaBa— (R). XFFRT —MNIEEIRE qr IS

6((]]'0, C) - (qja G, L)

Sehk g, I MRS g0 MBEWEARS c € T, MABIRRS g,
WS cRISFE, FEESkmEm— (L),
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e ik

5ehk qr TiE: WIRES qro IEBENHEIRFS c € T', #ANBRATE gk,

6 b] - b ’L S N —_ e
(@0 €) = (@& L) prne o stymses mimmmn— (L).

4.4 EIRiEA

Any computation carried out by mechanical means can be performed by a Turing Machine

Computer Science Law: A computation is mechanical if and only if it can be performed by a Turing
Machine

There is no known model of computation more powerful than Turing Machines

4.4.1 FiEREX
An algorithm for function f(w) is a Turing Machine which computes f(w)
When we say: There exists an algorithm

We mean: There exists a Turing Machine that executes the algorithm

4.4.2 BRI
Anything that can be done on any existing digital computer can also be done by a Turing machine

No one has yet been able to suggest a problem, solvable by what we intuitively consider an
algorithm, for which a Turing machine program cannot be written

Alternative models have been proposed for mechanical computation, but none of them is more
powerful than the Turing machine model

Lec 10 BEIRINZT
AETICERVIEZMEMR, FERE(1SinER RV EEEEGHEEITERS

REETIERSF R LIS ER RIUEIL, RZIFA.

Same Power of two classes means:
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e Both classes of Turing machines accept the same languages

e For any machine M of first class there is a machine M, of second class such that

L(M;) = L(M>)

&1 (Simulation) : atechnique to prove same power

Simulate the machine of one class with a machine of the other class

1. Stay-Option EIR#1

EEXRTER (L) 6% (R) ft, ERILUSEERD (S)

IEBA: Stay-Option Machines have the same power with Standard Turing machines
@ Stay-Option Machines are at least as powerful as Standard machines

Rt EE R 2455400 Stay-Option BEIRYL, REMSEAEA Stay. FrlA Stay-Option ERH1
BILUEHIARERRYL, FEit Stay-Option BEIRHBEHAFLEFiRER R,

@ Standard Machines are at least as powerful as Stay-Option machines
TVEB R BRI LUERL Stay-Option EIRH
WG WTF AR, BESH, T Stay R0

Stay-Option Machine

a,b,S

v (42

Simulation in Standard Machine

a,b, L X, X, R

For every symbol X
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2. Semi-Infinite Tape EIR#l

HFENE—N 0 (FIa0a) FoRREE.

2.1 SEEH

Multiple Track Tape

ST # ZHEIRYL (Multitape Turing Machines)

2.2 Semi-Infinite Tape

TR RIVUEIH TS5« trivial.

FFFsHEIER R

Standard machine
a,g,R
() {2)

Semi-infinite tape machine

R
oo (g (&)

) 4

S 8

L
.

For all symbols x

TR
o IBIREERRVEHNSE LRSI, 2BWERFETIRBERIFH.
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o IWEEIRNELESEQEMFRRT, FARHEHIELIE Left part 1. (BEREAZHARE—FY
BHHEEMEFRESTTA, LS /ARRSEIE (FISHAR) . T RFEERT Right part 3,
SNEEFERNFAER (MEFRTIRBXT Right part #HTER(E)

o LINEEIRVAESE QAN

» ATNEERNE—RSEZSE [REMANNFARSF IR RKREAEN, FEI+F7TR
B BT R R EE R RSER7 L #1 R 5.

3. Off-Line B R
BXEIRY: BRTIESHEIN, BE— 1 RIEAIEmASUE.

Input File
a bl cld

read-only

Control Unit

Tape read-write

dl

y

0|0le| /]800

BEEAELWRERRYL: 1 Input copy BIREH, [EEURIFRIIRERR.

IR RIS EA . (ERIHELTE.
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Off-line Machine

Input File Tape
albjcld 010 | e { g
!
Four track tape -- Standard Machine
#l alblcld Input File
#1011 01110 head position
#lelfl&g Tape
#0110 head position
I

27 1N

MNTBEERNAERORSER, WEBRIFERER T —RYISHRNEREN:

1. IREISER #.

2. BERIRIMANERS (KIERIFNTT)

3. REISEA #.

4. BERHRIHERS (REEMT) .

5. i TRIEESAAVEEHERIN, BRGNS ERIC.

