ESTR1005: 4%l £Eic

Linear Algebra for Engineers

1. &ERTE

Linear Equations in Linear Algebra

1.1 &R EA

Systems of Linear Equations

@ &HHE
Linear Equation
a1x1+ asxs + -+ +apxr, =0b
b and the coefficients ay , ", a,, are real or complex numbers;

b coefficients BILAJ 0, M z1 FFEA

4£L‘1 - 5$2 = X1y

Tro — 2\/39_1 —6
FELMSE

@ ZitHESH
A system of linear equations / linear system

Ty —2x9+x3=0
2:132 78£E3 =38
—4z1 + 5x9 + 923 = —9

Kb, FL coefficients AN 0, M =1 FHE

©)

system B9 solution : {& system HEA equation &5/ true statement B—H numbers

IXEESCRR FREERTY solution RUES., MWEFIIH equation HIfE, FEERZE] system BIfR

— system RIRRB=FM1EMR:

(1) no solution; (2) exactly one solution; (3)infinitely many solutions .
RRE— T A ARTREE TR / =/ S8R

system AR ER n AP, HF n — 1 4EIFAIERSL,
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BIRITFEXA system

1 —2r2+23=0
2:132 —8:133 =8
—4xq + 529 + 923 = —9

BEfTES, =ATEYR (FE) K, XENMTFENAHEDHRZ system B solution set

BIREHEIR system BT MR,
B, XA MEFTREEE TR (=) AR,
NF > —ERiE (B, FE. =8 -) |, BRRE—RES%, BRENELER

tHE

consistent

BEMATEE Ax = b Bff (—MEHFESHE) . WR Ax = b 2BBM (consistent) ;
EEMEATEE Ax = b Tff, W Ax = b EFESH (inconsistent) .

(O) 3=

solution set : all possible solutions HIES

ERFRIERR] system AOHE

® HRERAF M

equivalent : Two linear systems are called equivalent if they have the same solution set.
(or each of them is the subset of the other one, ##E&5)

©® *ERE

matrix notation (£%%: matrices)

— system WEBEERILIAA matriz kKR . 40T51 system
1 —2x2+23=0
21‘2 — 81:3 =8
—4xq + 529 + 923 = —9
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BRI

RENKERE
1 -2 1
0 2 -8
—4 5 9
coef ficient matriz / matriz of coef ficients
TEESHLEL
8T RERE

1 -2 1 0
0 2 -8 8
—4 5 9 -9

augmented matrix
BESALIEL

#ay
the size of the matrix : m x n matrix  m 17 n SIER

ERESEEFH “4EE(dimension)” X473,

@ MFTER

elementary row operations

fEINZEHR (replacement) BE—TIRKREARS SR —TEEA9.
YJHEENR (interchange) BRI,
fERXIR (scaling) BE—TRETERUE— M EETEL

TEREMYA (reversible)

TEF M
TGRS, FBIERITENR (row equivalent)

EHHEA linear system B augmented matrices 217FENMEY, WE(IBHEBM solution set.

1.2 LR SR AR

Row Reduction and Echelon Forms
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@ EX

T/ 7T (entry) FEREHPRITTER.

3E=47/ 3EFF) (nonzero row / nonzero column) E0BE—NERTRIT /5.

FSITE (leading entry) R TRABAFETTER.

FEBAZAERE (echelon form) BITIR; SCSTRETRA (FLUAEN) .
AL EBAZAERE (reduced echelon form) %S 7tEA 1 HETH 0 AR,

12 3
0 2 3 123 4
0 0 3 iRy, ElEE 02 3 4 MR (AILITIESE) | {EKfEL
000 4
[0 0 0] -
(1 2 3] (12 3
2 3 IR (F=1TESTEARERA) (0 0 0 JERER (TATARIUE)
[0 2 3] [0 2 3
(1 2 3]
010 MR, Bk (BFRIHE=S), SSTERSTEMIEIIE—HIFETE)
[0 0 1]
(1.0 0 2 10025
010 3 e 01036 RN
[0 0 1 4 00147
[1 0 3
1 1 EHNER, (RESTRALINDE)
[0 01 g

® Theorem 1.2.1

TEHCR R RZAE R AOME—1tE

Uniqueness of the Reduced Echelon Form

(FEAETIRMEATREIEIY row operations AR echelon matriz, {82 reduced echelon form RE—

I AU 43 AR, BTN ARSI R A S R R R,

AT RIS B B DA — N IR U, R A4 7% TR B U Ry, U
AT IR I AR T U “ 07 1, FRIRETIC 1 AL ER AN B E, JF A& Em SRR
HETOH) GXANE A THB4FIER U R v, IF BBOR R BB A ME—) |

U Rl v ETCF R R 5 e A AL BRI AEFS] OXA KM A shi 2 % — 512k
EH) . BT UM VAT (BAMEREEIT SN T 4, SefImsa MR mEEmxX R,
g, URY T M IERRALE. WRE r NXFERE, WEA U R v REHEEE, BT
LLE AT ETCH I moxn SALHERE MY » 51, XAEST R4 UAe Vo) AT RABF 9.

wJa, HB U MERAEET, Blmsl j, XAFIRE R T RE /L e al &
CER X e ETCH RS j 51760 50 L R ) — A 3D . BEFRMETE F, 8/ AN e &R 110 x
AT SR Uc=0. Bavx=0, XHH VK5 j FIRERFREREEAL vV I0ETHAREK
SrAa. BT UM VMK ETTIRARER, Bt UR v SRS, XASRX U
v A AR e oL, BT v=U, ERAEY T U R ME— 1. ]

IEBRRELD, AILARE
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® ErfuBEMETSI

ESviivi=1
pivot position, $EFEIIR reduced echelon form Hh5cSiTE 1 HUE.

TEREMASIME, TEEUMBIAE, BMEBERREEMERL

Esvdl
pivot column, pivot position FRTEF,

B RERAZHY, TRFFSERSTE.

® fTbiEEE

row reduction algorithm
IZRNREE: WAERRLSTRA / FEIE TR, EESEANE.
TESA— N EGRTAERERSE,

SKBET: R TRIMEE T HIRER.
0 3 -6 6 4 -5
3 -7 8 -5 8 9
3 -9 12 -9 6 15

HRIEE: 4EA echelon form.

forward phase

Step 1: w25, interchange & top entry ( pivot position ) JEE,

0 3 -6 6 4 -5 3 -9 12 -9 6 15
3 -7 8 58 9|=1|3 -7 8 -5 8 9
3 -9 12 -9 6 15 0 3 -6 6 4 -5

Step 2: replacement {& pivot TE2AE,

3 -9 12 -9 6 15 3 -9 12 -9 6 15
3 -7 8 58 9|=|0 2 -4 4 2 -6
0 3 -6 6 4 -5 0 3 -6 6 4 -5

Step 3: E pivot FITEATREL LFTE1T, EHH(T Step 130 Step 2, BEEIFTEIFFITIESGTE.

3 -9 12 -9 6 15 3 -9 12 -9 6 15
0 2 -4 4 2 -6|=|0 2 -4 4 2 -6
0 3 -6 6 4 -5 0 0 0 0 1 4

BESE: #H—HHEN reduced echelon form.

backward phase

Step 4: WNBEEE, scaling {& pivot 73 1, B replacement {§ pivot L£AE,
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K 0 o0 4
30 6 9 0 —72
=10 1 -2 2 -7
00 0 01 4

GESMRE:

#include <stdio.h>
#define acceptable_error 0.001

int max = 10, m, n, pivot_row = 0, pivot_column = 0;

float absolute_value(float a, float b) {
float abs = 0;

if (@ >= b)
abs = a - b;
else
abs = b - a;

return abs;

void print_matrix(double **matrix, int m, int n, int max) {

for CGint i =0; 1 <m; i++) {
for (int j = 0; j < n; j++)

printf("%6.2f ", *((double *)matrix + max * i + j));
printf("\n");
}
return;

void step_1l(double **matrix, int m, int n, int max) {
int flag = 0;
for (int j =0; j < n; j++) {
for (int i = pivot_row; i < m; i++)
if (*((double *)matrix + max * i + j) != 0) {
pivot_column = j;
if (i != pivot_row) {
for (int k = pivot_column; k < n; k++) {
double temp = *((double *)matrix + max * i + k);
*((double *)matrix + max * i + k) =
*((double *Imatrix + max * pivot_row + k);
*((double *Imatrix + max * pivot_row + k) = temp;

}
flag++;
break;
}
if (flag != 0)
break;
}
if (flag == 0) {
pivot_row = -1;
pivot_column = -1;
}

return;

void step_2(double **matrix, int m, int n, int max) {



if (pivot_column == -1) {
printf("HEIER: \n");
return;
} else {
for (int i = pivot_row + 1; i < m; i++)
if (*((double *)matrix + max * i + pivot_

double rate = *((double *)matrix + max *
*((double *)matrix + max *

for (int j = pivot_column; j < n; j++)
*((doubTe *)matrix + max * i + j) -=

rate * (*((double *)matrix + max *

}
pivot_row++;
return;

void step_3(double **matrix, int m, int n, int

for (int i =m - 1; i >=0; i--)
for (int j = 0; j < n; j++)
if (absolute_value(*((double *)matrix + m.
acceptable_error) {

float divide = *((double *)matrix + max *

for (int k = 0; k < n; k++) {
*((double *Imatrix + max * i + k) =
*((double *Imatrix + max * i + k)

for CGint k =i - 1; k >= 0; k--) {

double rate = *((double *)matrix + ma
*((double *Imatrix + ma

for (int t = j; t < n; t++)
*((double *)matrix + max * k + t) -
rate * (*((double *)matrix + ma

break;

¥

return;

int main(void) {
double matrix[max][max];

column) !'= 0) {
* i + pivot_column) /

pivot_row + pivot_column);

pivot_row + j));

max) {

ax * i + j), 0) >

i+ 3);

/ divide;

x *k+3)/

X F i+ §);

X * i+ 1));

printf("HMA m x n FFERNSE: (m, N TE TR EES)\n", max) ;

printf("m=");
scanf("%d", &m);
printf("n=");

scanf("%d", &n);
printf("\niEFMATELF R %d x %d HFFE: \n", m,
for (Gint i =0; i <m; i++)
for (int j = 0; j < n; j++)
scanf("%1f", &matrix[i1[i1);
printf("\nfbfisEH: \n");

print_matrix((double **)matrix, m, n, max);

while (pivot_row != -1) {
step_1((double **)matrix, m, n, max);
printf("\n");
print_matrix((double **)matrix, m, n, max);
printf("\n");
step_2((double **)matrix, m, n, max);
printf("\n");
print_matrix((double **)matrix, m, n, max);
}
printf("\n");
step_3((double **)matrix, m, n, max);
printf ("fELEEA: \n\n");

print_matrix((double **)matrix, m, n, max);

return 0;

n;



G EFXTENEHEE

basic variables & free variables

BATUEIEIER AT IE A6, BEILMSTRAREN—TEXETR (an explicit description) .

Bgn, B augmented matriz #HEHWT reduced echelon form :

1 0 -5 1
01 1 4
00 0 O

XIRIF5FELE T
Tl — 5$3 =1
Ty +x3 =14
0=0

YIRIFERE pivot columns & x1, T2 FRA BATE, Hib (z3) RN BHEE,

R M RAREIXMERLRT (21, 22 5 z3 XERBEET) .
ELIrEEF, BEINRRR X

T1 S5z3+1 5 1
X=|x2 | = —z3+4| =xz3| -1 |+ 14
T3 T3 1 0
3 (E, EETIMEFTEMEIEE. EE SR RIFMTIC.
©® BEHSHERT

parametric descriptions of solutions sets

RENSHET: BHTRFSY, XREARE.

HRABSEEERREN, BEESHMSHET.
HIRATMERE, BERETE TICEGHEHXE, BEOTSHET.

RTTEA: RHBENSHER, SHRECTR.

@ Theorem 1.2.2
FESH—tER

Ezistence and Uniqueness Theorem

SMSREES < BEMSAARETS < W BN (28, FREE) &k [0

SMSTRARS, REE 2 Marse:
(1) REEHTER, B
(2) EEHXERN, BLHEMHE.

0 b], b#0847
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BiTEEEREERRE
Using Row Reduction to Solve a Linear System
Step 1: SH7TE4ARIE G,
Step 2: {THERMER, MESTES: MIBUEL (RENZE) , BN,
Step 3: FTHEREHIMHEER.
Step 4: RIEEMEEIERSHITA,
Step5: 2 Step 4 FENFEHENSHAEOSREFEATE (FTFINMNEE) K.

1.3 BERE

vector equations

@ BEEX
vector | column vector

RE-FIREEHMTIRE, IJREEMRE.
TR ZUPHRNEENEEFHSEARRS, ERAAKTIEN AR, EXRERTIER.
JRERRTRES AR — LT ARRRE, (BTELRFVE(UMENEE, HEER, FAIBEAFER,
EREEN I=ERIESR, FTAERET NSNS HEE Lt TR AR,

W:[“’1

} is a vector in R?, where w and ws are real numbers.
wa

@ REEE
equal / sum / scalar multiple
REIERRERDAT,
WAEE equal < SHRTHEE
FNEEN sum < XSRIITEN
FEEKM: YEER. HEARTELR/ARM.
IREFRE/EER (scalar multiple) : AR cFIME u, 1B uWE—IBRM ¢, FERAEIRA cu.
zero vector: FWTAO0.

® LIz

R?: PEFERNES

u -+ v: FATARET

R"™: B n TTAMES (ordered n — tuples)
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(OF: 7=

linear combination &4EEE

Given vectors vy, Va, -+, Vp € R"andscalarsci, ¢z, -+ -, ¢p.
y=cvi+tcve+--+cpVp

is called a linear combination of vy, ---, vy with weights ¢y, -+, ¢,.

F2EERS%(4: the vectors are in the same dimension

weights tX&
weights ATLAR(ERESLE, @F0

G REHTE
MWE5TE z1a1 + z2az + -+ +z,an =b
FMESAEMES (a1 ax -0 ap b | &AM ATRAEERNRE.

1550, bAIRRA a1, az, -+, an RUEEMAS, HENLZEUSRAGHE.

® K%
span
If vy, va, -+, vpareinR", then the set of all linear combinations of vi, vz, ---, vy is denoted by Span{vy, va, -+, vp}
and is called the subset of R" spanned (or generated) by vi, va, -, Vp.
That is, Span{v17 Vo, v, vp} is the collection of all vectors that can be written in the form ¢1vy + cave + -+ - + ¢, vp
with ¢1, ¢a, -+, ¢pscalars.

R, R” EEREKRE R" BFE, BrokiEERATEEBET n.
FEANBIF FEPHR—LEE, FRRER=HTE.

R, AIETME v, Span{v} a8 v FEES
BEFFHRE u, v (u, v ~HE) |, Span{u. v} v, vFEFEE

X.

T
E

=5

x.

1


af://n308
af://n321
af://n329

1456 FE Ax=Db

THE MATRIX EQUATION Ax = b

@ Ax EX
T
T2

Ax=[a; az -+ an]| . | =z1a1 + 22822+ -+ zpan
Tn

5ERE ATIHE x 185k, EXH AMSFILLx SIMTUREMES.
ER RE ARSIEET x NIEEEEY.

@ LR

matriz equation

[E1Z: 1.3 ® BESIE (vector equation)

MEHE x1a; +T2a2 + - +xan =b

TS %804 (a1 as --- an b | MEMAREASHERNREE.
1R Ax BX, BREHESH Ax = b i, IWHEEMESTE (matriz equation),

1
T2
Hif, A=Ja; ay -+ an], x=| |
Tn
® Theorem 1.3.1
sz Ax =Db
AEHE z1a1 +x2a2 + -+ Tpap =b
e (ar a2 -+ an b | BEMITIEA
BIEREARE.
XEKE, B Ax=b, HEMEEER a1 az - ag

@ Theorem 1.3.2
Let A be am X n matrix. FEPYPM R :
(1) For each b € R™, the equation Ax = b has a solution.
(2) Each b € R™ is a linear combination of the columns of A.
(3) The columns of A span R™.
(4) A has a pivot position in every row.

pivot position : 1.2 3.