££i8: Off-line machines have the same power with Standard machines

4. Multitape EIR#
S AMRSTIORGSTIREL, FrRELRE®.
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Multitape Turing Machines

Tape 1

Control unit

Olalb

Input

Z5RMTRIN®), BRIUSEARSGME.

Tape 1 Time 1
0 lalb Q
[
q1
Time 2
¢ g Q

—» Q

92

O (bof)a(gad)aLaR
q1

Tape 2

!

92

{42

#5168 Multi-tape machines have the same power with Standard Turing Machines

iE&: Same power doesn't imply same speed.

YFES L = {a"b"},

PRENEESATEIE O(n?): Go back and forth n? times




WrsHAEZREE O(n)
e Copy b™totape 2, O(n)
e Leave g™ ontape 1, O(n)

e Compare tape 1 and tape 2, O(n)

5. MultiDimensional ER#1

Two-dimensional tape

> <

\

MOVES: L,R,U,D HEAD
U:up D:down Position: +2, -1

Multidimensional machines simulate Standard machines: Use one dimension

Standard machines simulate Multidimensional machines:

e Use a two track tape
e Store symbols in track 1

e Store coordinates in track 2
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Two-dimensional machine

gC a b > X
Q \
Standard Machine q1
a b C symbols
1| #]1 # 1 2/# -1 |#| -1 coordinates

?
53 Ch10 q

[E—

FREBRTEIL —4EE R, Repeat for each transition
e Update current symbol

e Compute coordinates of next position

e (o to new position

£518: MultiDimensional Machines have the same power with Standard Turing Machines

6. NonDeterministic ElR#


af://n3537

Input string w is accepted if this is a possible computation:

qGow 'i zqry
Hep
qow 22 Initial configuration
q7 72 Final state
xqyy f2 Final Configuration, #l2SRIXMEENENFHES.

REFE—FRIIERRENER, THEMBREERERS.

Nondeterministic Machines simulate Standard (deterministic) Machines: Every deterministic
machine is also a nondeterministic machine

Deterministic machines simulate NonDeterministic machines:

e Keeps track of all possible computations

e Stores computations in a two-dimensional tape



NonDeterministic machine

Time O

a,b, L

Deterministic machine

HIH\H H H|H

#la| b c # Computation 1
#1491 #

HIH | HHH

64 Ch 10

NonDeterministic machine

Time 1
O bbbl cl|O Choice 1
T
q2
Olelplcld Choice 2
?
q3
Deterministic machine
HIH# | % #F H|H#
it b | bl C # Computation 1
#1492 H
z C 23 ¢ z Computation 2

65 Ch 10

et (T4) BRTEMIEBEILEER:
RIMERT EMSE R R FE LB RINAIT B,

Repeat




o FUTBFRIIEREZN—L: DM 2MREE CAURMET CEMERFTEIEAHITH NTM IHERRE
(BCE) , FE—REBEHIT NTM B—RIRSEE L.
o MRISEFTEREHIT NTM ISR, B8 > 2 MR T—2iEE, WEZELEIES .

£518: NonDeterministic Machines have the same power with Deterministic machines

iE&: The simulation in the Deterministic machine takes time exponential time compared to the
NonDeterministic machine

7. BB RN
NEERTZRREH, ReeT—MER. BRERER EfHREIES.
B ARER T LS H IR E R SRYEAN SIEHRUE RIS IIn = RS
EEEA= M
o Wi 1 TEAEGIEIERNAYRS (SHSIFAE)
T 20 REHREIE R HE RS
o ML 3: TFERIEIEIRINAIRE.

7.1 BRI 963

We encode Turing machine M as a string of symbols

Alphabet Encoding
Symbols: a b C d

Encoding: 1 11 111 1111
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States:

Encoding:

Move:

Encoding:

Transition:

Encoding:

State Encoding

q1 q2 q3 qd4

ool b

1 11 111 1111

Head Move Encoding

L R
l l
1 1

Transition Encoding

5(Q19a) — (QZabaL)

[/

10101101101

|

separator



Machine Encoding

Transitions:

o(q1,a)=(q2,b,L)  6(q5,b) =(q3,¢,R)

Encoding:

10101101101 00 1101101110111011

separator

Tape 1 contents of Universal Turing Machine:

encoding of the simulated machine M as a binary string of 0’'s and 1's

RASMERNA LM — N ZHERDEE, RLERNNESH—NES. XMNESHE TR
R— & B RAAY — S 4RA.