IR (4) PSR REMERE, TRIE M,

b | BOZMT5T2E,

BiEEN120 06

E18r-56pE [ A b | has a pivot position in every row, Ax = b TSRS, BATBERER.
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® BPB{IER
identity matriz : EXNALZAL, EMEIUH 0 A9755F (175V80ER)
fl: 3 x 3 identity matrix

100
I=10 10
0 01

I3k (diagonal) : ELBIAT

Alu+v)=Au+ Av
A(cu) = ¢(Au)

1.5 RMHEHRARMRE

SOLUTION SETS OF LINEAR SYSTEMS

homogeneous FR[9? ? ?
Ax =0

AeR™" xcR" 0eR™

trivial solution 0

FAR

nontrivial solution

parametric vector equation

X =suU+tv

parametric vector form

nonhomogeneous linear system

X=p+tv(tinR)

translate

theorem 6
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1.6 &S TRARRNA

applications of linear systems

%

1.7 RHEFTX

linear independence
linear independence
1 linearly independent / linearly dependent
2 linear dependence relation
characterization of linearly dependent sets

theorem 8

theorem 9

1.8 RHFIRAINTE

INTRODUCTION TO LINEAR TRANSFORMATIONS

transformation

domain / codomain

image / range

shear transformation

Atransformation 7" is linear if
)T(u+v)=T(u)+ T(v)forallu, vinthe domain of T';

ii) T(cu) = ¢T'(u) for all scalars ¢ and all u in the domain of 7.

i
T(0) =0
B 0 HERR

T(cu+dv) = cT(u) + dT(v)
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contraction / dilation

1.9 S TIRAGIERE

THE MATRIX OF A LINEAR TRANSFORMATION

theorem 10

standard matrix for the linear transformation

1.10 RS

LINEAR MODELS IN BUSINESS, SCIENCE, AND ENGINEERING

linear difference equation / recurrence relation

2. 5BPpEEY

Matrixz Algebra

2.1 3EpFER

matrix operations

@ (i,7) &

(2,7) - entry
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Column

j )
ap e aj; a,
Row i aj 000 aij 500 ap, | =A
| a1 A amn |
T T T
aj a a,

m x nmatriz A REFIZ R™ PH@E (BABHE m TR .

A=la; az -+ a]|
@ WRA%TR
diagonal entries : ai1,as,as3, ... (ELZAT)

== e

—
_ = e
e
[

[OF38)::E:3
main diagonal : WALITRERNL (ELEIAT)

® MfA%ER
diagonal matriz : IEXIFALEITTREE A 0 K9G

© FEH

zero matriz : JTTREH 0

©® JEFERS

equal : size 1HRE), YN entry 5%
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B A— [au ags 013] B— {bn b12 b13} C— [011 612]
ba1 bay  bas Co1 2

a1r +biy @ +bia a3+ b3

MA+B:[
agr +bar @z +by  a + bas

] LA+ CEEN (size RE)

IRERE

scalar multiple : & r 2rg, AZER, WikERErA 2— Bk, 858 AWRNEI £

N ajp a2z ai railz Traiz rai
®A= [ Bl omrA = 8
azy Qazz Q23 Taz1 Taz2 Ta23

B —A% (-1)A, A— BB A+ (-1)B.

® Theorem 2.1
A, B,C #5088, r,s MizE, W
A+B=B+A
(A+B)+C=A+(B+C)
A+0=A4
r(A+B)=rA+rB
(r+s)A=rA+sA
r(sA) = (rs)A

518, EENNIUEE

©EFFSRIE

RIFZEEAHST A(Bx) (%5 B BRA) Frnfll—NEMIEES, IEMHEN AB, B
A(Bx) = (AB)x

£ARm X niEl, BRn x ik, x € R?, 1

Z1

x3
BX:[bl b1 bp} . :z1b1+z2b2+"'+l‘pbp

Tp
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A(Bx) = A(z1by + z3by + - - - + z,bp) = z14by + 23Aby + - - + 2, Aby
& A(Bx) @& Aby, - - -, Ab, FEMAS, LLx i entry i

A(Bx) = [Ab; Ab, --- Ab,]

FEPERIIFIEN : B AR m x niElE, BREn x piElE, BHSIZ by, -, by, MR ABEm x pfElE, B

AB=[Ab; Ab, --- Ab,]
AB #5121 B MRBITTEAR, 7 A SFHTAILARERN (ABSSm AR, MA—8 #£n3l, 1 B—%)

A WBEBRET B T8 (FReELRMEEEEN)

® F750EN
Row — column rule for computing AB
(AB)ij = anbyj + aiobsj + - - - + aniby;
ABB% i 1755 j SItRR A K95 1 175 B 9% J SIRITRIRFRZAN.

B row; (A) FrElE ARISE i 17, M
row;(AB) = row;(A) - B

® Theorem 2.2

A(BC) = (AB)C
A(B+C) = AB+ AC
(B+C)A=BA+CA
r(AB) = (rA)B = A(rB)
I, A=A=AI,

BER

EER, AB# BA.
X2 matriz algebra FISLEEHIFE X,

MERTERIE AB XIS : A is right — multiplied by B (A# BER) / Bis left — multipliedby A (Bi# AKX
k)

The cancellation laws do not hold for matrix multiplication. That is, if AB = AC, then it is not true in general that B = C.

If a product AB is the zero matrix, you cannot conclude in general that either A = 0or B=10.
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Ak A0
transpose
AT

Theorem 3

ERSRERET

2.2 FERERGE

THE INVERSE OF A MATRIX

invertible

AEERE—ERTI R

ATA=AA"1=1T

Theorem 4 ZMi75BERIEMEFIBI & WREREKiE

b
Let A = {a d} .Ifad — bc # 0, then A is invertible and
c

1 1 d -b
A T ad—bc| —¢c a

If ad — be = 0, then A is not invertible.

determinant

Theorem 6

Theorem 7 SM73MEANEMHIB] & HRERERIE (HIFRIRE)
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2.3 Al AR

CHARACTERIZATIONS OF INVERTIBLE MATRICES

Theorem 8

Let A be a square n X m matrix.

all true or all false

@ Ais an invertible matrix.

@ Ais row equivalent to the n. X m identity matrix.

® A has n pivot position.

@ The equation Ax = 0 has only the trivial solution. (foranyx # 0, Ax # 0 )
® The columns of A form a linearly independent set.

® The linear transformation x — Ax is one-to-one.

@ The equation Ax = b has at least one solution for each b in R™ .
The linear transformation x — Ax maps R™ onto R™ .

® There is ann X n matrix C'suchthat CA =1 .

There is an n X n matrix D such that AD = I .

® AT is an invertible matrix.

applies only to square matrices

A linear transformation "invertible"

Alinear transformation T : R™ — R" is said to be invertible if there exists a function S : R™ — R" such that
S(T(x)) =xforallxinR™. (1)
T(S(x)) =xforallxinR"™. (2)

Theorem 9

Let T : R™ — R™ be a linear transformation and let A be the standard matrix for T'. Then T is invertible if and only if A is an
invertible matrix. In that case, the linear transformation S given by S(x) = A~'x is the unique function satisfying equation (1) and

).

2.4 S1R¥ER%

partitioned matrices

@ FHRIERE

blocks / submatrices

partitioned / block matrix
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@ IESIRERE

® FHIERERYSRIE

@ Theorem 10

Column—Row Expansion of AB ABRIFI{TEFF

©® FIRIEFEAGIL

block upper triangular 53tk == fa%ErE

® SRXIFAER

block diagonal matrix

2.5 SEpEER SRR

MATRIX FACTORIZATIONS
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@ LU 2fig

LU factorization

@ LU BEEE

Algorithm for an LU Factorization

2.6 FIRIBRIBAFLIRE

THE LEONTIEF INPUTOUTPUT MODEL

Leontief Input-Output Model (BIEFERIRNFHEER) B—MEFHT TR, BFHRAARF L EREERBRRENEIR
S0,

IR R BEEAFFIRIAFR SEHR (Wassily Leontief) FE20tHLCA0FMTTRRET, tELEET 1973FMENREFFR. Z
BEET—MRIR, B—MEFRETLRIS HARFAER ], XL IR EESRIMREHRRIR,
LeontieflERAGIOEARR, AR WEIIZ BFEERNIEHAIRER. SN SR AT EEREM AR I mIEARAN,

ER S EEMF AR R RIEAF ., BEOMXLMANBHAR, ALUSTAREN IZEREEREIE, LREFEN
PSS (TR

B LeontieftERY, FFFHRALUFEARFWEIIZEIORER, URENSBIINRCAETRMENMEFRSR. XIMEALIET
FTRUANEAEEERE . S EEEZRIIRITH0SE. o, LeontiefEENARILIEBINERRR S, FRD BT LEHEEE
R,

BfiEZ, Leontief Input-Output Model 2—F AT DR R A AN MEERBERRAVER, CRET —MEWATTEERR
EEDE SN LIS YT

production vector / final demand vector

unit consumption vector

Theorem 11

2.7 it BN ER SRR

Applications to Computer Graphics

%


af://n819
af://n823
af://n836
af://n859

28 R" WF=H
SUBSPACES OF R"
Definition: A subspace of R™ is any set H in R" that has three properties:
a) The zero vector is in H.
b) Foreachuand vin H,thesumu + visin H .
¢) For each u in H and each scalar ¢, the vector cuis in H.
column space

null space

Theorem 12

basis

standard basis

Theorem 13

2.9 RIS

DIMENSION AND RANK

coordinates of x relative to the basis

coordinate vector of x

dimension

rank

Theorem 14

Theorem 15

The Invertible Theorem (continued)

BiX4 theorem RAZEELEHIZ()
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3. 13518

determinants

4. AEFA

Vector Spaces
vector space
subspace
zero subspace
Theorem 1

null space

An Explicit Description of NulA

basis

standard basis

The pivot columns of a matrix A form a basis for Col A.

THE UNIQUE REPRESENTATION THEOREM

coordinate vector of x
coordinate mapping

change-of-coordinates matrix
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isomorphism [&E#3
THE DIMENSION OF A VECTOR SPACE
finite-dimensional

infinite-dimensional

5. ISEHESSIERE

Eigenvalues and Eigenvectors

Theorem 5 2&E S

6. IERZ IR Z5RiE

Orthogonality and Least Squares

6.1 WA, KEMIERMS

inner product, length, and orthogonality

@ PRIIENX
&u, vER"PFHEE, JiAn X 15EHE.
E=X ulviufl v inner product, iR u-v.

B M58, TRIES

FREREMFR AN AENEN THERRE.
FERERIIAE, JIEET 1 IEENX.
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@ PIFRAYIERR

G BEMKE ()
I REKEN

@ BEP—k
normalize

BT EERUEIRK, FRIRSEENBEMEE.

© B EERES

distance

dist(u,v) = |[[u— v

® BIMREIER
Two vectors are orthogonal to each other

u-v=20

TREFMERREIER.

TEH: Two vectors u and v are orthogonal if and only if

[+ v[f? = [[uf* + |[v]*

@ IE3#

Orthogonal Complements
& z EXFF=E W diE— mgE, UngEz5 W ER.
BB z MRS W BIIESSHD, iBfE WL, i "W perpendicular” & "W perp".

EHE:

(Row A)* = Nul A
(Col A)* = Nul AT
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® R? #1 R sapyfarE

cos O = 8V _
vl

BT =4, BEEXN SFHFHTRARNERIERFE (correlation coef ficient) .

6.2 IE3TE

orthogonal sets

@ IETEERITENX

R" RigE 8 {uy, us, ---, up} WAERE, EEHFPNEEMHERS,

EHE:

S ={uy, uz, -+, up} & R" hIETESEMAIEEE, W S &iimy, FE S KA FAr—A basis.
@ EXEREN

R™ ch7zsig) W I—ERE, B W H—1ME, BRIERE.

2 basis FIERZATARLE,

@ BfIEREE
orthonormal set

B EEMIRAIERSE.

@ B{IERE
orthonormal basis

W e ITESREEBKARAT T 251E), MRS TE SR Bty W ROSEATIESCEE,
BTE SRR RIALENEIST

AR basisSEELEL set R, basis BEBWMAGKAZE, FEERBLEMINT.

EH:

Anm x n matrix U has orthonormal columns if and only if UTU = I,

EHE:
Let U be an m x n matrix with orthonormal columns, and let x and y be in R™.

Then,


af://n1058
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[Ux]| = [|x]|
(Ux)- (Uy)=x-y
(Ux)-(Uy)=0ex-y=0

FRMB=FIRE: BRAIERFIAIER, NMAIZMRRE x — Ux, RETREMERMYE.

6.3 IE334R52

orthogonal projections

@ IERSHEEE
Let W be a subspace of R". Then each y in R™ can be written uniquely in the form
y=y+z

where ¥ is in W and zis in W+,

XEEELIMFER.

£, If{uy, uz, ---, up}isan orthogonal basis of W,

2=y gty W SRR RER.

R, WT4EE W, XMEXHBRER—N ESRE—EWE, —MEW' 2, BASE—FEIMz.)
DIRNERRERT W A5, 5 W EREREETK. EAENERRETUEHE—MER.

v B9RiE:
If {uy, uz, ---, up}isan orthogonal basis of W, then

y-Up

Up-up

V= ambug e+ up
z B9RiE:
5Ky, Asz=y—-J.

WESA:
W8z -u, &80, WtELR.

@ EXIRF
Ay Ay & W EHESIREY, BIF projwy.

orthogonal projection of y onto W

y W = projwy =y

EETERE:
Let W be a subspace of R", let y be any vector in R™, and let y be the orthogonal projection of y onto W. Then ¥ is the closest
pointin W to y, in the sense that

ly =3l <y —vll

for all v in W distinct from §.


af://n1115
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|E y #8 W sy y sEER.

the best approximation to'y by elements of W.

lly — v|| #Aigs, v =3 WEEIS/IME.

fECER:
B,
If {uy, uz, ---, up}isanorthogonal basis of W, then
projwy =¥ = abug + -+ z::fpup
155,
If {uy, uy, ---, up}isan orthonormal basis of W, then
projwy =9 = Ltuy 4o 4 y'lupup
=(y -w)ur +(y-uz)uz + -+ (y - up)up
= (ufy)ur + -+ (upy)u
=uUuTy
whereU =[u; uz --- upl.

6.4 Gram-Schmidt 75i%
the Gram — Schmidt process
ik 191E R" PHTIESRFEENERESINEERE.

@ Gram-Schmidt 5%
Given a basis {x1, ---, Xp} for a nonzero subspace W of R", define
V1 =X1
X2 Vi1
V2 = Xg —
ViV
X3 Vi1 X3 V2
V3 = X3 — Vi — V2
V1-Vy Va2 Vo
Xp- Vi1 Xp Vo XpVp_1
Vp = Xp — L R p— VZ_..._#VP_I
Vi-Vy Va2 --Vo Vp—1-*Vp-1
#581: {v1, ---, Vp}isan orthogonal basis for .
#5¢2: Span {v1, --+, Vi} = Span {x1, -+, xx}forl <k <p.

ER, BHRR {r1, -, T,} BEE—H basis, RIEAI&MIRT
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@ %EP% QR 31

If Aiis an m x m matrix with linearly independent columns, then A can be factored as A = QR, where Q is an m X n matrix
whose columns form an orthonormal basis for Col A and Ris an n x n upper triangular invertible matrix with positive entries on
its diagonal.

A EHRSHIEER, REZAHER A S5 Col AR basis (BDEFIMST) .
Q IHSE: U AWEIIA basis, B Gram — Schmidt J5RERFRERMIERENSTEES Q 1951,
EEF Gram — Schmidt J3EERRIERRERERIT—, FEFT—HWARITEN Q.

AHABXRBREEMIE Q I3—HR? REET R AMIE.

5|H:

An‘m X n matrix U has orthonormal columns if and only if UTU = I.
¥ Q WESIRBAIERN, 5QTQ =1

Q"A=Q"(QR) =R

REPBEIRY Q HEERE A £, HEET R.