8. AJ#Y & AnJE

Infinite sets are either Countable or Uncountable.

8.1 A

Countable set
Any finite set or

IR BRE—ETH
any countably infinite set:

e There is one to one correspondence between elements of the set and natural numbers
AHENTFE—TETH.

Bl: (BEEERATERY. F/EBE 2n FIEES n + 1 —XIAL
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Bl: BIELERTEHR.

Rational Numbers;

1 3
Correspondence: \ \
3, 4

Positive Integers: l, 2, 3, 4, 5, ...



FERRIERR: MESdiE

8.2 {¥gtidiE
Let S be a set of strings.

An enumeration procedure for S'is a Turing Machine that generates all strings of S one by one.

and each string is generated in finite time.

IR, XEARER S BEERRNEREEIER, MEERS N FHREERMNENITTE.

strings Sl,Sz,Sg,,...ES

Enumeration | output
Machine for §' | (on tape) .

Finite time: H,0,13,...

If for a set there is an enumeration procedure, then the set is countable

i FFEERNNESETHR.
UERR: (ERERIAT LGRS/ 0's #0 1's RO HFFFeR. EILAT LIS HE RTESRINESTIE:

o R—EIUFKE 0, 1 M=
o B, FIEREERT. &2, Winh, FENZE.

IR P ITHAFARESRERNAERERS, XEUFIER. ENERTAVREERIRE ZHNE
17, BIRUZBEMRTAH, BNEOER, BRRAERARMANE, RIBAUEER. . 39— a8
IRKENFHEHTERARNAENLE, MUTLHEZFFEESE—aBERN, BEMIEIERR
IHAAT.
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8.3 Fa#E

A set is uncountable if it is not countable

TFH: Let S be an infinite countable set, the powerset 2° of S is uncountable.

IR TRAIHSENBEREFTHE, ERRTNENRERTHE RARRISENREENA
BIR, BIRAIES—ERTEAY.

UEER:

Since S is countable, we can write

S = {s1,59,83,...}

S TFEMRNEAIIRSE 2°, BENEITRIE S NFE:

Encoding
Powerset
element Sl

(51} I 0 0 0 -

{S2,S3} 0 | 1 0o ---

{Sl>S39S4} 1 0 1 L.

ERETHAIINAEN, AUERBIEETR, S PHTRESHEAR, 1RTE
BRREETH, WENEETHEILBRESIENE:
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Powerset
element Encoding

f 1 0 0 0 0

Iy 1 1 0 0 1

Bfatils, ENBR, El— M HREETR L.

BRIBEN, t; 9% i MTEERBRECH « MTHREEN, BINEFT 0 XEFT 1, AR B, &
0¥ (BETETLUE) IRIZZER.

IR BIERNBLERERTARE (RESTREENIELR)
BIRERREERAMATEY, EABRENTEELERRA.

SIS R ERY, TUABBRIT/RY AL AIER.
UERR: {RIRATEL, W [0, 1] Z/BIAISEER I ATEL.
IR HER 5 -

T = 0.d11d12 e
T9 = 0.d21d22 e

r3 = 0.d31d32 ce

dij =5 1 MU B95B j RN
MEFES r* € [0,1], B fnth d):
e Bdy—1, Wd: =
e Hdy #1, Wdj =
XMRLE, MZFAETIIRTS, RREE .

M, r; B9% ¢ (VB CHIEM®R, MRECEFT 1WA 2, MRECAFT 1WA L FE.



9. HHEER I

Linear Bounded Automata, LBA
LBA EEIRVIIERE, {EEA B F=EINRTFMAZEREA SRN=E
8877 LBA BEfsETIEfEE MEBRINL, BiBTinEERRL.

Input string

[la|bic|d|e]|]

~

Working space
Left-end in tape Right-end
marker

marker

All computation is done between end markers

LMERBEIRZRES R L THRES.

0 Lec 11-12 8. R iUy

Lec 11-12 &E3iE

nm

EIAINEES

1. Chomsky 5 &

The Chomsky Hierarchy

Lec 10 iEE], FHEERVAXRBIIES.
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The Chomsky Hierarchy

Non-recursively enumerable

Recursively-enumerable

Recursive

Context-sensitive

Context-free

2. BAIREES

recursively enumerable

Alanguage is recursively enumerable (RE) if some Turing machine accepts it

Let L be a recursively enumerable language and M the Turing Machine that accepts it
For string w:
Ifw € L, then M halts in a final state
Ifw ¢ L, then M halts in a non-final state or loops forever
FoBREEFR BN ER.
TR, FHERKEAR, By M BASLER.