6.5 e/ Z5fRlaRR

least — squares problems

@ EX
If Aism X nand b isin R™, a least-squares solution of Ax = bis an %X in R" such that

b — A%[| < [/b— Ax||

@ WE

6.6 ZeHIRBIFRRIRIFY
B
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6.7 AFR=S(H)

inner product spaces

6.8 WA= EIAYRIF
3

7. WFRIERERI IR

Symmetric Matrices and Quadratic Forms

XIFRAERE

Py

FREDHE

8. MEXARY LT

The Geometry of Vector Spaces

9. Optimization

10. Finite - State Marcov Chains
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Appendixes

Weekly Exercise

exercise 1
Group1:245710

1. (Lay 1.1, Question 26) Construct three augmented matrices for linear systems whose solution set is

T1=—-2,293=1,23=0
1 0 0 -2 1 0 0 —2
01 0 1 Jor|{0O 1 0O 1 |etc
001 O —2

2. (Lay 1.1, Question 28) Suppose a, b, ¢, and d are constants such that a is not zero and the system below is consistent for all
possible values of f and g.

axy +bxy = f
cry +dxy = g

What can you say about the numbers a, b, ¢, and d ? Justify your answer.

KEER a IFFRIGER
0 f g R

3. (Lay 1.2, Question 21) Mark each statement True or False. Justify your answer.

(a) In some cases, a matrix may be row reduced to more than one matrix in reduced echelon form, using different sequences
of row operations.

(b) The row reduction algorithm applies only to augmented matrices for a linear system.
(c) A basic variable in a linear system is a variable that corresponds to a pivot column in the coefficient matrix.
(d) Finding a parametric description of the solution set of a linear system is the same as solving the system.

(e) If one row in an echelon form of an augmented matrix is [0 0 0 5 0], then the associated linear system is inconsistent.

(a)F


af://n1296
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echelon form %554, reduced echelon form RE—4 (Theorem 1)

KiE%: suppose A EIEFMNAERYI reduced echelon form f and g

F;
1 T
0
0

MNEEIR, RE i 5IFFHEARR

B=mMER
@ fi gi both pivot column

@ both not

® one of them is pivot column

EHsITIFIENOER 1, Ws-B1T, 1~i-15 XRKIGAETRHER (FRgBId1TEIRSE])

=R TG

(b)F

elementary operation XIS EMEERN, &2 2% augmented

(c) T'rue. Basic variables are defined after equation (4).

F/T? True. This statement is at the beginning of Parametric Descriptions of Solution Sets.

4. (Lay 1.2, Question 24) Suppose a system of linear equations has 3 x 5 augmented matrix whose fifth column is a pivot column.
Is the system consistent? Why (or why not)?

BHY reduced echelon form —EHB—470000 1 (inconsistent)

5. (Lay 1.3, Question 33) Use the vectors u = (uq, ..., Uy), V=(V1, ..., Uyp), andw = (wq, ..., wy) to verify the following
algebraic properties of R™ .

(@ u+Vv)+w=u+(v+w)

(b) c(u +v) = cu + cv for each scalar ¢

AILATIES | TiERE, AE i85 18 n



6. (Lay 1.3, Question 34) Use the vector u = (u1, ..., uy,) to verify the following algebraic properties of R".

(@u+(-u)=0
(b) c(du) = (cd)u for all scalars cand d

il

7. (Lay 1.4 Question 35) Let A be a 3 x 4 matrix, let y; and y3 be vectors in R?,and letw = Y1+ Y2 .Supposey; =Azy andyz = A
x5 for some vectors 1 and x5 in R* . What fact allows you to conclude that the system Ax = w is consistent? (Note £1 and &9
denotes vectors, not scalar entries in vectors.)

8. (Lay 1.4, Question 36) Let A be a 5 x 3 matrix, lety be avector in R®, and let z be a vector in R® . Suppose Ay = z. What fact
allows you to conclude that the system Ax = 4z is consistent?

9. (Lay 1.5, Question 37) Constract a 2 X 2 matrix A such that the solution set of the equation Ax = 0 is the line in R? through
(4,1) and the origin. Then, find a vector b in R? such that the solution set of A = b is not a line in R? parallel to the solution set
of Ax = 0. Why does this not contradict to the following theorem?

Theorem. Suppose the equation Ax = b is consistent for some given b, and let p be a solution. Then the solution set of Ax = b is
the set of all vectors of the form w = p + vy, , where vy, is any solution of the homogeneous equation Ax = 0.

Theorem BYRIZEHEM, FATTLIED f EXRE (RBEEL, HARTFT) .

2272
a1 4
1 -4

b:{—lz}

bR T R R AT {sEX TR

10. (Lay 1.5, Question 40) Let A be an m x n matrix, let u and v be vectors in R™ with the property that Au = 0 and Av = 0. Explain
why A(u + v) must be zero vector. Then explain why A(cu + dv) = 0 for each pair of scalars c and d.

11. (Lay 1.6 Question 14) Intersections in England are often constructed as one-way "roundabouts" such as the one shown in the
figure. Assume that traffic must travel in the directions shown. Find the general solution of the network flow. Find the smallest
possible value for zg.



120 150

C D x5
X3 X4
B E
50—)—4- . N r—) 80
2 6
100 ﬁ rF—<— 100
X1
bllysg sl
70
1 00 0 0 -1 100
12. (Lay 1.7, Question 36) If vy , ..., v4 are in R*and v3 is not a linear combination of v1, ve, and vy, is {v1, va, v3, v4} linearly
independent? Prove if you think so or give a counterexample otherwise.
#ErTae
independentifandonlyaV; +bVy +¢cV3 +dVy =0ffENa=b=c=d =0

AAR—LEFEEE a/b/c/dFH 0

Group 1 work

2. (Lay 1.1, Question 28) Suppose a, b, ¢, and d are constants such that a is not zero and the system below is consistent for all
possible values of f and g.

axy +bxy = f
cry +dry = g

What can you say about the numbers a, b, ¢, and d ? Justify your answer.

Solution:

The augmented matrix for the system is

Row reduced it. Because a is not zero,

ifd— 2 =0:

Because f and g are arbitrary, there exist some f and g that g — % # 0, which makes the system inconsistent (by Existence and
Uniqueness Theorem) and contradicts the question.

Hence
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d— 1t #£0=bc#ad

Appendix @ &4

BVEMRLASSRERE (consistent for arbitrary fand g = bc # ad) ;

HAHFTHMHERR (be # ad = consistent for arbitrary fand g) :

When be # ad,
g% f-b ik
a b f a b f a 0 ffb~d7% 10 ad—%
0 d—te gt |70 1 £ | ot ) 2
R E R LI = 01 i
The system is consistent for all possible values of f and g.
_fe
fbi
More precisely, it has and only has one solution & = “f
[
q— e

Appendix @ Geometric Description
L2
ary+bro=f

cr1+dra=g

(x1x5)

L1

4. (Lay 1.2, Question 24) Suppose a system of linear equations has a 3 x 5 augmented matrix whose fifth column is a pivot
column. Is the system consistent? Why (or why not)?

Solution:

The system is inconsistent.

* *
Because the fifth column is the rightmost column of the 3 X 5 augmented matrix

. By Theorem 2, If the fifth

column is a pivot column, the echelon form of the original matrix will have one row [ 0 0 0 0 b ] with b nonzero, which
results in the system having no solution (inconsistent).



5. (Lay 1.3, Question 33) Use the vector u = (ul, .
algebraic properties of R™ .

@u+v)+w=u+(v+w)

(b) ¢(u + v) = cu + cv for each scalar ¢

Solution:
(a)
Left:(u+v)+w
Uy vy w1
=(| i [+] ]+

Un Un Wn

(w1 +v1) +wy

(un + vn) + wy

Right:u+ (v +w)

[ uy + (v1 +wq)

| Un + (v + wy)

By associativity of addition and definition of equality of vectors,

Left = Right = (u+v)+w=u+ (v+w)
(b)

For each scalar ¢,

Left:c(u+v)

c(ug +v1)

c(un + vp)

Right:cu+ cv

U1l U1
=c +c
Up Un
cuy + cvy
Cuy + Ccvp

By the distributive law and definition of equality of vectors,

Left = Right = c(u+v) = cu+cv

, Up), v =(v1, ...

, Up),and w = (wy, ..

., Wy) to verify the following



7. (Lay 1.4, Question 35) Let A be a 3 x 4 matrix, let y; and y5 be vectors in R3, and letw = y1+ y2 . Supposey; = Ax; and
y2 = Ax, for some vectors x; and xz in R* . What fact allows you to conclude that the system Ax = w is consistent? (Note:
x1 and xo denotes vectors, not scalar entries in vectors.)

Solution:
wW=y1+Yy2
= Ax; + Axs

= A(x1 +x3) (ByTheorem 5)
Hence, the system
Ax=w

has at least one solution x = x71 + X (consistent).

10. (Lay 1.5, Question 40) Let A be an m x m matrix, let uand v be vectors in IR™ with the property that Au = 0 and Av = 0.
Explain why A(u + v) must be the zero vector. Then explain why A(cu + dv) = 0 for each pair of scalars c and d.

Solution:
Suppose
ai;z o Qip U1 U1
A= ,u= LV =
Ami  ** Gmn Up, U,
Then
Alu+v)
U1 V1
= A( + )
Un Un
a; -t Qip uy + v
Ami1  *° Qmp Up + VUn
a1y A1n
=(urtv) | |+ e+ (un o)
Am1 Amn
aiy ainp aiy Qaip
=(u | |4+ s Fu | )+ (| |+ e | )
Am1 L Amn Am1 Amn

ai; . Qip up | ayp - Qi vy
= +

am1 cet o Qmp Unp | am1 ccr o Qmp Un
= Au+ Av
=0+0
=0

for each pair of scalarscand d,

A(cu + dv)



u1l U1

=A(c +d )
Up, Un
aip Qi cuy + dvy
A1 Gmm cu, + doy
ar A1n
=(cur+dvi) | 1 |+ - +(cup+dvy)
Am1 Amn
an A1n an A1n
=cur| ¢ |4+ - Fug | ) +dw| |+ - Fun | )
am1 QAmn Am1 Amn
aixz -0 Qip Uy aixz -+ Qip V1
=c( ) +d( )
am1 Amn, Up Am1 Amn Un

=c (Au) +d (Av)
=c0+d0

=0

exercise 2

Group1:12345

1. Suppose T : Z3 — Z3 is a linear transformation, where Z is the set of integers. You are given that T'(x) =y, T(y) = z, and
T(z) = x +y for certain x, y,z € 73, where x # 0. Prove that x,y, and z are linearly independent. You can use Rational root
theorem without proof.

Theorem (Rational root theorem). If a polynomial p(z) = a,z™ + Ap 12" 4 ap_9x™ 2 + - - 4+ a1z + ag has rational roots,
those roots will be limited to :i:% where pis a factor of ag and q is a factor of a, .

2. Can you find a linear transformation T' : R? — R? so that we have T'((1,0,3)T) = (1,1)T and T((-2,0, —6)T) = (2,1)T?
Give an example if you think so or prove the impossibility otherwise.


af://n1591

3. (Lay 1.10, Question 9) In a certain region, about 7% of a city’s population moves to the surrounding suburbs each year, and about
5% of the suburban population moves into the city. In 2015, there were 800,000 residents in the city and 500,000 in the suburbs. Set
up a difference equation that describes this situation, where x is the initial population in 2015. Then estimate the populations in
the city and in the suburbs two years later, in 2017. (Ignore other factors that might influence the population sizes.)

ORREIREE? EE 4R (city, suburb) SEREIEIRZEI—NE, HEAX=X

4. Let A be a3 x 3 matrix such that the following holds

1
Ax; = 1|0
L0 ]
-0
Axs =11
L 0]
-0
Ax3= 1|0
_1_

(a) If the three solutions x1, X9 , and x3 are the columns of a matrix X, what is AX?
(b) Suppose x; = (1,1,1)T, x5 = (0,1,1)7, x3 = (0,0,1)7 .
i. Solve the equation Ax = b for x whenb = (3,5,8)7 .

ii. Find A by using the result in part (a).

5. Let A and B be two m X m invertible matrices. It is given that A + B is invertible. Prove that

Al =(A+B) '+ (A+AB14A)L.

B BEFRNE

3£7: Aslamdal+B(010;001;000) BA3LALHIZEE (£B790)

Group 1 work

1. Suppose T : Z3 — 73 is a linear transformation, where Z is the set of integers. You are given that T'(x) =y, T(y) = z, and
T(z) = x +y for certain x, y,z € 73, where x = 0. Prove that x, y, and z are linearly independent. You can use Rational root
theorem without proof.

Theorem (Rational root theorem). If a polynomial p(z) = a,z™ + 12" 1 4 an_ox™ 2 4 -+« 4+ a1z + ag has rational roots,
those roots will be limited to :t% where pis a factor of ag and q is a factor of a,, .
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Solution
i) Given that x # 0. ify = 0, then

z=T(y) = T(0)

Il
=]

x=T(z) ~y=T(0) -y =0,
which leads to contradiction.
ifz =0, then

T(z)=x+y=0=y=—x

T(y) = —T(x) =~y =x =0
which also leads to contradiction.

Hence, x,y, z are all nonzero vector.

ii) Suppose there exist rational numbers m and n so that
X = my + nz, mand n are not all zero.

@ifm # 0andn = 0, then

x =my
T(x) =mTI(y)
y =mz
T(y) = mT(z)
z=m(x+y)

z=m(m+ 1)y
z=m?(m+1)z
(m*4+m?-1)z=0
By i),z # 0.And +1 are not solutions of m® +m? — 1 =0.
Then, by rational root theorem,
mi4+m?—-1=0

has no rational roots, which leads to contradiction.

@ifm=0andn # 0, then

y=n(x+y) n#0andn#1
x=(3 -1y

which is similar to @ and leads to contradiction.

®ifm # 0and n # 0, then
X = my +nz
T(x) = mT(y) + nT(z)
y = ma+n(x+y)
y=mz+n(my+nz+y)
(1 —mn—n)y = (n?+m)z
a)ifl—mn —n #0andn? +m # 0, then

2
_ _n+tm
Y= Tmnn

z = similar to @, contradiction
b)if 1 fmnfnzoandn2+m7é0,then

z = 0 = contradiction
c)ifl—mn—n;éOandn2+m:O,then

y = 0 = contradiction

d)ifl—mn —n = 0and n?2 +m = 0, then



l-mn—-n = 0:> 1-mn—n = 0 e m41—0
n?+m = 0 —n? a

+1arenotsolutionsofn® —n+1=0.
Then, by rational root theorem,
nd—n+1=0

has no rational roots, which leads to contradiction.

There is a similar process to suppose

y=mx+nz or z=mx-+ny

All possibilities that x,y, and z are linearly dependent do not exist. Hence, x,y, and z are linearly independent.

2. Can you find a linear transformation T' : R® — R? 5o that we have T((1,0,3)7) = (1,1)T and T((—2,0, —6)T) = (2,1)T 2
Give an example if you think so or prove the impossibility otherwise.

Solution

Suppose their exists a transformation T' : R? — R? so that
T((1,0,3)T) = (1,1)T.
If the transformation is linear, then
T((-2,0,-6)") = T((-2)(1,0,3)") = (-2)T((1,0,3)") = (-2)(L, )" = (-2,-2)" # (2,1)"

So it's impossible.

3. (Lay 1.10, Question 9) In a certain region, about 7% of a city’s population moves to the surrounding suburbs each year, and about
5% of the suburban population moves into the city. In 2015, there were 800,000 residents in the city and 500,000 in the suburbs. Set
up a difference equation that describes this situation, where x is the initial population in 2015. Then estimate the populations in
the city and in the suburbs two years later, in 2017. (Ignore other factors that might influence the population sizes.)

Solution
Suppose the initial (2015) city's population is . , the initial suburban population is s . We have
{ xoc }
Xp =
Zos
Consider the next year. Suppose x; is the population in 2016, city's population is 1. and suburban population is 15 .

According to the description,

21, =93% - zoc + 5% - Tos



T1s = 7% * Toe + 95% * XT0s

Hence
o [me] _[93%] [ 8% ) _[9% 5% ][en] _
e T L% T T 5% Y T 1% 95% | | aes |
e [93% 5%
where = 7% 95% .

Similarly for subsequent years. In general,
Xpi1 = Axy, fork=0,1,2,---

According to the matlab running results, the city population in 2017 will be 741,720 and the suburb population will be 558,280.