BHAKEESHFEA—ERIB TR
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3. BIHES

A language is recursive if some Turing machine accepts it and halts on any input string (XHFaJ
BINEBASPEANTEEIR)

BEER, BIHESHEE—TERAERZE (membership algorithm).

Let L be a recursive language and M the Turing Machine that accepts it

For string w:

Ifw € L, then M halts in a final state

Ifw ¢ L, then M halts in a non-final state

BINESEBTINEES—D, BBES—ERRATKNEES, BRUKEES~—ERSE

IHES.

4. {ahdiE
Enumeration Procedures

KE3F2 (Enumeration Procedure) RIE—MEZKEE, CREERSM, —ME— 1 M5IH (5047
ED") —MNMESHENERS.

IR—NMESRERN, KIS TIRINET, FFIHESTE—1FRHES.

TR, ETERENEEUMIFNFY, REREEShE— N FABEREEHERE AR EREK
FIENmE, X MNIEMEEREINEIRE, FTHNIRFAHAEE.

EBITAREE < WEETRE
—NMNESEBFTMRER, ZRNISFE—MWEIETLSIHZESTHMEFRES.

4.1 BAES = TR

If a language is recursive then there is an enumeration procedure for it

BBtz BEIR M (BRRFIERR) HHH— M.

grEFEs {a,b} (AT, SHAER) .
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Enumeration Machine

A

=
<

h 4

Enumerates all
strings of input alphabet
in proper order

Accepts [,
(Membership algorithm )

KOS EPREB ML, M IRFSIER (A, a, b, aa, ab, ba, b, . . .) HORFEFERIREOSE, 15
RS M. M B—6EE L OER, ®E M SRnsgs, S8BT LUESHI, &
BT L WEEHZEE. B L 2BIHES, B M #ZZETENmE=/AHE, AENTFAETE=/H
8, M B2ELEE— M EREISRERESR, MASBATER. BEWEIME—ME L hFffs
—— RIS, KEEAOTIERD L XIMATEETRE.

M —251E, EATEENTEEaRTE (FIERME—N, ML) .

4.2 BRI = TR

If a language L is recursively enumerable then there is an enumeration procedure for it
IR, XANEELL 4.1 B HACHUERSE 4.1

@ 4.1, MEREHL:


af://n3771

Enumeration Machine

A

=
<

h 4

Enumerates all
strings of input alphabet
in proper order

Accepts [,
(Membership algorithm )

BR, XEAMPNEBBIFHES, RIRBBIFNE, BIABT L AFFFERTTRERE M BATEER, T
E.

4.2.1 SHieE
FFHE RERE

B S HORERE
18 M R wy, w, . ..

TE M RS EE w) FHEE M B, M RSB v, TRETw BE—F, AEZE M
ERETATHE; E M ERB-ASGE wy i, M RSB vy, TIRIET wo HIE—E w,
METH, REZE M ERE=A SRS LI, I8 e RSraREaRmEs, &
SERANERANNZIBITENLR, AEESEBIERIRIESH M FEERIAE L SEsmRsen.

4.3 TR = BT

If for language L there is an enumeration procedure then L is recursively enumerable.
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Proof:
Input Tape

Machine that
accepts [

Enumerator

for [ Compare

Enumerator for L 2 URZANES L FEN—IWERER. il L 233080, BiISEEE
— A MERN M, FBeTLuES L.

ZERNES—MEEFI— R, —EBEILHBERNER (JitH) . Hw e L, NI
—HFFEN, BRw, Hw ¢ L, 2 BENEFNFRERI, EAUER (1B48) .

B 4.2 #0 4.3 A%, Alanguage is recursively enumerable if and only if there is an enumeration
procedure for it

5. IEBITTNEHES

We want to find a language that is not Recursively Enumerable. This language is not accepted by
any Turing Machine

EEFE% ().

FARBHERIES ZrEm. TEERNFEHBEnIEE. Consider Turing Machines that accept
languages over alphabet {a}. EREIRINESHNTE, BLETHN, RIRFCSH M1, Ms, . ..
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BN {a} EEIRNEZNESER {0} B—NFE, IBOEIHOTES BENA1EFER, &
EZRA 0 FxR, JLMEHTE:

LM) 0 1 0 1
LM, 1 0 0 I

L(M3) 0 ] ] ]

L(My) 0 0 0 1

XEREZIERB AR A # AR AT 2.
D Lec 10 8.3 An#i&

XE {a}" B—NERTEE, MEREFERRNEEINIESES. Consider the language
L=1{a":a" € L(M;)}

BIXS FL T =M AVER S,

EEAME, AP
L={a":a" ¢ L(M;)}

BRRE2RA8E, WEEA My geg#EZe. BTN My, B

a* ¢ L(My)Ba* € L,

a* ¢ L(My)Ba* ¢ L,

FE.

AEER L(My), af IMIBTEFGESTEONIR, BENXNAFANNES L EEKES
4h.

Therefore, the machine M}, cannot exist.

Therefore, the language Lis not recursively enumerable.



6. BTERIAAIIHEI ERIE S

BIFERMES L e ERNER, BERZENERVNELEARET L HNBMASHNILER (M8
%) .

AT IEIZE:

LMy 0 1 0 |

LMy 1 0 0 1 -

L(My) 0 0 0 1

i85 L = {a’ : a' € L(M;)} @078, BI5%1360.
UERR:

BSCIEAEEBIARHE. it — MEZEHNE R

For any input string w

Compute %, for whichw = a’ (fFERKEEFR—N—MR)
Simulate M on input @’

If M; accepts, then accept w

SRISIEBRIERIT :
BAWE 5. dpHmiesEs oM LIBRTTaE6Es, Rt REEHEs.
Big L S%35s, U LE2REs, FBE.

= L2RAES, WEE M 82 L, BYTESNFRHERASIER. WERS— M', 18
M RSELREFRLREINE, B M #2600 M' Mg, M AERO M #% B MR
RFER, M' BARTERER. M EZANESHE L, B L 2BES.

Therefore, L is recursively enumerable but not recursive.


af://n3829

Non Recursively Enumerable

Recursively Enumerable

EH: WIR—MES L REGME L RSP, B4 L L2823,
UERE: fE— M,, EIRTEHL ML #0 MZ HAZERE.
KL 4.2.1 xEkhe, BEDERAR.

MFMA w, flzfT M $—%, BT My 52, 88&T ML 522, Bzt My 5=2..1A
IE2RHE, Kt w BRBBET L, EEEBRMEEE M 22 HIENET) Sk M #2 (FIENE
%) . FEitt L 28389

L 55360 L th 255389, SER:

18 M’ IRERSAHERREINEEGE M ", B M #2600 M" g2, M MRS M7 #%.
EA M' ALER, M" BRLER. M #SESHE L, B L 2RBIHES.

7. TRREI %

Unrestricted Grammars

AT u — v BIETELAMIERR String of varibles and terminals

fl:
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S — aBc
aB — cA
Ac — d

7B : Alanguage L is recursively enumerable if and only if L is generated by an unrestricted
grammar

B RIEZANESER T LARTIREISGEER, RZTMA

8. L F3EURRIE

Context-Sensitive Grammars

FER u — v BIETELFRMIERE String of varibles and terminals, BiEiEESE1E
(Noncontracting) : |u| < |v]

B—HEL: aAB — ayB
Heh,

H___N\7TrE
A = /I\XE,

a # B & String of varibles and terminals (] A%)

v & String of varibles and terminals (ARE]AZ)

TEH: Alanguage L is context sensitive if and only if L is accepted by a Linear-Bounded

automaton
UEBAARTERESBE.

IR ETITNHRES —ERBIHES, BBNESA—ER LT HRES.

EA E TP HRESHREEERENER, MEHERBIE—XEHINERY. BTERR, #eiH
ANNAEHSRREZRAERN SRS, EELMENAS. EEAEEMITHENMUENEAS) - B
ERTLARH—MNBREIRNL T’ &L E R EaNANRIE, FHBR T KiZeeEil:

R LBA RUERE |, 4EiP— MR, BICRETEMNEEIERE, NMRESHANR—EB, FHx
LBA BNFEEHR, ERENFELS. Bit, ETNHMESERBINES. MBNESFA—ER L TRk
55, EATEMEERTEBRLEEREML.
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The Chomsky Hierarchy

Non-recursively enumerable

Recursively-enumerable

Recursive

Context-sensitive

Context-free

Regular

9. ATHIENM
Decidability
Consider problems with answer YES or NO
B
Does Machine M have three states?
Is string w a binary number?