4. Let A be a3 x 3 matrix such that the following holds

1
AX1: 0
L 0]
r0]
AXZ: 1
L 0]
r0]
AX3: 0
_1_

(a) If the three solutions x1, X9 , and x3 are the columns of a matrix X, what is AX?
(b) Suppose x; = (1,1, 1)T, x5 = (0,1,1)7, x3 = (0,0,1)T.
i. Solve the equation Ax = b forx whenb = (3,5,8)T .

ii. Find A by using the result in part (a).

Solution

@AX =A[x1 x93 x3|=[Ax1 Axy Ax3]|=

[ R
o = O

(b)
i.  Whenx = 3x; + 5x9 + 8x3,
Ax = A(3x1 + 5xy + 8x3) = 34x; + 5Ax, + 84x3 = (3,5,8)T =b
Hence, there is at least one solution
x = 3x; + 5x2 + 8x3.
By (a), there exists X = [x; X2 X3]sothat AX = I3 = Alisinvertible.

By the invertible matrix theorem (Theorem 8), the equation

Ax=Db
has a unique solution for each b in R? .
Hence, there is only one solution
3
X = 3x1 + bxs + 8x3 = 8
16

i. #Solution 2



By Theorem 5, if A is an invertible matrix , then the equation

Ax=b
has the unique solution
x=A"b
foreach binIR3.
Hence, there is only one solution
3
x=Xb=3x; +5x3+8x3= | 8
16
i. Inpart@, AX=I=A=X"1
100 100 1 00 1 00
(X Il=]110:010["|010: -110
111:001 111 0 0 1
100 : 1 00 100 1 0 0
“lo10: 110|010 -1 1 of=[X"]
011 -101 001 0 -1 1
1 0
HenceA=| -1 1 0
0 -1 1

5. Let A and B be twom X m invertible matrices. It is given that A + Bis invertible. Prove that

Al'=(A+B) '+ (A+AB'A) L.

Solution
Al =(A+B)t +(A+AB A
s ATTA=(A+B)'A+ (Al + AB14)71A
=(A+B) 1A+ (A(I+B14))'4
=(A+B) A+ (I+B14)1414
=(A+B) 'A+(I+B'4A)'I
(
(
(

A+ B)'A+ (B(I+B'A)'B

¢t ¢ T

I
I
I
I =(A+B)'A+(I+B1'4)'B'B
I
1
I

=
=(A+B)'A+(B+A)'B
& =(A+B)Y(4+B),

which is easy to prove by definition.



exercise 3

Group1:34679

1.Let A, X be n x n matrices and AX = I, where I is the n x n identify matrix. Is A invertible? If true, calculate A~!;
otherwise, give a counterexample.

EX AX = XA =1 = Aisinvertible
RRARNHFHEEN

foranybin R",ifb = k1 Ay +--- + k, A, = Ak, then span(A) =R"
b =1Ib=(AX)b = A(Xb)
hence k = Xb

is what we want

N

Let X be a m x m matrix. It is given that:

(i) xii 2 1 for all i, where xij is the (i, j)-entry of matrix X, and

(i) P i=j x 2 ij < 1. Show that X is invertible. You can use the following results without proof.

Theorem. Let u,v € Rm. If uTy = 0 and v is a non-zero vector, then u must be a non-zero vector.
Theorem (Cauchy-Schwarz inequality). For any u, v € Rn, (Pni = 1uivi)2 < Pni = 1u2iPni = 1v2i.

(Hint: You need to show that Xy # O for any non-zero vector y € Rm. In that case, the equation Xy = 0 has only the trivial
solution and hence X is invertible.)

Hifforanyy # 0,85 Xy # 0(RB 0f&)
RFBIE (Xy)Ty #0
My #0 (B0)

(XY)TZY = Z?J:l

XREE—S I URIEBERZEE
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3.Let Y be a matrix of size n x n such that 327, [y;;| < 1for all i, where y;; is the (i, j)-th entry of matrix Y. Show that
I — Y isinvertible.

(Hint : Similar to Question 2, you need to show that the zero vector 0 is the only solution to the equation (I —Y)x = 0.)

4. Let X be a matrix of size 2n x 2n which has the following form
A B
C D
where A, B, C, and D are n X m matrices which commute with each other, i.e., AB = BA, AC = CA, AD = DA, BC = CB,

BD = DB, and CD = DC. Show that AD — BC'is invertible if and only if X ~! exists. You may use the following result without
proof.

Theorem. Let A and B be two mXxm matrices. A and B are invertible if and only if AB s invertible.

5. (Lay 2.4, Questions 15 and 18)

(a) Suppose A11 is invertible. Find X and Y such that A11 A12 A21 A22=10X1A1100S 1Y 0l whereS=A22-A21A-111A12.
The matrix S is called the Schur complement of A11. Likewise, if A22 is invertible, the matrix A11 - A12A -1 22 A21 is called the
Schur complement of A22.

(b) Let X be an m x n data matrix such that XT X is invertible, and let M = Im = X(XT X) =1XT . Add a column x0 to the data and
form W = X x0 . Compute WT W and show that the Schur complement of XT X can be written in the form x T 0 MxO.

ek XTAIX BT, EHARTRAEESFF

6. (Lay 2.5, Question 24) Suppose A = QR, where ) and R are n x m, R is invertible and upper triangular, and @ has the
property that Q7Q = I. Show that for each b in R", the equation Ax = b has a unique solution. What computations with Q
and R will produce the solution?



7. (Lay 2.5, Question 25) Suppose A = UDV'T',where U and V are n. x n matrices with the property that U7U = I and
VTV = I, and where D is a diagonal matrix with positive numbers o1, 03, .. . , &,, on the diagonal. Show that A is invertible,
and find a formula of A7

8. Use partitioned matrices to prove the two parts by induction.
(a) The product of two lower triangular matrices is also lower triangula

(b) The n x n (n 2 2) matrix A shown below is invertible and B is its inverse. A=0000000100---0110---0111---0....
........... 111---10000000,B=0000000100+--0-110---00-11---0...............000---1000000
0. You may find the following information helpful when answering Questions 9. No proof is required when using the facts
below. Fact. The maximum number of linearly independent rows in a matrix A is called the row rank of A, and the maximum
number of linearly independent columns in A is called the column rank of A. For any matrix A, we must have the row rank of A
equal to the column rank of A. The rank of matrix A is defined as follows: Rank of A = Row rank of A = Column rank of A. Only a
zero matrix has rank zero. Moreover, we also have the following. Theorem. Let B be a n x n matrix. The equation Bx = 0 has
non-trivial solutions if and only if the rank of B is less than n.

9. Let A be an X m matrix such that:
(i) all of its entries, a;j, are either O or 1, and
(ila; =0anda;; +aj; =1foralll <i<j<mn

Prove that the rank of matrix A must be at least n — 1.

Group 1 work

3. Let Y be a matrix of size n X nsuch that 3 7, |yi;| < 1foralli, where y;; is the (4, j)-th entry of matrix Y. Show that
I —Yisinvertible.

(Hint : Similar to Question 2, you need to show that the zero vector 0 is the only solution to the equation (I —Y)x = 0.)

Solution:

Foranyx # 0,

" -
-y, TjY1j
Jj=1

1—yn —Y12 ce —Yin T n
—yan l—yn - —Yn T2 T2 — E T Y2
(I — Y)X = . . = j=1
—Yn —Yn2 e 1= Ynn Ty

n
Ty — D Tilnj
past |

Suppose for any integer @ € [1,n], |z;| < |Zmaez| (Mmaz € Z and maz € [1,n]).

n
X 7é 0 = ‘zmaz‘ > 0 = _|wmaz| < 0 = _|wmaz| Z |ymazj| > _‘1maz‘
j=1
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n n
Tmaz — ijymazj‘ > ‘wmazl - | ijymazj‘
. =

J=1

n
> ‘wmaz| - Z |ijymaa:j|
=1

n
2 ‘wmazl - |xmaz‘ Z |ymazj‘
=1

> ‘mmaz| - |xmaz‘ =0

Thenforanyx # 0, (I —Y)x # 0 = I — Yisinvertible.

F ] — Y isinvertible
REIE

foranyx#0= (I -Y)x#0

MEEIFEEEL (% x RATFRAETITIE)

FIBBRERTR, (FIBHERZ columnsum <1, XHEZ

solve (I —Y)x=0.

I-Y)x=0
IT+Y*4+Y3 4+ +Y™(I-Y)x=0
(I-Y™Nx =0 mIEEEs

whenm — 00, Y™ 5 0,x=0

VEBE: whenm — 00, Y™ 0

Yuiu o Yin
Y=1ua Yin |+ i |yis| < Lforalld

Yn1 Ynn

row sum<1)



[yaa] + [yaa] + -+ + |yia| < 1

[y21| + |yaz| + - 4 ya2n| <1

‘ynl‘ + ‘yn2| +oeee ‘ynn| <1

HERESME (imply) : 40JTER (every entry) HEIHEAKT 1

Yl ot o Yn Y o Yin
v?= y.z‘l Yiz o y;n y'il y;n
Yni  r Ynn Ynl  Ynn
y121 R . yﬁl
= | Yayu + yi2y21.+ ot YinYnt YaYi2 +YiY22 + o0 F YinYn2 0 YiaYin + yi2y2n.+ c T YinYnn
v . . y2

18 A% {7 HEHEZATLY absRsum(A;)

absRsum(Y;?) = [ynyu + Yisyar + -+ + YY1 | + [Yiny12 + Yisyaz + -+ YinYna| + -+ [yiryin + Yizyon + - -+ YinYnnl
< lyal(yul + vzl + - + |yinl) + |yl (ly2r] + ly22] 4+ -+ + [y2nl) + - + [Yinl (Yn1] + [Yn2| + - + [Yan)

< lyit| + |yiz| + - - - + |yin| = absRsum(Y;)

RIRZ 0

A AR0?

ATLAZ Y BIEK row absolute sum J9 maz(maz < 1)

absRsum(Y;?) < maz - absRsum(Y;)

BB Y 2 MISARTAEHY row sum 3 (max)?

BB Y ™ IEAATAEAY row sum 9 (maz)™ !

lim (maz)™! =0
m—00

T2 miETESHYRRETEET 0, BIY&T 056

B
EiF I — Y isinvertible
REIE

foranyx #0= (I -Y)x#0

HEEIIRAENL (% x ZRARWFAETINIE)



4. Let X be a matrix of size 2n x 2n which has the following form
A B
C D

where A, B, C, and D are n X m matrices which commute with each other, i.e., AB = BA, AC = CA, AD = DA,
BC = CB, BD = DB, and CD = DC. Show that AD — BC'is invertible if and only if X ~! exists. You may use the
following result without proof.

Theorem. Let A and B be two mxm matrices. A and B are invertible if and only if AB is invertible.
Solution:

@ Y isinvertible = X is invertible:

x| D -B]_[4 B|[ D -B]_[AD-BC 0 [y o
-¢c A] |c pl|l-c A 0 AD-BC| [0 Y

Hence Y is invertible = X is invertible.

@ X isinvertible = Y is invertible:

Suppose X is invertible, Yw = 0, then

g e R e e R D R P
b i v i P R PR

<2)-le Bl -lesine) -

Hence X is invertible = Y is invertible

o o

} = w = 0 = Yisinvertible.

@®®@ = AD — BC'is invertible if and only if X 1 exists.

REESKR: 2.2 Theorem 4

Theorem 4 ZI75FFRNS B & WAERFKIL

b
Llet A = {a d:| .If ad — be # 0, then A is invertible and
c

1 d b
Al =
ad—bc{fc a}

If ad — be = 0, then A is not invertible.

XAMEER 77T BER AD-BC HIIEHSRAY

QHWHERBAT AB invertible & F A B 435l invertible

WE: B—RTEARM X X =1,

X lexists & (AD— BC) !exists & AD — BC isinvertible (F/=)



IR —42: ARLEABCD commute with each other, EAZRIREN THEMETR (IBEUAEMFNFISITRIEARSI DOERFEHTH
A, EREE) | IREENREMER, WIEX T MBEIERE, SMIEERNIVSEDME, SRR TXNIE (BEEATE—
) .

6. (Lay 2.5, Question 24) Suppose A = QR, where Q and R are n X n, R is invertible and upper triangular, and @ has the

property that QTQ = I. Show that for each b in R", the equation Ax = b has a unique solution. What computations with @
and R will produce the solution?

Solution:
QTQ =1I= Qisinvertibleand Q! = QT
R, Q are invertible = A is invertible = the equation Ax = b has a unique solution A 'b = R"'Q”b

A good algorithm for finding x is to compute Qb and then row reduce the matrix [R QTb]. The reduction is fast in this case
because R is a triangular matrix.

Rx = QTb 154

7. (Lay 2.5, Question 25) Suppose A = UDV' T, where U and V are n x n matrices with the property that UTU = T and
VTV = I, and where D is a diagonal matrix with positive numbers 01,09,...,0, onthe diagonal. Show that A is invertible,
and find a formula of A~1 .

Solution:

UTU =Iand VTV = I = U isinvertible and V is invertible.

Diis a diagonal matrix with positive numbers o1, 03, . . ., 0, on the diagonal = D is invertible.
Hence A is invertible and A~! = VD 'UT , where D~ is a diagonal matrix with positive numbers 01_1, 02_1, ..., onthe
diagonal.

You may find the following information helpful when answering Questions 9. No proof is required when using the facts below. Fact.
The maximum number of linearly independent rows in a matrix A is called the row rank of A, and the maximum number of linearly
independent columns in A is called the column rank of A. For any matrix A, we must have the row rank of A equal to the column
rank of A. The rank of matrix A is defined as follows: Rank of A = Row rank of A = Column rank of A. Only a zero matrix has rank zero.

Moreover, we also have the following. Theorem. Let B be a n x n matrix. The equation Bx = 0 has non-trivial solutions if and only if
the rank of B is less than n.



9. Let A be an X m matrix such that:
(i) all of its entries, a;;, are either 0 or 1, and
(ila; =0anda;; +aj; =1foralll <i<j<mn

Prove that the rank of matrix A must be at least n — 1.

Solution:

A+ AT+ T1=J=

A A
Assume rank(A) §n72:>mnk({J}) <mn —1,then 3 x # 0such that [J]X:O.

A =0 Ax =0
J N Jx=0
Ax =0
Wh 0 and
enx # 0an {Jx:()'
O<altazd+ - +az2=xTx
=xTIx

=xT(J—-A-AT)x
=xTJx —xTAx — xTATx
xTJx — xTAx — (Ax)Tx
=0-0-0

=0

which leads to contradiction.

A
Hence, there DO NOT exist x # 0 such that { 7 ]x =0=rank(A)>n—1.

B aLIREIRZRE 11 2% 1755
Fo2F1T - row reduced echelon form & n 4 pivot column - nf&

B—1E2F1T - row reduced echelon form & n-1 4 pivot column - n-17&

A+ AT + 1 =7 j BFrETER1ER
rank A+ dim Nul A=n

exercise 4

Group 1:1,3,5,6,7
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1. Calculate the following determinants. They are all n. x n matrices if no additional explanation.

a. Determinant of an anti-symmetric matrix, where n is odd.

0 a2 ct Q1p
—a 0 S agy
— Q1n —Qap e 0
z -1 0 0 0
0 T -1 0 0
0 0 T 0 0
b' .
0 0 0 T -1
ap Qp-1 Ap—2 -+ G2 T+ap
1 3 3 3
3 2 3 3
C.
3 n—1 3
3 3 3 n

2. Calculate the following determinants. They are all n x n matrices if no additional explanation.

a 1+x2--n12+x-n.....oo..... 12---n+x
b. al-blal-b2---al-bna2-bla2-b2---a2-bn............ an-blan-b2---an-bn

(Hint: You may rewrite the original matrix as the product of two matrices.)

3.Let A, B,C, D and I be n x n matrices, and O is an n X m zero matrix. Use the definition and properties of a determinant to

justify the following formulas.

A O
a.det{o I:|:detA
b. det {é g] = det D
A O A B
c. det [C D:| = det {O D} = (det A)(det D)

4. For any real square matrix A, the adjugate matrix, adj A, has as its elements the cofactors of the transpose of A, i.e., A(adj A) =

(adj A)A = (det A)l.
a. Suppose that A is an invertible square matrix. Show that (adj (A T))-1 = (adj (A -1 ))T.

b. Suppose that adj (AT ) is invertible. Prove that A is invertible.