Does DFA M accept any input?

A problem is decidable if some Turing machine decides (solves) the problem

FE=NAREBR AT FIE .

The Turing machine that decides (solves) a problem answers YES or NO for each instance of the
problem
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Input — YES
problem —— Turing Machine
Instance —— NO

The machine that decides (solves) a problem:

e |f the answer is YES then halts in a yes state

e |f the answer is NO then halts in a no state

These states may not be final states

YES states

....... \C) O NOV stateS

......... /.O@O

IR MRTFEANOEAN, ERNSHNTER, TERNEALESHAEER, WX
BINNZEATHIER.

Difference between Recursive Languages and Decidable problems: for decidable problems, the
YES states may not be final states



10. AAJHIERIRE

Some problems are undecidable: there is no Turing Machine that solves all instances of the
problem

10.1 FXREFHEIRRE
A simple undecidable problem: The membership problem
Input:

e Turing Machine M
e String w

Question: Does M accept w? (w € L(M)?)

£518: The membership problem is undecidable
IR RIEA
Assume for contradiction that the membership problem is decidable

Thus, there exists a Turing Machine H that solves the membership problem

M— __,YES | M accepts w

W——m> —» NO

M rejects W

Let L be a recursively enumerable language

Let M be the Turing Machine that accepts L

We will prove that L is also recursive: we will describe a Turing machine that accepts L and halts
on any input
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M H YES

—> —— acceptw
M accepts w?
NO _
w > — > reject w

B H seBARRRRELARE, NWACSENERYEEERENEZSIEEFHE (A2
FEA)

Therefore, L is recursive

M, M 2EER, ErsEEEEIFATHKEE, BIRRIFRNES. WTXE M, BMNRRESEFE
AYEEIC. EItE, FTERIERRBIEIEEZ A FIERT.

SR, REFEMAN M ZRNBEINES (AIFAEEIIUEANER) | NAREERREA
FIRE.

10.2 (SRR

Input:
e Turing Machine M
e String w
Question:

Does M halt on input w?

£518: The halting problem is undecidable
UERR: {Ri& the halting problem is decidable

WFEEIR H sesEBIRIERFIEE LA
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M—— —»YES M haltson w

W——-> —» NO

doesn’t
M halt on

UEBARIA 10.1, BF H WiE— P EIRNL, BRHE M 2EEN, ENEERRS, SEE
WELs M #2adE4. Xtf, SSHEBIHIRESESHRRITES, MXMECEHERAY.

M H N
—> -~  » reject
M halts on W?
YES
W——>
v accept W
Hal final
alts on final state
Run M
with input W reject W
—
Halts on non-final
state
11. 9351

Reducibility
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AFAE B: XBEARKRFESHEIXR, MERRIFRIMEEXR. B AR < BIEE, 40
R BAAE, W AWIHE, R BATHAE, W A CTEATHETERTHE, MR A RTHE,
W B thAAJHIE.

NFISE—NEREATHEN, TUBSE— N EARNATHEERTLOZIX MR (BHER—
BRBNEREATHAER, FRXERESEEREESRLZRIFERTEETFIERRRE)

1.1 SRR < RKSHN DR

the halting problem is reduced to the state-entry problem

ISHNEE
Input

e Turing Machine M
e Stategq
e String w

Question: Does M enter state q on input w?

&g WSENTRRATHERN.

WERR: RIZATHIE, MBE— Decider:
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YES
M— state-entry —— M enters ¢

W —» problem

' NO doesn’t
9 M enter

AEEH—MEHERERT Decider. (EBATVIEENRREARATFIERN, ATLAXHERY Decider RMFHE.

1.2 FHERE < SHEEHE®R
the halting problem is reduced to the blank-tape halting problem

Input: Turing Machine M

Question: Does M halt when started with a blank tape?

Fie: THENRERTHIERR-.

12. At EiFEE

Uncomputable Functions

A function is uncomputable if it cannot be computed for all of its domain

fl: f(n) = maximum number of moves until any SZ&R&(EH1AI Turing machine with 7 states
halts when started with the blank tape

Busy Beaver function, {CiRHSEIRRERIZHh

IERR: fBIR f(n) AIitE, #E— Decider for =H{EH LA
Input: machine M

1. Count states of M:m
2. Compute f(m)
3. Simulate M for f(m) steps starting with empty tape
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If M halts then return YES

otherwise return NO (EARESEHA M BIRTE f(m) FZRIEH)
X, SHEHRRATAE, XAEAIZBNEIETE.
EHit, f(n) FaitE.