5.a.Forann x nmatrix A = [ aij ], suppose its k-th row can be written as the summation of two arrays, i.e., ay; = O + Mij
forj =1,---,n.Denote Ay as the matrix which replace the k-th row in A by the array ; for j = 1,- -+, n, and remain other
elements unchanged. Denote A,; similarly. Prove that detA = detAg + detA,,.

T b b

z b b

b. Use the result in (a), calculate the following deternimant: ¢ z b
c ¢ ¢ T

6. An anti-symmetric matrix is a square matrix whose transpose equals its negative. For an n X n antisymmetric matrix
A = [aj; ], compute det Awhennisevenand a;; = 1for1 <i < j <n.

1+22 zzy 0 zTiT,
Trox, 1+ mg cee XXy,
7. a. Calculate the determinant:
2
TpT1 TpTy o0 14z

(Hint: You may add a row and a column to the matrix, such that the adding terms do not change the value of the determinant.)

ajp+ Ty o Gl Ty N
b. Prove: =det A+ Z z;(—1)7 det D;, with A = [ a;; ] and D; is the matrix fromed by
an+T1 o Gt T a
~1 ay - am
deleting the (j + 1)-th column of
“1 ap o+ am

Group 1 work

1. Calculate the following determinants. They are all n X m matrices if no additional explanation.
a. Determinant of an anti-symmetric matrix, where n is odd.

0 aip - A
—ap 0 e as,

—ay, —ay -+ 0
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solution:

a

0 0
-1 0
T 0
0 T -1
an_9 ay T+ a
3
3
n—1 3
3 n

d'et(A) = det(—AT) = (—1)"det(AT) = —det(A) = det(A) =0

Define

an

0

Qn—1

0

Ap—2

0 0
0 0
0 0
T -1
ay T+ ap

Ap =24, 1+ ()" Ma, ()"t
=a,+z4,1
=a, +z(an_1 + 24, 2)
=an + 2y 1+ 22 (an 2+ A, 3)
=an +Tan 1+ 22an 2+ + 2" ag + 2 A))
=an+zan1+zlan o+ - +z" 2ay+ 2" tag + 2"

—2 0
0 -1
3 3
o o
0 0
0 0
—2 0
0 -1
0 0
o o
0 0
0 0

oS w o o

o w o o

as A,, then we have

0 0 0
0 0 0
3 3 3
1 0 0
0 n—4 0
0 n—3
0 0 0
0 0 0
3 3 3
1 0 0
0 n—4 0
0 0 n—3




3.Let A, B,C, D and I be n x n matrices, and O is an n X n zero matrix. Use the definition and properties of a determinant to
justify the following formulas.

det 40 = det A
a. de o 1|~ e
I O
b. det = detD
e { ! D] e
A O A B
. = = A D
c. det [C D} det {O D} (det A)(det D)
solution:
a.
a1 aip - Qi 00 --- 0
s asy -+ as, 00 --- 0
dt|:A O:| apl1 QAp2 - Qpp 00 --- 0
€ =
I
© 0 0 0 10 0
0 0 0 0 0
0 0 0 0 0 1
a;; ap - A 0 0
as1 ax -t A 0 0
o apl QAp2 - Qpp 0 0
0 0 0 1
0 0 0 0
alx a2 - QAln 0 0
as1 ax - ap 0 0
= anl  Ap2 crr o Qpp 00
0 0 0 10
0 0 0 0
ail aip o A 0
a1 Qg G2, 0
ap1  An2 st Qpp 0
0 0 0 1
air a2 - Qlp
azr Qg2 -t Q2p
(7 ) ccr o Qpp
= det A.



1 0 0 0
0 1 0 0
ot I o - 0 0 1 0
“le ]~
c11  C12 Cin di
ca1 C22 Con da
Cpl  Cn2 Cnn dnl
0 0 0
0 0 0
0 0 1 0 0
0 0 0 dii dip
0 0 0 da1  da
0 0 0 dp1 dpo
= det D.
c.
A O A O I O
di =d
et{c D} et({o IHC D})
A O I O
7(det[o I})(det{c D:|)
= (det A)(det D).
solution 1
A B I B A O
det[o D}—det({o DHO I})
I B A O
—(det[o D})(det{o I:|)
= (det D)(det A)
= (det A)(det D).
solution 2
A B A B1T
[ )] 2]
AT O
—det[BT DT}
= (det AT)(det D7)
= (det A)(det D).

H thOfthdetAdtD
enceeCDfeODf(e)(e%

dln
d2n




5.a.Forann X nmatrix A = [ aij ], suppose its k-th row can be written as the summation of two arrays, i.e., arj = Orj + Ni;
forj =1,---,n.Denote Ay as the matrix which replace the k-th row in A by the array 6 for j = 1,-- -, n, and remain other
elements unchanged. Denote A, similarly. Prove that det A = det Ag + det A,

solution:

det A = Z ak]-Ck]—

J=1

n

(Orj + Mij)Clj
=1

n n

01;Crj + Z ki Cr;
=1

=1

= det Ag + det A,

T b b

z b b

b. Use the result in (a), calculate the following deternimant: ¢ z b
c ¢ ¢ T

solution:
n
z b b - b
c xz b b
Define Ar—|c ¢ = b |, then we have



r—b b b b b
c b c b
Ar—| ¢ c x -+ bl |c c =z
c c ¢ T c ¢ c T
z—b 0 0 b b
c b c
- c T b +le T
c c ¢ T c ¢ c T
1 1 1
b b
=(z—-bA"t+b|C ¢ 2 b
c ¢ ¢ T
1 1 1 1
r—c b—c b—c
=(z—b)A" " +b 0 0 T—c b—c
0 0 0 T—c

=blz—c)" 1+ (z-b)A™ !
=b(z—c)" L+ (z—b)b(z— )" + (z —b)A"?)
=b(z—c)" bz —b)(z—c)" 2+ (z—b)2A"?

=b(z—c)" L ba—b)(z—c)" 2 +bx -0z —c)" 4 bz —b)" 2z —c)+ (z—b)" lz

6. An anti-symmetric matrix is a square matrix whose transpose equals its negative. For an n X n antisymmetric matrix
A =[a;;], compute det Awhennisevenand a;; = 1for1 <i < j<n.

solution:



0 1 1 1
—1 0 1 1
Ar—| -1 -1 0 - 1

-1 -1 -1 . 1
-1 -1 -1
-1 1 1 -1 11 1 -1
-1 0 1 -1 0 0 1 - 1

/-1 -1 0 - 1|,/0 —1 1
-1 -1 -1 . 1 0 -1 -1 . 1
-1 -1 -1 - 0 0 -1 -1
-1 0 0 - 0
-1 -1 0 - 0

— —1 -2 -1 0 +An71
-1 -2 -2 . 0
-1 -2 -2 ... -1

1+22 zzy o zTiT,
Troxy 1+ .'vg PRI DY 2
7. a. Calculate the determinant:
2
TpT1 TpTy o0 14z

(Hint: You may add a row and a column to the matrix, such that the adding terms do not change the value of the determinant.)

solution:
1422 1 T T T,
1 1I1z22 “1tn 0 1+CC% TiTy -+ LT
ToZ1 Ty T2Tn _ 0 LoZ 1+w% Lo,
cee 1422 ’
TpT1 TnT2 z;, 0 2,z TnZy - 1+z%
1 xr1 Xy Xy
—x; 1 0 0
_| -z 0 1 0
-z, 0 O 1
l+a?+zi+---+22 0 0 --- 0
— 10 0
_ — T2 01 --- 0
—z, 00 --- 1

1+ai+as+- 4z



api;+x1 -0 ap+ T,

n
b. Prove: =det A+ Z z;(—1)7 det D;, with A = [ aij | and D; is the matrix fromed by
=1
ap+x1 0 App +Th !
~1 an - an

deleting the (j + 1)-th column of

—1 ap - am
solution:

1 z1 Zn
a1 +x1 -+ Qi+ Tp

0 ant+z1 -+ aptz,

+ + 0

an T ctt o Qpp Tn

0 ap+x1 -+ Qup+ Ty

1 T1 e T

-1 an - an

-1

-1 a, - am

=det A+ Z z;(—1)7 det D;

J=1

exercise 5

Definition. The n functions f1(x), fa(x), ..., fa(x) arelinearly dependentif >>" , ¢; f;(z) = 0 for some
¢y, C2, ..., Cp € Rarenotall zero.

Definition. If objects in a vector space are functions, we define operations, addition and multiplication by scalars, as follows.

f(z) = fi(z) + f2(z), where f(z) is sum of functions fi(z) and fa(x).
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f(z) = Ag(z), where f(z) is multiplication of g(z) by scalar A.

1.Let p, g, rand s be polynomials of degree at most 3. Which of the following two conditions is sufficient for the conclusion that
the polynomials are linearly dependent (if any)?

(1) Each of the polynomials has the value 0 at 1.

(2) Each of the polynomials has the value 1 at 0.

2. Let T be a linear transformation of a vector space V into itself. Suppose there exists £ € V such that T™z = 0, T™ 'z #£ 0
for some positive integer m. Show that z, T'z, ..., T™ 'z are linearly independent.

3. Let a1, g, ..., ay bedistinct real numbers. Show that the n exponential functions evt et et gre linearly
independent over the real numbers.

4. Let V be the vector sapce of all continuous real-valued functions defined on the open interval (— 5 %)
(a) Prove that the set { sin z, cos z, tan z, sec x} is linearly independent.

(b) Let W be the linear space generated by the four trigonometric functions given in (a), and let T be the linear transformation
determined on W into V by T'(sinz) = sin’z, T(cosz) = cos’z, T(tanz) = tan’z and T(secz) = sec’z. Find a
nonzero function in W that is in the kernel of T'.

5. Let al, a2, - -, an be linearly independent vectors in a vector space V. Discuss whether
al +a2,02+a3,---,an — 1+ an,an + al are linearly dependent or linearly independent.

6. Given subspaces H and K of a vector space V, the sum of H and K, writthen as H + K, is the set of all vectors in V that can
be written as the sum of two vectors, one in H and the other in K; thatis, H + K =w:w=u+v,u € Hyv € K.

(a) Show that H + K is a subspace of V.
(b) Show that H is a subspace of H + K and K is a subspace of H + K.

(c) Suppose thatul,...,upand vl,...,vq are vectorsin V and let H = Spanul, ... ,up and K = Spanvl, ..., vq. Show
that H + K = Spanul,...,up,vl,... vq.

7. Let M be the vector space of all 2 x 2 matrices, and defiine T : Ma.o — Ma,o by T(A) = A + AT where
Ao a b
T le d)
(a) Show that T is a linear transformation.
(b) Let B be any element of Ms,.» such that BT = B.Find an A in My, such that T(A) = B.

(c) Show that the range of T' is the set of B in Ma5 with the property BT = B.
(d) Describe the kernel of T
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1. Ex=1 B, [NEREFIAR0, WRATEINEIR—1T, FFE—12FT, BR, IERHK

2. 4BxBREGITM- 1R, 8c180, LUK, FREERA0

3. ZIA1E%0

4. (a) KNE, SZEEF
(b) sinx +cosx - (secx-tanx) ATLAZEX, tBATLAZEREN (LMEsHe)  (5BE, EAftE{iJ&linear independent, FRLIREHFEE
aFiA~Z0)

5. ZBDHT, FEETAindependent, {B%{dependent (ZKRFIRIAIGive a counterexample, jE2E#HIE: al+an=(al+a2)-(a2+a3)+
(a3+a4)-()+...(an-3+an-2)-(an-2+an-1)+(@n-1+an))

6. BEEENANF, subspaceBREFE/FMELDRIZHANEG. (F=H, JINEEABKREIMIIZMHAS HskYZE)
7. (a) X
(b) REF—NA, ATLAEN1/2 B GEBAB=T (1/2 B) BN
(c) iEBArangefset of B ZHNEERE:
F—HIERA Bkl (range) FIH9FERE (thatistosay, f&, image) #EE "BHEETHCHIEE"
ELI HE 'BCETHCIEE" B Eranges (FARI2QMIRMAKE—MARDE)

# AR B = {; £ ],%IKDJ‘LMEE‘UW% (preimage) A =

} (XRZAR—, ARRIXAZITRATLIEEE)

[T 1Y
o[> e

B REHE ‘BCETECHEE" fiEEEREranged (EB&image)
FILEA BRI, AENARETREEIZEIR— B £
(d) a=d=0, b+c=0 {9 A MIRHIES
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Definition. The n functions f1(z), fa(z), ..., fa(x) are linearly dependentif .7 | ¢; fi(xz) = 0 for some
¢y, C2, ..., cp € Rarenotall zero.

Definition. If objects in a vector space are functions, we define operations, addition and multiplication by scalars, as follows.

f(z) = fi(z) + fa(z), where f(z) is sum of functions f1(z) and fa(z).

f(z) = Ag(z), where f(z) is multiplication of g(x) by scalar A.

1.Let p, g, rand s be polynomials of degree at most 3. Which of the following two conditions is sufficient for the conclusion that
the polynomials are linearly dependent (if any)?

(1) Each of the polynomials has the value 0 at 1.

(2) Each of the polynomials has the value 1 at 0.

solution :

p(z) = a11 + a2z + azz’ + aaz®

as1 + ant + anz® + ays®

= a3 + a3 + azz? + anz’

3

s(x a41 + g2 + a43$2 + agx

(z)
q()
r(z)

(z)

aip a2 @13 Qg
az; Gz Q23 Q24
Suppose A =

asy as2 asz asq

a41 Q42 Q43 Q44

v1p(z) + vog(x) + var(z) + vas(z)
:’Ul(all + appx + 0,131:2 + a14w3) + ’Uz(ag1 —+ agx + a23$2 + a24z?’) + v3(a31 + asz2x + a33x2 + a34:v3) + ’U4(a41 + agx + a431'2 + 044123)
:(v1a11 + v9as9 + v3as + '114(141) + (v1a12 + vaagy + v3asy + v4a42)m + (v1a13 + voas93 + v3as3 + 1]40.43):172 =+ (’1)1(114 + voagy + v3aszy + V.

the polynomials are linearly dependent
< vip(z) + vog(z) + vgr(z) 4+ vas(z) = 0 for some vy, vg, v, vq4 are not all zero.

V1
T .. . V2

< A*v = 0 has non-trivial solution, where v =
U3

Vg

(1) Each of the polynomials has the value 0 at 1.

1

= A =0

o e

= Ax = 0 has non-trivial solution.
= Ais notinvertible.

= ATis not invertible.

= ATv = 0 has non-trivial solution.

= The polynomials are linearly dependent.

(2) Each of the polynomials has the value 1 at 0.
Give a counterexample:

p(z) =1

g(z)=1+z

r(z) =1+ +a?



s(zy=1+z+22+2°

1000
1 1
e 0 0
1 1 10
1 1 11
detA =140

= Aisinvertible.
= AT is invertible.
= ATv = 0 has only trivial solution.

= The polynomials are not linearly dependent.

2. Let T be a linear transformation of a vector space V into itself. Suppose there exists z € V such that 7™z = 0, T™ 'z # 0
for some positive integer m. Show that z;, Tz, ..., T™ 'z are linearly independent.

solution :

Suppose c1z + coTx + + - - + ¢, T™x = 0, then

T ey +coTx+ -+ ¢, T™z) =T™10=0
T g £0, ;T 'z =0 = c¢; =0.Then
cTe+---+c,T"x =0

T 2 eoTz + -+ cpT™z) =T™ 20 =0
T g 40, coT™ 'z =0= ¢y =0.

And soon,we canfindthate; = ¢y = --- = ¢y, =0 =z, T, ..., T™ 'z are linearly independent.

3. Let vy, g, ..., ay bedistinct real numbers. Show that the n exponential functions evt et et gre linearly
independent over the real numbers.

solution :

Suppose aq > Qg > - > Q.
Let c;e®t + coe®t 4 ... + Cnea"t — 0, then
c1 4 cge (@)t Ly o e—(am—an)t —
t — 00, ¢; = 0. Then,

coe™ 4 -+ et = 0

Co +ege (@t 4y o e(aamant —

t— 00,co=0.Andsoon, wecanfindc; =cy = -+ = ¢, = 0 = et e®t . e%arelinearly independent.