HAZRE izl

BEl: Lec6-Lec10

Homework

Hw 1

Hw 2

Hw 3

Hw 4

Q1
Find an npda on ¥ = {a, b, ¢} that accepts the language
L = {wicw; : wi,w; € {a,b}",w; # wl}

Solution:
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M = (Q72>F’57q09Z’F)
Q = {Qqul’Q%Qf}

¥ ={a,b,c}

I'={a,b,z}

F ={q2,qs}
d(q0, @, A) = {(g0,a)}
6(q0,b, ) = {(0,0)}
(g0, ¢, A) = {(q1,A)}
(g1, a,a) = {(q1, M)}
6(q1,b,b) = {(q1,A)}
8(q1, A a) = {(g2, M)}
(g1, A 0) = {(g2, M)}
5(q17a7 b) = {(Qf7)‘)}
5(Q17b7 a) = {(va)‘)}
5((1171)’ Z) = {(vaz)}
S(Qha’ z) = {(Qf’z)}
5(‘]f?a'7 z) = {(Qf’z)}
J(Qﬂba z) = {(Qﬁz)}
6(gqr,a,a) = {(gr; A}
5(Qf7b7 b) = {(va)‘)}
5(Qf’a’ b) = {(va)‘)}
6(Qf’b’ a) = {(Qf’A)}

Explanation:

Ifw; = wg, the npda stay in g¢; and refuse it.

Once the palindrome structure is broken, it will goes to gy.
If Jwa| > |w1|, npda will go to g.

If |we| < |w1[, and palindrome is not broken until finishing reading, it will go to gs.

Q2

Construct a pda that accepts the language defined by the grammar

S — aSbS|bSaS|A

Solution:
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= (Q?E’F’avq(),za F)

Q = {q0, 91,92}

¥ = {a,b}

' ={a,b,S,z}

F = {Q2}
(g0, A A) = {(q1,9)}
§(q1,a,a) = {(q1,A)}
6(q1,b,b) = {(q1,A)}
(g1, A, 5) = {(q1,b5a85)}
(g1, A, 8) = {(q1,aS5bS5)}
6(q1, A, 8) = {(q1, M)}
6(q1, A, 2) = {(q2,2)}

Q3

Show that the following language is deterministic
L={a"b" :m <n-+2}

Solution:

Prove by constructing a dpda

= (Qazara67QO7z7F)

Q = {q0,91,92}
Y ={a,b}
'={A4,z}
F ={q0,q1,92}
6(q0, a,2) = {(q1, AAAz)}
6(q0,b,2) = {(g2, 42)}
(q1,a, A) = {(q1, AA)}
6(q1,6, 4) = {(g2, M)}
(2,6, A) = {(g2, M)}
Explanation:
@Qfn=0

m = 0: qq is final state, accept
m =1: (qo,b, 2) F (g2, A\, Az), accept
m = 2: (qo,bb, 2) F (q2,b, Az) - (g2, A, 2), accept

m > 3: halt and refuse

@Ifn>1
m = 0:
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n n—1 n+2
— VN * —
(g0,a...a,2) F (q1,a...a,AAA2) F (q1,\, A ... Az)

accept.

1<m<n+2:

n m n—1 m

A N
(g0,a...ab...b,z) - (q1,a...ab...b, AAAz)
m n+2

* A —
- (q1,b...b,A. .. Az)

m—1 n+1
H (QQ,b...b,A...Az)

n—m-+2

* —
F (g2, A\, A... Az)

accept.

m > n -+ 2: halt and refuse.

Q4
Show that the language is not context-free.

L ={w € {a,b,c}" : na(w) = np(w) > n.(w)}

Prove: Using the Pumping Lemma for context-free languages
Assume L is context-free

Opposite: give m

Player: Pick w = a™c™b™ with w € L and |w| > m
Opposite: give w = uvzyz with |vzy| < mand |vy| > 1
Player:

—

Case 1: vzy is within a™
aaaa. ..aaa ccc...ccc bbb...bbb

u vy z
Pick i = 2, uv’zy?z = a™Wlcmb™ ¢ L (because m + |vy| # m)

Contradiction!