4. Let V be the vector sapce of all continuous real-valued functions defined on the open interval (f%, %)
(a) Prove that the set {sin z, cos z, tan x, sec =} is linearly independent.

(b) Let W be the linear space generated by the four trigonometric functions given in (a), and let T be the linear transformation
determined on W into V by T'(sinz) = sin’z, T(cosz) = cos’z, T(tanz) = tan’z and T(secz) = sec’z. Find a
nonzero function in W that is in the kernel of T'.

solution :

(a) Let c18in T + cacos T + cztan T + cysec T = 0, x takes the values ¢, — 4, T, — T respectively.

1 V3 V3 2
= X2 X2 2 ei=0
3 c1 + 2 cy + 3 c3 + \/504
1 3 V3 2 e =0
*5“*%;@*——%+——%=0 e =0
3 V3 ={" -0 = the set {sin z, cos z, tan z, sec z} is linearly independent.
Vi A3 ¢ =

7614‘762“’634—\/504:0 cs =0

2 2
*§01+§62703+\/§C4=0

(b) Because(sin’z + cos’z) — (sec’z — tan’z) =0

Hence we can find a function (sin @ + cos z + tan x — sec z) in W that is in the kernel of T

7. Let My be the vector space of all 2 X 2 matrices, and defiine T : Mayo — Ma,o by T(A) = A+ AT, where
A a b
T le d)
(a) Show that T is a linear transformation.
(b) Let B be any element of Mo, such that BT = B. Find an A in M. such that T(A) = B.
(c) Show that the range of T'is the set of B in Ma.» with the property BT = B.

(d) Describe the kernel of T'.
solution :

(a)

VA,B € My,

T(A+B)=(A+B)+ (A+B)T = (A+ AT) + (B+ BT) = T(A) + T(B)
VA € My, c€ R,

T(cA) = cA+ (cA)T = c(A+ AT) = cT(A)

Hence T is a linear transformation.

(b)
T($) =4+ (&7 =B,

Then we find an A = £ in My, such that T(A) = B.

©
VA € My, (T(A)T = (A+ AT)T = A+ AT = T(A).

the range of T' C the set of B in My with the property BT = B



Suppose B = |:e f}
g h

VB in My, with the property B = B, f =g = B = |:; f} .

We can always find an A = suchthat T(A) = B.

[N ENI SN

o=, rofo

the range of T' D the set of B in My with the property BT = B

Hence the range of T is the set of B in My, with the property BT = B.

b
(d)ThekerneIofT:{[ }engzza:dzo,b—i-c:O},

a
c d

exercise 6

1. Assume the matrix A is m X n and the matrix B isn X p. Prove the following useful properties of rank.

(a).rank AB < rank A.

(b). If AB = 0, then rank A + rank B < n.

2.Let A be an m x s matrix. Assume the equation Az = (3 has solution for all non-zero vector 3 € R™. Prove rank A = m.

solution:

VB ER™B € Col(A) BERREME (BIAVERME trivial)

3. Assume the matrix A is s X n, matrix Bismn X m, and rank AB = rank B.

(a). Prove that Nul AB = Nul B.

(b). For all m x [ matrix C, do we always have Nul ABC = Nul BC ? Moreover, do we always have rank ABC = rank BC ?
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4. Suppose V' is an n-dimensional vector space. Let W C V be a subspace of dimension r < n. Show that

W =n{U |Uisan (n— 1) — dimensional subspace of V.and W C U}.

(Hint: Denote Y as the intersection given above. You may try to prove Y C W by contradiction.)

-1 2 1 3 6
. Denote R%%2 as the vector space of all 5 x 2 matrix with elements in R. Define W as

W:={B e R AB = 0}.
(a). Prove dim ker A = 2 and find a basis of it.
(b). Prove W is a subspace of R5%2 and calculate dim W.

(Hint: You can represent W by the result in (a).)

6. If V is an n-dimensional vector space over R, and f, g : V. — R are two linear functions on V. Assume ker f = ker g, prove

there exists some non-zero constant ¢ such that g = cf.

(Hint: The kernel for a function f : V. — Risthe set {a € V | f(z) = 0}. And you may use the following form of the Rank
Theorem.)
Theorem. If T : V — W is a linear map, then dim(Im(7T")) + dim(ker(7T")) = dim(V'), where Im(T) is the range of 7.

7.let A= (aij)?].zl be a real n X n matrix with nonnegative entries such that

Y a;=1, 1<i<n
j=1

Prove that no eigenvalue of A has absolute value greater than 1.

Group 1 work

1,3,4,5,6

1. Assume the matrix A is m X n and the matrix B isn X p. Prove the following useful properties of rank.

(a). rank AB < rank A.
(b).If AB = 0, then rank A + rank B < n.

Solution:

(a) To prove rank AB < rank A, we just need to prove col(AB) C col(A).
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AB=[Ab; Ab, --- Ab,]

b11 b12
b21 b22
= [al as - an} : [al a; - an} .
bnl bn2
b11
ba1
VveEco(AB), v=ci[a; as --- an] +eo[ar as

/ /! /
=cja; +cyaz + -+ cpan

= v € col(A) = col(AB) C col(A)

(b)

AB=0= A[b; b, by =0.

Vb € Col B, b=c1by +csba + -+ ¢, bp.
Ab = A(c1by + cogba + -+ +¢,bp) =0
=becNul A

= Col B C Nul A.

{ rank A + dim Nul A = n = rank A + rank B < n.

rank B = dim Col B < dim Nul A

[al az

3. Assume the matrix A is s X n, matrix Bismn X m, and rank AB = rank B.

(a). Prove that Nul AB = Nul B.

biy
by,
ay | .
bnp
b1y
b,
..+cp[a1 a; - an} .
byp

(b). For allm x [ matrix C, do we always have Nul ABC = Nul BC ? Moreover, do we always have rank ABC' = rank BC ?

solution:

(@
vVxeR™, Bx=0,
(AB)x = A(Bx) = 0.
= Nul B C Nul AB.

rank B+ dim Nul B=n

B k th
yranktheorem = {rank AB + dim Nul AB =’

rank AB = rank B = dim Nul AB = dim Nul B = Nul AB = Nul B.

(b) Yes.
Vx € R™ (BC)x =0,
(ABC)x = A((BC)x) = 0.
= Nul BC C Nul ABC.

Vx eRL x € Nul ABC,
AB(Cx) = (ABC)x = 0.



By part (a),

Cx € Nul AB < Cx € Nul B.
(BC)x = B(Cx) =0 = x € Nul BC
= Nul ABC C Nul BC.

Hence Nul ABC = Nul BC = dim Nul ABC = dim Nul BC.

rank BC + dim Nul BC =1
rank ABC + dim Nul ABC =1’

dim Nul ABC = dim Nul BC = rank ABC = rank BC.

By rank theorem =- {

4. Suppose V' is an n-dimensional vector space. Let W C V be a subspace of dimension r < n. Show that
W =n{U |Uisan (n—1) — dimensional subspace of V and W C U}.

(Hint: Denote Y as the intersection given above. You may try to prove Y C W by contradiction.)
solution:
LetY =N{U |Uisan (n — 1) — dimensional subspace of V.and W C U}.

VweW,weY=WCY.

ToproveY C W,assumed e Y,f¢ W.

Because dim W = r, we can find a basis for W {a, g, -+, a,}.
B¢ W = {B, a1, as, ---, a,}is alinearly independent set, with Span{s, a1, as, ---, a,} C V.
Then we can find another n — (7 + 1) vector a1, Qpp2, *-+, @y, suchthat {8, a1, @z, -+, Qp, Cpi1, Qpia, *++, Qp_1}
is a linearly independent set and Span{B, a1, aa, -+, Qp, Qpi1, Qpi2, <=+, 1} = V.
Let Z = Span{aq, aa, -+, a,_1}, then
dimZ=n-1
=>YCZ=pCZ
(" cz-pC
But {8, a1, @2, "+, @, Qi1, Qpia, <+, @1} isalinearly independent set = 8 ¢ Z, which lead to contradiction.
Hence, VB €Y, e W =Y CW.
ThenW =Y.
1 -1 0 -1 -2
- 1 3 6 o o , .
5. let A= . Denote R°*# as the vector space of all 5 x 2 matrix with elements in R. Define W as

W :={BecR>* AB=0}.

(a). Prove dim ker A = 2 and find a basis of it.



(b). Prove W is a subspace of R®*? and calculate dim W.

(Hint: You can represent W by the result in (a).)

solution:

(a) Row reduce the augmented matrix to reduced echelon form.

1 -1
1

0 0 0

o O O
o O = O

0 0 0
120
0 0 0 0

There are 3 pivot columns and 2 free variables.

= dim ker A = 2.

Ty = —2x5
T9g = —XT3
T =Ty = —I3
— X3 -1
— T3 -1
kerA = T3 =13 1 + x5
— 2z 0
T5 0
-1 0
-1 0
{l 1 |, 0 |} is one of the basis.
0 -2
0 1

o)VU,VeW=U+VeW
VUeW,reR= rUecW

= W is a subspace of R?*2,

VBeR>2 AB=0=b; € ker A; by € ker A.

—1 0 -1
-1 0 -1
by =X\ 1 + A2 0 |,ba=2MX;g 1 + A4
0 -2 0
0 1 0
-1 0 0 0 0 -1
-1 0 0 0 0 -1
B=X\ 1 0| + A 0 0+X3]0 1 + A\
0 0 -2 0 0 0
0 0 1 0 0 0
-1 0 0 0 0 -1
-1 0 0 0 0 -1
Let A\q 1 0+ A 0 0+X3]0 1 + A\
0 0 -2 0 0 0
0 0 1 0 0 0
e T 0 T
-1 0
A1 1 + A2 0 =0
0 -2
:_01: - (1) = :>>\1=)\2=/\3=)\4=0.
-1 0
A3 1 + Aq 0 =0
0 -2
o] L1

o O O o o



-1 0 0 0 0 -1 0 0
-1 0 0 0 0 -1 0 0
={l 1 o0f, 0 O0f, |0 1|, |0 0 [}isalinearlyindependentsetaswellas a basis of W.
0 0 -2 0 0 0 0 -2
0 0 1 0 0 0 0 1
= dim W =4.

6. 1f V is an n-dimensional vector space over R, and f,g : V. — R are two linear functions on V. Assume ker f = ker g, prove
there exists some non-zero constant ¢ such that g = cf.

(Hint: The kernel for a function f : V.— Ris the set {x € V | f(z) = 0}. And you may use the following form of the Rank
Theorem.)

Theorem. If T': V' — W is a linear map, then dim(Im(7")) + dim(ker(7")) = dim(V’), where Im(T') is the range of T

solution:

dim(Im(f)) + dim(ker(f)) = dim(V)
dim(Im(g)) + dim(ker(g)) = dim(V) = dim(Im(f)) = dim(Im(g)) = 0 or 1.
ker f =kerg

(1) dim(Im(f)) = dim(Im(g)) = 0.
dim(Im(f)) = 0 = dim(ker f) = dim V.
ker f CV = ker f=V.

Similarly, ker g = V.

VweV, flw)=g(w)=0.

= There exists some non-zero constant ¢ = 1, 2, .- suchthatg = cf.

(2) dim(Im(f)) = dim(Im(g)) = 1.
dim(Im(f)) = 1 = dim(ker f) =n — 1.
Construct a basis for ker fand ker g: {a1, as, ---, a1}

Because ker f C V, we can always find an vector a,, such that {a1, a2, -+, ap_1, a,}isa basisof V.

VweV, w=~ka+keas+ -+ kpa,.
{f(W) = knf(an)
g(W) = kng(an)
g(an)

= There exists non-zero constant ¢ = o) such that g = cf.

exercise 7

1. Let A,, be the n x n matrix whose entries aj are given by
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1 -k =1
%k =10 otherwise

Prove that the eigenvalues of A are symmetric with respect to the origin, that is, if A is an eigenvalue of A, then —\ is also an
eigenvalue of A.

(Hint: Find the recurrence relation of the characteristic polynomial of A

2.1fp(t) = co + e1t + cat® + -+ - + c,t", define p(A) as the matrix formed by replacing each power of t in p(t) by the
corresponding power of A (with A = I'). Thatis,

p(A) = col + 1A+ cyA® + - c, A"
(a) Show that if A is an eigenvalue of A, then one eigenvalue of p(A4) is p(A).
(b) Suppose A is diagonalizable. Show that p(A) is diagonalizable.

(c) Suppose A is diagonalizable and p(t) is the characteristic polynomial of A. Show that p(A) is the zero matrix. This fact is called
the Cayley-Hamilton theorem.

(Hint for (c) : Use the result in (b) to show that the diagonal entries of p(D) are zero.)

3. Suppose A is an n x n matrix, A and A\ are two distinct eigenvalues of A corresponding to eigenvectors X; and X5. Prove
X1 + Xy is not the eigenvector of A.

4. For every n, if the eigenvalues of a symmetric n X n matrix with entries 0 and 1 are all positive, prove that such matrix must be
the identity matrix.

Fact. The following two are equivalent.
(i) All eigenvalues of matrix A are positive.

(Vv € R"and v # 0,vIAv > 0.

Group 1 work

1,23

1. Let A, be the n x n matrix whose entries a are given by

W1 ik =1
* =10 otherwise

Prove that the eigenvalues of A are symmetric with respect to the origin, that is, if X is an eigenvalue of A4, then — X is also an
eigenvalue of A.

(Hint: Find the recurrence relation of the characteristic polynomial of A4,,.)

Solution:
-2 1 0 0 0
1 -2 1 0 0
1 = 0 0
det(A, — NI) = .
0 0 0 -2 1
0 0 0 1 =
1 0 0 0
1 =X 0 0

*)\det(An,1 - )\I) -

= —Adet(A,_1 — M) — det(A,_y — )

If det(A,_» — AI)is an odd function of X and det(A,,_1 — AI) is an even function of ), then
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det(A, — XI) = —X - (even function) — (odd function)
(odd function) — (odd function)
odd function

If det(An—2 — AI) is an even function of A and det(A,_1 — AI) is an odd function of A, then
det(A, — \I)

=X (odd function) — (even function)
(even function) — (even function)
= even function

det(Ay — AI) = —\, which is odd, and

U

Q)

>+
—

Ay — M) = A% — 1, which is even. Then the odd and even functions appear alternately.
) = det(A, — M) is either odd or even.
fA)=0=f(-A) =0.

2.1 p(t) = co + c1t + cat® + - - - + c,t", define p(A) as the matrix formed by replacing each power of ¢ in p(t) by the
corresponding power of A (with A = T). That is,

p(A) =col + 1A+ A% 4 e, AT
(a) Show that if X is an eigenvalue of A, then one eigenvalue of p(A) is p(A).
(b) Suppose A is diagonalizable. Show that p(A) is diagonalizable.

(c) Suppose A is diagonalizable and p(t) is the characteristic polynomial of A. Show that p(A) is the zero matrix. This fact is called
the Cayley-Hamilton theorem.

(Hint for (c) : Use the result in (b) to show that the diagonal entries of p(D) are zero.)

solution:

(a) If X is an eigenvalue of A4, then

Ax = Ax, where ) is the eigenvalue and the nonzero vector x is the eigenvector.
A"x = MA" x = ... = \"x, then

p(A)x = (col + c1A+ cpA? 4 .- cnAM)x
= colx + c1Ax + cyA%x + - - ¢, A"x
= ¢oX + CIAX + o A2x + -+ e \'x
=p(A)x

= one eigenvalue of p(A) is p(\).

invertible matriz Q

such that
diagonal matrixz D

(b) A is diagonalizable = 3 {

A =QDQ . Then, forany n € N¥,
A" = (QDQ1)™ = QD"Q ! is also diagonalizable.

p(A) =col + 1A+ oA+ - ey A
=col +e1(QDQ™) +c2(QDQ ™) + -+ en(QDQTY)"
=QcolQ '+ Qc1DQ ' + Qe D’Q 7 + -+ Qe Q!
=Qp(D)Q "

where p(D) = col + ¢1D + caD? + -+ - ¢, D" is also a diagonal matrix.

= p(A) is diagonalizable.

(c) By (b),
p(A1) 0 0
0 p(A) 0
p(D) =
0 0 0
0 0 . p()\n)
p(t) is the characteristic polynomial of A = p(A1) = p(A2) = --- = p(A,) = 0.