Case 2: vzy is within ™
aaa. . .aaa ccc...ccc bbb. . .bbb
N e A e e e’

u vy z

Pick i = 2, uv’zy?z = a™c™1WIb™ & L (because m + |vy| > m)
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Contradiction!

— N

Case 3: vzy is within ™
aaa. ..aaa ccc...ccc bbbd. . .bbbbb

u vy 2
Pick i = 2, wvlzy’z = a™cmpm vy ¢ L (Similar to Case 1)

Contradiction!

—

Case 4: vzy overlaps a™ and c™
aaaa. . .aaa ccc...ccc bbb. . .bbb
N ———

u vzy z
Possibility 1: v contains only a, y contains only ¢
Pick § = 2, uv?zy?z = a™HVlemHulpm ¢ I

(Because |v| + |y| > 1, |v] and |y| can't be 0 at the same time. If |v| # 0 then m + |y| # m; If
ly| # 0thenm + |y| > m.)

Contradiction!

Possibility 2: v contains a and ¢, y contains only ¢
ko k1 k
S A~ ~
Pick i = 2, uv?zy’z = a™charc™Fb™ ¢ L, wherev =a...dc...¢y==C...c

(Because k1 + ko = |v|, k1 + ka2 + k > 1. ks and k1 + k can't be 0 at the same time. If k2 # 0,
ng(w) = m+ kg # np(w); If k1 + k # 0, n.(w) = m+ k1 + k > ny(w))

Contradiction!

Possibility 3: v contains only a, y contains a and ¢

k ko k1
Pick i = 2, uwvlzy’z = a™FckaR2cmb™ ¢ L, wherev=a...a,y=a...ac...c (Similarto
Possibility 2)

Contradiction!

Case 5: vzy overlaps ¢ and b™

Similar to Case 4, there are 3 possibilities and all of them pick ¢ = 2 will lead to contradiction.

There are no other cases to consider. In all cases we obtained a contradiction = the original
assumption is wrong.



Q5

Find an npda on ¥ = {a, b} that accepts the following language
L={a"b":n<m+1}

Solution:

M = (Q,E,F,(S,QO,Z,F)

Q = {q0,q1, 92}
¥ = {a,b}
r={AY,z}
F= {(I2}
6(q0,a,2) = {(q0,Y2)}
d(q0,a,Y) = {(q0, 4)}
6(q0,a, A) = {(q0, AA)}
d(q0,a,2) = {(q2,2)}
(g0, A, 2) = {(g2, 2)}
(g0, A A) = {(q1, M)}
6(q1,b,4) = {(q1, M)}
6(q1, A, 2) = {(g2,2) }
(g2, b, 2) = {(g2, 2)}

Explanationnn <m+1&m>n—1
@ If n = 0, m can take any non-negative integer.

@ If n = 1, m can take any non-negative integer.
m m

) —~ = —~ *
Possible path: (go,ab...b,z) F (g2,b...b,2) F (g2, A, 2)

®lfn>2m>n-—1
Possible path:

n m n—1

A — "
(go,a...ab...b,2) F (go,a...ab...b,Y2)

m

n—2 m

PN
- (qo,a...ab...b, Az)

m n—1

* A ——
F(qo,b...b,A...Az)

m n—1
- (q1,b...b,A. .. Az)

m—1 n—2

~ =~
- (q1,b...b,A... A2)

m—n+1
*

~ =
H (ql,b...b,Z)

m—n+1

- (g2,b...b,2)
- (anAaz)

(Ifm < n — 1, npda can't use 6(q1, A, 2) = {(q2, 2) } because there are still a few "A" on top of
stack)
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Hw 5
Q1

Consider a variant of a Turing machine in which the read-write head may move several cells left or
right in a single transition. Formally define such a machine, and explain how it can be simulated by
a standard Turing machine that moves its head only one cell per step.

Q2

Give a formal definition of a two-tape Turing machine; then write programs (Transition Graph or
Transition Function) that accept the languages L = {ww® : w € {a,b}"}. Assume that
Y. = {a, b} and that the input is initially all on tape 1.

Q3
Construct a Turing machine (Transition Graph or Transition Function) to compute the function:
f(w) = w"

wherew € {0,1}"

Q4

Let X be a finite alphabet.

i) Prove that X* is countable.

ii) Prove that the set of all languages over %, i.e., P(¥*), is uncountable.

iii) Conclude that some languages connot be recognized by any Turing machine.

Appendix
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