= p(A) = Qp(D)Q ! is the zero matrix.



3. Suppose A is ann X m matrix, A\; and Ay are two distinct eigenvalues of A corresponding to eigenvectors X; and Xs. Prove
X1 + Xy is not the eigenvector of A.

solution:

Assume X1 + X3 is the eigenvector of A, and

A(X7 + X3) = Ao(X1 + X3). Then,

A(X) + Xo) = AX1 + AXs = M X1 + A Xo.

= (A1 —A) X1+ (A2 — X)X = 0.

A1 and Ag are distinct = X5 and X are linearly independent.
= A1 = A2 = A, which is impossible.

Hence X1 + X3 is not the eigenvector of A.

exercise 8

Definition. Consider a linear mapping T : R™ — R". A T-invariant subspace W has the property that any vector v € W'is
transformed by T into a vector also contained in W, i.e, v € W = T'(v) € W.

Definition. Consider any linear mapping T' : V' — M for two vector spaces V and M. If T'(w) = Aw for some A € YR and a
nonzero elementw € V, we say A is an eigenvalue and w is the associated eigenvector for T. Denote S, the corresponding
eigenspace, which consists of all eigenvectors associated with A.

Definition. An invertible matrix A is orthogonal if A= = A",

1. Let A1, A2 be two different eigenvalues of the symmetric matrix A. And vy, vy are the associated eigenvectors with A1, Ay
respectively. Show that vT vy = 0.

2. Suppose A and M are n x n real matrices with nonzero eigenvalues. A is invertible and AM A~! = M?2. Prove that for any
nonzero eigenvalues of M, there exists some m € Z_ , such that the eigenvalue is a root of o = 1. Moreover, there exists
somen € Zsuch that any nonzero eigenvalue of M is the root of " = 1.

3. You can use the following observation without proof: For any linear transformation T, if there exists a T-invariant subspace V/,
then T must have an eigenvector in V.

Let A and B are real n X m matrices such that both are with real eigenvalues; moreover, AB = BA. Prove that A and B have a
common eigenvector.

4. Let V be the vector space of sequences (ay,,) of real numbers. The shift operator S : V' — V is defined by

S ((a1,as,as,...)) = (as,as,a4,...).

(a) Given an eigenvalue of .S being A, find the corresponding eigenvectors.
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(b) Show that the subspace W consisting of the sequences (mn) With 49 = Tp+1 + @, is a twodimensional, S-invariant subspace
of V" and exhibit an explicit basis for W.

(c) Find an explicit formula for the Fibonacci number f,,, where fo = f1 =1, frio = fnr1 + fonforn > 1.

5. Find a2 X 2 orthogonal matrix with no real eigenvalues. And show that, for any positive integer n that is divisible by 2, there
exists an n X n orthogonal matrix that has no real eigenvalues.

solution:
0 -1
1 0

At =4T

det(A" — XI) = det(AT — M) = det((A — AI)T) = det(A — AI)
Ax = dx = A lx = X\x

AAx =x = A(\x) = A% x

= A=lorA=-1

det(AT) = det(A™') = det(A)
det(A)det(A™1) =1
= det(A) =1or -1

0 0 0 -1
0 1 0
0 0
0 -1 S0
1 0 0 0

6. Let A be an X m matrix such that: 1) all eigenvalues are positive; 2) A is diagonalizable with orthogonal matrix. Let
y € R™,y # 0. Prove that the limit

lm LA™Y
m—00 yTAmy

exists and is an eigenvalue of A.

7. Let k be real, n be an integer > 2, and let A = (aij) be the n x m matrix such that all diagonal entries a;; = k, all entries
a;i+1 immediately above or below the diagonal equal 1, and all other entries equal 0. For example, if n = 5,

k1 0 00
k1 0 0
A=|0 1 k£ 1 0
001 k1
00 0 1 &k

Moreover, we choose k such that all eigenvalues for A are positive. Let Apin and Amax denote the smallest and largest eigenvalues
of A, respectively. Use the following fact and show that Apin < k& — 1 and Apax > k + 1.

.
Theorem (Rayleigh's Theorem). Let A be a real symmetric n x m matrix with all positive eigenvalues, then Apin < LAY N

= vl
for every v € R™,v # 0.



det(Ay — M) = 0= Apin =k — 1, Apaw = k + 1
(E=X)?—=2k—X)=0=X=korA=k-++v20rk—+2
det(A5) = k-det(A4) 7d€t(A3)

ol Av B Zi,j:l.“n ViV

T 22112
vl v] + vy 4402

Group 1 work

1,2,3,4,6

1. Let A1, A2 be two different eigenvalues of the symmetric matrix A. And vy, vy are the associated eigenvectors with Ay, Ao
respectively. Show that vag =0.

solution:

Ais a symmetric matrix = AT = A.

T T
Av1 = )\1’[)1 = (A’Ul) = (Aﬂ]l)
= ol AT = Aoy
= vTA = Aro]
= vlTAvg = Alvag
A’Uz = )\21}2 = ’U{sz = )\21}{1}2

M-A A0 4
= =0.
{()\1 —XoJolv, =0 1%

2. Suppose A and M are n X n real matrices with nonzero eigenvalues. A is invertible and AM A~ = M?2. Prove that for any
nonzero eigenvalues of M, there exists some m € Z_ such that the eigenvalue is a root of & = 1. Moreover, there exists
somen € Z . such that any nonzero eigenvalue of M is the root of @ = 1.

solution:

Suppose \ is a nonzero eigenvalue of M, and x is an eigenvector corresponding to \. Then,

Mx = Ax

M?*x = M(Mx) = M(Ax) = \(Mx) = A\%x

= AZis a nonzero eigenvalue of M2.

M? = AMA' = M? and M are similar = They have the same eigenvalues.

= A\2is a nonzero eigenvalue of M.

Repeat the process above, we get

A A2 )\Zk()\ #0, k€ Z", k— o00) are all eigenvalues of M.

Suppose M has ¢ distinct nonzero eigenvalues A2 < A\¥* < ... < A¥ intheset {\, A%, A%, .-, )\2k}. Then,

3q€Z, g> prsuchthat A = A, p € {p1, p2, -+, pe}-
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AT =

= dm = 27— 2P € Z . such that the eigenvalue is a root of ™ = 1.

Suppose M has s distinct nonzero eigenvalues A1, Ag, -+, Agin total.
For each of them, 3 my, my, ---, ms € Z 1, such that
A" =1, A2 =1, -+, A= =1

= dn =mymy---ms € Z, such that any nonzero eigenvalue of M is the root of & = 1.

3. You can use the following observation without proof: For any linear transformation 7', if there exists a T-invariant subspace V,
then T" must have an eigenvector in V.

Let A and B are real n X n matrices such that both are with real eigenvalues; moreover, AB = BA. Prove that A and B have a
common eigenvector.

solution:

Suppose S is an eigenspace of A corresponding to the eigenvalue \.

Va € Sy, Aa = A
BAa = Bl
A(Ba) = \(Ba)

= Ba € S).
S is B-invariant = B must have an eigenvector in S).

= A and B have a common eigenvector.

4. Let V be the vector space of sequences (a,,) of real numbers. The shift operator S : V' — V is defined by
S ((a1,as,as,...)) = (as,as,a4,...).
(a) Given an eigenvalue of S being ), find the corresponding eigenvectors.

(b) Show that the subspace W consisting of the sequences (zn) with 49 = Tp41 + T is a twodimensional, S-invariant subspace
of V" and exhibit an explicit basis for W.

(c) Find an explicit formula for the Fibonacci number f,, where fo = f1 = 1, foro = foi1 + faforn > 1.

solution:

(a) Suppose V is an eigenvector corresponding to A. Then,

Av = S5(v)
)\'Ul (%}
)\'UQ (%3
Mg | T | vy
U1 1
)\Ul A
=>v= Aoy = A ,v1 € R, v #0.
)\3’1)1 )\3

LYW = {(z1,22, ) € V|Tpi2 = Zni1 + T, } whose elements are only determined by the first two entries.
= dim(W) = 2and clearly {(0,1, - ), (1,0, - - -)} is a basis for W.

assume in W, there exist two eigenvectors of S, p and q, corresponding to distinct eigenvalues Ay, Aq.



Letp = )‘?7 a=| )2

_ _ 1++v5 _ 1-
xz—m+1:>)\p—1+25,)\q 15

The assumption is correct.

P, qare linearly independent = {p, q} is also a basis for W.
Vx e W,3da,B € Rsuch that

x = ap + fq.

YAeER, u,vev,

{ S(Av) = AS(v)
S(u+v) = S(u)+ S(v)

S(z) = aS(p) + BS(a)
=al\p+POrqe W

= S'is a linear mapping. Then,

VxeW = S(x)e W = Wis S-invariant.

1
1
f=|2|=ap+pq
3
e L V41
{ a+B=1 NG 2
Apa+ A8 =1 g 1 V5-1
N
fn = apy + Bgn
=ax At
1 \/5+1(1+\/5)n,1+i \/5—1(1—x/5)n,1
V5 2 2 NG 2 2

LAy (A

6. Let A be an x m matrix such that: 1) all eigenvalues are positive; 2) A is diagonalizable with orthogonal matrix. Let
y € R™ y # 0. Prove that the limit

lim Y A™Y
m—00 yTAmy
exists and is an eigenvalue of A.
solution:
A 0 - 0
0 A
A'is diagonalizable with orthogonal matrix. = A = P "'BP, B = 2 , pl=pT
0
0 0 A

Ak = pTBkpP

y" Ary = y" PTB* Py = (Py)" B*(Py)



Y1

Y2
Pisinversible and y # 0 = Py # 0. Suppose Py =
Yn
Ao 0
Y1
0 AT Y2
(PY"B"Py)=[y1 w2 - wal ? :
: . .0
0 --- 0 M\ Yn

=y NN

i YAy YT AT A
moss T Amy | moso 2N 2 AT o g2 AT
Y Y YIAL T YAy e T YRAY

My
V)™ gy ()™ ()™

X
= Aoy lim maz maz
A s An
G Lt 16wl AR 1O el i
= Amaz
exercise 9
1. (a) Let W be a subspace of R™, and let V' = {vy, va, ..., v, } be an orthogonal subset of W, m > n. Prove that for any

z € Span(V) we have
fol? = 30 &)
z||” = _—
i=1 ||'UzH2
(b) (Bessel's Inequality) In the context of (a), prove that for any z € W we have

n v 2
a2 > 3 &0

i=1 ||UiH2

2. Let Wy and W3 be subspaces R™. Recalling that Wy + Wy = {u + v : u € Wy, v € Wa}, prove that
(Wi +Wo)" = Wit n Wt and (W) N Wa)" = Wit + Wik,

3. Let A be an m X m matrix. Prove that every vector  in R"™ can be written in the form z = p + u, where
p € Row(A),u € Null(A). Also, show that if the equation Az = bis consistent, then there is a unique p in Row(A) such
that Ap = b.

4. Suppose A = QR, where Q is an m x n matrix and R is an n x n matrix.
(a) Show that if the columns of A are linearly independent, then R must be invertible.

(b) Show that if R is invertible, then 4 and @ have the same column space.

5.Suppose A = QR is a QR factorization of an m x n matrix A (with linearly independent columns). Partition A as [41 As),
where A; has p columns. Show how to obtain a QR factorization of A1, and explain why your factorization has the appropriate

properties.

6. In each of the following parts, find an orthogonal basis of the given subspace of W and calculate the orthogonal projection of
the given elementu € V on W.
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@V =R3u=(21,3),and W = {(z,y,2) :  + 3y — 22 = 0}.

(b) V = P(R), i.e., the space of polynomial functions in R. Let V be with the inner product f - g =
fol f(t)g(t)dt,u(z) = 4 + 3z — 222, and W = P;(R), i.e., the space of linear functions in R.

7.Let V = C([0, 1]) be the space of continuous functions on [0, 1]. Let V be with the inner product f - g = fol f(t)g(t)dt. Let
W be the subspace spanned by the linearly independent set {t, \/Z}

(a) Use the Gram-Schmidt process to find an orthonormal basis for W.

(b) Let h(t) = t2. Use the orthonormal basis obtained in (a) to obtain the "best" (closest) approximation of h in W.

8. For continuous real valued functions f, g on the interval [—1, 1], define the inner product f - g = fjl f(z)g(z)dz. Find that
polynomial of the form p(z) = a + bx? — x* which is orthogonal on [—1, 1] to all polynomials with order 0, 1,2, 3

Group1: 12345

Group 1 work

1.(a) Let W be a subspace of R™, and let V' = {v1,V2,..., vy} be an orthogonal subset of W, m > n. Prove that for any
x € Span(V) we have

n 2
(x-vi)
llxlf* =) ——%-
i=1 HViH2
(b) (Bessel's Inequality) In the context of (a), prove that for any x € W we have

n

”xHZ > Z (X ) vi)

i=1 HViHZ

solution:

(@)
Vx e Span(V), x = c1vy +cava + -+ + CpVn.

= xP=x-x
=(c1v1+cava + -+ cpvn) - (c1ve +cava + -+ + ¢, Vi)
= d|vall® + llval* + - + e vall?

n
=Y lwil?
=1
2
2”: (x-vi)? 2”: (cillvill?)
L
[ vl

i=1 i=1 HWHZ

n
= dlvil®
i=1

n 2
=y &
il

i=1

Hence,
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(b)

forany x € W, it can be written uniquely in the form
X=X+2z,

where X € Span(V) and z € Span(V)*.
Because ||z|| > 0, by part (a) we have

]| = 1> + |2

Sty

i=1 HViHZ

2. Let Wy and W5, be subspaces R™. Recalling that W + Wy = {u + v : u € Wy, v € W}, prove that
(Wi +Wo)" = Wi N W,k and (W N Wa)" = Wit + Wi

solution:

Vxe (W1+W2)i,we have
x-(u+v)=0foranyue Wiandv € Ws.
Letuzﬂéx-v:OforanyveWg:>x€W2L.
Letv:Oéx-u:Oforanyuer:>xEWll.
Hence x € Wi N W3- = (Wy + Wy)" € W N W,

VxeWiNWi =xeWiandx € Wit
x-(u4+v)=x-u+x-v=0+0=0foranyu € Wyandv € Wo.
Hence x € (W1 + W)™ = Wi N W5 C (W) + Wy)*.
L 1 1
-
(WlfWZ)L CWEOWs L wy W)t =W Wy
Wi NWy C (W + Ws)

Suppose W is a subspace of R".

VxeW,yec W wehave
xy=0=>xc(WH)t=wc W

Vx e (WJ-)J-, it can be written uniquely in the form

X =% +z wherex € Wandz € W. Because x - z = 0, we have
x-z=(%X+z)-z=2"=0=2z=0.
x=%eW=WHtCcw.

W)

{ ng = (WhHt=w.
whHtcw

(W1+W2)i_W1 ﬁWZ
= (Wi +W; )l n(w,H)*

= (Wi +Ws )l—WlﬂW'z
:>((Wf+W;) Y= (W nWy)*
= Wi+ Wi = (WinWy)*



3. Let A be an m X m matrix. Prove that every vector x in R" can be written in the form x = p + u, where
p € Row(A),u € Null(A). Also, show that if the equation Ax = b is consistent, then there is a unique p in Row(A) such
that Ap = b.

solution:

(Row(A))* = Null(A)

= every vector x in R"™ can be written in the form x = p + u, where p € Row(A4), u € Null(4).

If the equation Ax = b is consistent, suppose y is a solution of the equation.
y can be written in the formy = p + u, where p € Row(4), u € Null(4).
Ap=A(ly —u)=Ay —Au=Ay=b

= 3 p € Row(A) such that Ap = b.

Suppose there exists p/ € Row(A) such that Ap/ = b, then

A(p—p/) =0=p —p/ € Null(A).

{g - Ef E %Z((i)) = P — P/ € Row(A) N Null(4).
(ROU/(A))L = Null(A)= (p—p/)-(p—p/)=0=p—p/ =0.

Hence p/ = p = there is a unique p in Row(A) such that Ap = b.

4. Suppose A = QR, where Q is an m X m matrix and Ris an n X n matrix.
(a) Show that if the columns of A are linearly independent, then R must be invertible.

(b) Show that if R is invertible, then A and @ have the same column space.

solution:

(a)

If Rx = 0, then

Ax = QRx = Q(Rx) = 0.

the columns of A are linearly independent = x = 0.

Then R must be invertible.

(b) If Ris invertible,

Vy € Col(A), we have

y = Ax, wherex € R™.

y = Ax = QRx = Q(Rx)
=y € Col(Q).

Hence Col(A) C Col(Q).

Vy € Col(Q), we have

y = Qx, wherex € R™.
y=Qx=QRR x = A(R 'x)
=y € Col(A).

Hence Col(Q) C Col(A).



{ Col(A) C Col(Q)

Col(Q) C Coi(4) ~ ColQ) = Coll(4).

5. Suppose A = QR is a QR factorization of an m x n matrix A (with linearly independent columns). Partition A as [A1 A1),
where A; has p columns. Show how to obtain a QR factorization of Ay, and explain why your factorization has the appropriate
properties.

solution:

To obtain a QR factorization of A1, we can partition @ and R like this:

Ri1 Rz

A=QR= ,

or-(a @]t 3

where Q1 ism X p, Qa2ism x (n —p), R11isp X p, Rizisp X (n — p), Razis (n — p) x (n — p).
R1; and Ry are upper triangular invertible matrix with positive entries on its diagonal.

Ri1 Rip

A-ler e

} =[QiR11 QiR+ Q2Rxn|.

Then A1 = Q1R11‘

Because the columns of @ form an orthonormal basis, the first p columns of @ also form an an orthonormal basis.
In addition, R11 is an upper triangular invertible matrix with positive entries on its diagonal.

Hence this factorization has the appropriate properties.

exercise 10

1. Let (a,b,¢) € R3 be a vector of length 1. Let W be the plane defined by az + by + cz = 0. Find, in the standard basis, the
matrix representing the orthogonal projection of R3 onto W.

2. Let w be a positive continuous function on [0, 1], 7 be a positive integer, and P, be the vector space of real polynomials whose
degrees are at most n. Define the inner product

(pra) = / p(t)a(t)u(t)dt

forall p,q € P,.

(a) Prove that P, has an orthonormal basis pg, p1, . . ., Pn (i.e., (p;, pr) = 1 for j = kand 0 for j # k) such that the degree of py is
k, for each k.

(b) Let p), be the derivative of py. Prove that (py, p),) = 0 for each k.

3. Let a and b be real numbers. Prove that there are two orthogonal unit vectors u and v in R? such that u = (u1, uz,a) and
v = (v1,v9,b) ifand only ifa® + b% < 1.
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4. In physics, Hooke's law states that (within certain limits) there is a linear relationship between the length x of a spring and the
force y applied to (or exerted by) the spring. That is, y = cx + d, where c is called the spring constant. Use the following data
to estimate the spring constant (the length is given in inches and the force is given in pounds).

\begin{tabular}{cc}

\hline Length = & Force y \
\hline 3.5 & 1.0\

4.0 & 2.2\

4.5 & 2.8\

50&4.3\

\hline

\end{tabular}

5. For the data {(—2,4), (—1,3),(0,1),(1,—1), (2, —3)}, use the least squares approximation to find the best fits with both (i)
a linear function and (ii) a quadratic function. Compute the error E in both cases.

6. For f,gin Cla, bl set

b
9= [ s0at)ae

Let V be the space C[—1, 1] with the inner product defined above. Find an orthogonal basis for the subspace spanned by the
polynomials 1,¢ and ¢2. The polynomials in this basis are called Legendre polynomials.

7. Prove the following facts related to positive definite and eigenvalue.
(@) If Bism x m, then B' Bis positive semidefinite; if Biisn x n and invertible, then B'Bis positive definite.

(b) If an n X n matrix A is positive definite, then there exists a positive definite matrix B such that A=B'B. [Hint: Write
A=PDP" withPT =P 1]

(c) Let A and B be symmetricn X m matrices whose eigenvalues are all positive. Show that the eigenvalues of A + B are all
positive.

(d) Let A be ann X n invertible symmetric matrix. Show that if Ais positive definite, then so is A1 [Hint: Consider eigenvalues.]

Group 112345

Group 1 work

1. Let (a,b,c) € R? be avector of length 1. Let W be the plane defined by az + by + cz = 0. Find, in the standard basis, the
matrix representing the orthogonal projection of R? onto W.

solution:

Define Py as the matrix representing the orthogonal projection of R? onto W.
Define Py as the matrix representing the orthogonal projection of R? onto W .
Vy € R3, we have

y = projwy + projw.y
= Pwy + Pyvy
= (Pw + Py )y

= Py + Py =1.

e -

PWLel =


af://n3423

Similarly,

F o
Pyiea=b|b
_C_
r o]
Pyieg=c|b
_c_
[ [a a a
Py.=1lalb b|b c|b
| Ll c c
[a® ab ac
=1lab b bc
L ac be c?
1—a® —ab —ac
Py=I-Py.=| —ab 1-0b> —bc
—ac —bc 1-—c?

2. Let w be a positive continuous function on [0, 1], n be a positive integer, and P, be the vector space of real polynomials whose
degrees are at most n. Define the inner product

0ra) = / p(t)a(t)yu(t)dt
forallp,q € P,.

(a) Prove that P, has an orthonormal basis pg, p1, - - -, Pn (i.€., <p]-,pk> = 1for j = kand 0 for 7 # k) such that the degree of py is
k, for each k.

(b) Let pj, be the derivative of py. Prove that (py, p},) = 0 for each .

solution:

(@

co+cit+cat? + -+t =0ifandonlyifeg =c1 = -+ = ¢, = 0.
Also, V p € P,,we havep = cqg + cit + - - + cpt™

= {1, t, t3, ..., t"}is abasis of P,.

By the Gram-Schmidt process,

vy = 1, whose degree is 0.

_ 4 _tw .

v =1 2ovs VOr whose degree is 1.

—gn e du o e i
Up =1 oo V0~ o V1 o Un- 1 whose degree is n.
{vo, v1, -+, vn} is a orthogonal basis of P,.

Normalize it, we get the orthonormal basis {po, p1, - -, Pn} where
Py = HZDH , whose degree is 0.
0
pL = HZ:H , whose degree is 1.
j— ﬁ whose degree is n.
n

(b)
p) = %pk, whose degreeis k — 1.
= p=co+eit+ -+ cpath Tt = pj € Span{l, ¢, .-, tF1}

By the Gram-Schmidt process, we know



the orthonormal set {py, p1, ***, Pr_1} is also a basis of Span{l, t, ---, tF1}.
= P = copo + €ip1+ o+ g Pret

(Pr, D)) = pr - (chpo + ¢ip1 + -+ + ¢ _1pr-1) = 0.

3. Let a and b be real numbers. Prove that there are two orthogonal unit vectors u and v in R? such that u = (u1,us2,a)and
v = (v1,v2,b) ifand only ifa® + % < 1.

solution:

(i) Prove there are two orthogonal unit vectors u and v in R® such that u = (u1,u2,a)and v = (v1,vq,b) = a® +b? <1

0
Suppose W = Span{u, v},es = | 0
1

projwes = SEru+ v = qu + bv.

llprojwes|| < |les|| = a® +b> < 1.

(il) Prove a® + b* < 1 = there are two orthogonal unit vectors u and v in R3 such that u = (u1, us,a) and v = (v1,vs,b) .

When a2 + b% < 1, there exists a real number ¢ such that a? + b + ¢2 = 1.

—ab —ac

Vb2 +¢? /b2 1c2 NEws
Lletu = v=| —<_ |, w=| —=t_ [, then
0 ’ Ve | Nz
a b c

= {u, v, w} is a orthonormal basis of R®.
u-v=v-w=u-w=0

{ lalf = [lv]l = [jwl| =1

Then, there exist two orthogonal unit vectors u and v in IR3, whose third entries are a and b respectively.

4. In physics, Hooke's law states that (within certain limits) there is a linear relationship between the length « of a spring and the
force y applied to (or exerted by) the spring. That is, y = cx + d, where c is called the spring constant. Use the following data
to estimate the spring constant (the length is given in inches and the force is given in pounds).

Length (x) Force (y)
35 1.0
4.0 2.2
4.5 2.8
50 43
35 1 1.0
40 1 2.2 ¢
s A= b= m=|%|.
uppose 45 1 28 "™ [d}
50 1 43

Then the least-squares solution of Am = b gives the estimation of the the spring constant c.



= (ATA) 1ATb

35 1 1.0
_ 35 40 45 50](40 1|, _,[35 40 45 507 |22
_({1111]4.51)_1111 2.8
50 1 4.3

[1.0

(735 177 '[3.5 40 45 50722

R 4} [1 11 1} 2.8

| 4.3

1.0

[ 08 —347[35 40 45 50] |22
| — 34 14.7“1 1 1 1]]28
4.3

1.0
[-06 —02 02 06 2.2
Tl 28 1.1 —06 —2.3} 2.8

4.3
[ 21
| —6.35

The estimation of the spring constant ¢ is 2.1 pounds/inch.

5. For the data {(—2,4), (-1, 3),(0,1), (1, —1), (2, —3)}, use the least squares approximation to find the best fits with both (i)
a linear function and (i) a quadratic function. Compute the error E in both cases.

solution:

(0]

Suppose the linear function f(z) = myz + ma.

-2 1 4
-1 1 3

Suppose A = 0 1|.b= 1 ,m:{ml}.
11 1 e
2 1 -3

Then the least-squares solution of Am = b gives the best fits.



E= b Anh|

4
3

SIERE

-1

—0.4
0.4

| —0.2

mﬁ
o

~ 0.6325

(i)

Suppose the quadratic function g(z) = nyz? + naz + ns.

Suppose B= | 0

o= O

-2
-1

4.4
2.6
0.8
-1

—-2.8

1

1
1
1
1

e e

4
3
1
-1
-3

-2 1
11
01)*1[
11
2 1
4
71012] 5
1
1 111
-1
-3
4
71012} 3
1
11 1
—1
-3
4
1 17| 3
10 5
11:|1
5 5 -1
-3

;=

ni
Ty
ns

Then the least-squares solution of Bn = b gives the best fits.



4 1 0 1
=(] -2 -1 0 1
1 1 11
(34 0 107°'T 4
=0 10 0 -2
(10 0 5 1
B 1 1
w 0 -3 4
_ 1
=l 0o & o -2
1 17
L -7 0 35 1
ro1 0 1 1 _ 1
7 14 7 14
— 1 1 1
=l -5 @ 0 1w
312 1 12
L 35 35 5 35
1
7
| _2
5
38
L 35
gl@) = —Fa’ — fo+ £
E =||b— Bi|
T4 7 [4 -2 1
3 1 -1 1
=[]l 1 ]|=]o 0o 1
—1 1 1 1
| -3] |4 2 1
I
4 35
96
3 35
=l 1t |{-] & |l
—1 _ 6
7
L — 3 108
L 35
r 4
~ 3
9
35
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exercise 11

1. When

B - O = oA

=)



af://n3571

@ Q(x) = —2z% — 22 + 4z125 + 4T3,
(0) Q(x) = Ta? + 22 + T} — 8z1zy — dz125 — 8zos,

find a unit vector & in R® at which Q(z) is maximized, subject to 2"z = 1.

solution:
-2 2
@A=1| 2 -1 2| =pPDpP!
0 2
1
3
det(A—X)=0= Ao =2: | 2
2
3
1
3
X:P01: %
2
3
7T -4 -2
MA=| -4 1 —4|=pPDP!
-2 -4 7

det(A— M) =0= Ao =9

= Sl sl

XZPGIZ

© G- Gl

2. Find the SVD of A = 3202
. Find the ofd=1, 5 _o|

3. (a) Suppose A is square and invertible. Find a singular value decomposition of A1

(b) Show that the columns of V are eigenvectors of AT 4, the columns of U are eigenvectors of AAT, and the diagonal entries of &

are the singular values of A.

4. (a) Show that if T and U are positive semidefinite n x n matrices such that T'? = U2, then T = U.

(b) A is a positive definite matrix and A = USV 7 is a singular value decomposition of A. Prove that U = V.

solution:

(a) To prove T = U, we only need to prove Tx = Ux for any x € R™.

T is positive semidefinite matrix = Q(x) = x” Tx exists = T is symmetric = T is orthogonally diagonalizable

T = PDPT,whereP=[p1 P2 ** Pn]-

P1; P2, ', Pn are nlinearly independent eigenvectors that correspond to eigenvalues Ay, Ag, ---

where Ay > Ao > - > A\, > 0.
forl <k <n,

U’py = T?px

)\ﬁpk.



(i) A = 0:

(Upk)T(Upx) = px"U?px = 0 = Upy = 0 = Tpy.

(i) A > 0:

U?pk = \ipk = (U? = A D)px = 0 = (U + M) (U — Aid)px = 0.

If det(U + /\kI) = 0, then — A\ is an eigenvalue of U, which is impossible because U is positive semidefinite.
= det(U + Mg I) # 0 = U + A\l isinvertible.

(U = MI)px = 0 = Upk = A\ppx = TPk

Vx eR" x=cp1+cpa+ -+ cuPn

Tx =T(cip1+ cap2 + - -+ + CuPn)
=c1Tp1 +coTp2 + -+ cpTPn

c1Up1 + coUpz + -+ + ¢ Upn

=U(c1ip1 + cop2 + - -+ + ¢nPn)

=Ux
=T="U.
(b)
A=UxVvT

A is a positive definite matrix = A is symmetric. Then,
A*=ATA=Vv3UTURVT
=vevT
= (vzv')?
By part (a),
A=VeVvT=U=V.
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Group 1 work

1. When
@ Q(x) = —2z% — 22 + 47125 + 4z973,
(b) Q(x) = Ta? + 22 + Tzl — 8z1z2 — dz125 — 8zo3,

find a unit vector & in R? at which Q(z) is maximized, subject to 2Tx = 1.

solution:
-2 2
@A=| 2 -1 2|=PDP!
0 2
1
3
det(A— X)) =0= Aoz = 2: %
2
3

x:Pe1:

wlro Wt wol—


af://n3649

T -4 =2

bA=| -4 1 —-4| =PDP!
-2 -4 7

=2

/5

_ — —9: | L

det(A—X)=0= Aoz = 9: =

0

x = Pey =

© Gk sl

4. (a) Show that if T"and U are positive semidefinite n X n matrices such that T2 =U?%thenT =U.

(b) A is a positive definite matrix and A = UXV T is a singular value decomposition of A. Prove that U = V.

solution:

(@) To prove T' = U, we only need to prove Tx = Ux for any x € R".

T is positive semidefinite matrix = Q(x) = xTTx exists = T is symmetric = T is orthogonally diagonalizable
T = PDPT whereP=[p1 P2 - Pn].

P1, P2, '--, Pn are nlinearly independent eigenvectors that correspond to eigenvalues A1, Ag, -+, Ay,
where A\; > Xy > --- > A, > 0.

forl < k<mn,

U’px = T?pk = A}pxk.

i) A\ = 0:
(Upk)T(Upk) = pxTU?py = 0 = Upk = 0 = Tpy.

(i) A > 0:

Upk = Alpx = (U2 = A )px = 0= (U + M) (U — A I)px = 0.

If det(U + AxI) = 0, then —\y is an eigenvalue of U, which is impossible because U is positive semidefinite.
= det(U + A\pl) # 0 = U + Al is invertible.

(U = MI)px = 0 = Upk = \rpx = TPk

Vx e R" x=c1p1 +c2p2 + -+ - + CpPn.

Tx = T(c1p1 + c2P2 + - + CoPn)
=cTp1+cIp2+---+cIpPn
=c1Up1 + c2Upz + - -+ + ¢, Upn
=U(cip1 + cap2 + -+ + ¢oPn)
=Ux

=T=U.



(b)
A=UzvT
Ais a positive definite matrix = A is symmetric. Then,
A*=ATA=VEUTUSVT
=vevT
= (vzv')?
By part (a),
A=VVT=U=V.

=g
1-x -2 4
A= 2 3—X 1
1 1 1
1 -2 0 -2
whenA=0,A=1(2 3 1|,A-I=1|2 2
1 1 1 1 1

AB+I1=A+B
(A—-D)B=(A-I)(A+1)
det(A—1)=—-2+# 0= A — Tisinvertible
B=A+1
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